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AUTHOR’S PREFACE 




This book contains, with slight var^ti^ns, the ji^iaterial given in 
my course at the University of Paris. I have modified somewhat 
the order followed in the lectures for the sake of uniting in a single 
volume all that has to do with functions of real variables, except 
the theory of differential equations. The differential notation not 
being treated in the “ Classe de Math^matiques speciales,” * I have 
treated this notation from the beginning, and have presupposed only 
a knowledge of the formal rules for calculating derivatives. 

Since mathematical analysis is essentially the science of the con¬ 
tinuum, it would seem that every course in analysis should begin, 
logically, with the study of irrational numbers. I have supposed, 
however, that the student is already familiar with that subject. The 
theory of incommensurable numbers is treated in so many excellent 
well-known works t that I have thought it useless to enter upon such 
a discussion. As for the other fundamental notions which lie at the 
basis of analysis, — such as the upper limit, the definite integral, the 
double integral, etc., — I have endeavored to treat them with all 
desirable rigor, seeking to retain the elementary character of the 
work, and to avoid generalizations which would be superfluous in a 
book intended for purposes of instruction. 

Qert^in paragraphs which are printed in smaller type than the 
body of'thfe book contain either problems solved in detail or else 


•An interesting account of French methods of instruction in mathematics will 
be found in an article by Pierpont, Bulletin Amer. Math. Society, Vol. VI, 2d series 
(1900), p. 225. —Tbans. ^ 

t Snch books are not common in English. The reader is referred to Pierpont, 
Theory of Functions of Real Variables, Ginn & Company, Boston, 1905; Tannery, 
Le<;ons d*arithmitique, 1900, and other foreign works on arithmetic and on real 
functions. 

iti 


supplementary matter which the reader may omit at the first read¬ 
ing without inconvenience. Each chapter is followed by a list of 
examples which are directly illustrative of the methods treated in 
the chapter. Most of these examples have been set in examina¬ 
tions. Certain others, which are designated by an asterisk, are 
somewhat more difficult. The latter are taken, for the most part, 
from original memoirs to which references are made. 

Two of my old students at the Ecole Normale, M. fimile Cotton 
and M. Jean Clairin, have kindly assisted in the correction of proofs; 
I take this occasion to tender them my hearty thanks. 

E. GOUBSAT 


January 27, 1902 



TRANSLATOR’S PREFACE 


The translation of this Course was undertaken at the suggestion 
of Professor W. F. Osgood, whose review of the original appeared 
in the July number of the Bulletin of the American Mathematical 
Society in 1903. The lack of standard texts on mathematical sub¬ 
jects in the English language is too well known to require insisteh';''. 

I earnestly hope that this book will help to fill the need so generalK^ 
felt throughout the American mathematical world. It may be used 
conveniently in our system of instruction as a text for a second course 
in calculus^ and as a book of reference it will be found valuable to 
an American student throughout his work. 

Few alterations have been made from the French text. Slight^ 
changes of notation have been introduced occasionally for conven¬ 
ience, and several changes and additions have been made at the sug¬ 
gestion of Professor Goursat, who has very kindly interested himself 
in the work of translation. To him is due all the additional matter 
not to be found in the French text, except the footnotes which are 
signed, and even these, though not of his initiative, were always 
edited by him. I take this opportunity to express my gratitude to 
the author for the permission to translate the work and for the 
sympathetic attitude which he has consistently assumed. I am also 
indebted to Professor Osgood for counsel as the work progressed 
and for aid in doubtful matters pertaining to the translation. 

The publishers, Messrs. Ginn & Company, have spared no pains to 
make the typography excellent. Their spirit has been far from com¬ 
mercial in the whole enterprise, and it is their hope, as it is mine, 
that the publication of this book will contribute to the advance of 
mathematics in America. 

E. R. HEDRICK 

August, 1904 
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A COURSE Iisr MATHEMATICAL 

AIN^ALYSIS 

CHAPTER I 

DERIVATIVES AND DIFFERENTIALS 

L FUNCTIONS OF A SINGLE VARIABLE 

1. Limits. When the successive values of a variable x approach 
nearer and nearer a constant quantity a, in such a way that the 
absolute value of the difference a: — a finally becomes and remains 
less than any preassigned number, the constant a is called the 
limit of the variable x. This definition furnishes a criterion for 
determining whether a is the limit of the variable x. The neces¬ 
sary and sufficient condition that it should be, is that, given any 
positive number c, no matter how small, the absolute value oi x ~ a 
should remain less than c for all values which the variable x can 
assume, after a certain instant. 

Numerous examples of limits are to be found in Geometry 
and Algebra. For example, the limit of the variable quantity 
x = — 771 , 2 ) !(a — m), as m approaches a, is 2a ; for x — 2a will 

be less than € whenever m —* a is taken less than €. Likewise, the 
variable a: = a — 1 /n, where ti is a positive integer, approaches the 
limit a when n increases indefinitely; for a — a: is less than c when¬ 
ever n is greater than 1 /c. It is apparent from these examples that 
the successive values of the variable x, as it approaches its limit, may 
form a continuous or a discontinuous sequence. 

It is in general very difficult to determine the limit of a variable 
quantity. The following proposition, which we will assume as self- 
evident, enables us, in many cases, to establish the existence of a limit. 

Any variahle quantity which nev&r decreases^ and, which always 
remains less than a constant quantity Z, approaches a limit ly which 
is less than or at most equal to L. 

Similarly, any variahle quantity which never increaseSy and which 
always remains greater than a constant quantity approaches a 

limit V, which is greater thorn or else equal to L\ 

1 
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For example, if each of an infinite series of positive terms is 
less, respectively, than the corresponding term of another infinite 
series of positive terms which is known to converge, then the first 
series converges also j for the sum of the first ti terms evidently # 
increases with n, and this sum is constantly less than the total sum 
5 of the second series. 


2. Functions. When two variable quantities are so related that 
the value of one of them depends upon the value of the other, they 
are said to be functions of each other. If one of them be sup¬ 
posed to vary arbitrarily, it is called the independent variable. Let 
this variable be denoted by x, and let us suppose, for example, 
that it can assume all values between two given numbers a and h 
(a < b). Let y be another variable, such that to each value of x 
between a and and also for the values a and b themselves, there 
corresponds one definitely determined value of y. Then y is called 
a function of x, defined in the interval (a, h ); and this dependence 
is indicated by writing the equation y = /(x). For instance, it may 
happen that y is the result of certain arithmetical operations per¬ 
formed upon X. Such is the case for the very simplest functions 
studied in elementary mathematics, e.g. polynomials, rational func¬ 
tions, radicals, etc. 

A function may also be defined graphically. Let two coordinate 
axes Ox^ Oy be taken in a plane; and let us join any two points A 
and B of this plane by a curvilinear arc A of any shape, which 
is not cut in more than one point by any parallel to the axis Oy. 
Then the ordinate of a point of this curve will be a function of the 
abscissa. The arc may be composed of several distinct por¬ 
tions which belong to different curves, such as segments of straight 
lines, arcs of circles, etc. 

In short, any absolutely arbitrary law may be assumed for finding 
the value of y from that of x. The word function^ in its most gen¬ 
eral sense, means nothing more nor less than this : to every value of 
X corresponds a value of y. 


3. Continuity. The definition of functions to which the infini¬ 
tesimal calculus applies does not admit of such broad generality. 
Let y — fix) be a function defined in a certain interval (a, 6), and 
let Xq and a;*, -f- h be two values of x in that interval. If the differ¬ 
ence/(xo-1-A)—/(xo) approaches zero os the absolute value of h 
approaches zero, the function ^'(x) is said to be oon^miiotis far the 
value Xo. From the very definition of a limit we may also say that 



FUNCTIONS OF A SINGLE VARIABLE 


3 


I. §3] 


a function f(x) is continuous for x = Xq if corresponding to evertj 
positive number c, no matter how small, we can find a positive num¬ 
ber g, such that 

\f(x^ + h)- /(Xo) I < £ 

for every value of h less than -q in absolute value* We shall say that 
a function f(x) is continuous in an interval (a, b) if it is continuous 
for every value of x lying in that interval, and if the differences 

f(a-\-h)-f{a), f{b-h)^f{b) 

each approach zero when h, which is now to be taken only positive, 
approaches zero. 

In elementary text-books it is usually shown that polynomials, 
rational functions, the exponential and the logarithmic function, 
the trigonometric functions, and the inverse trigonometric functions 
are continuous functions, except for certain particular values of 
the variable. It follows directly from the definition of continuity 
that the sum or the product of any number of continuous functions 
is itself a continuous function; and this holds for the quotient of 
two continuous functions also, except for the values of the variable 
for which the denominator vanishes. 

It seems superfluous to explain here the reasons which lead us to 
assume that functions which are defined by physical conditions are, 
at least in general, continuous. 

Among the properties of continuous functions we shall now state 
only the two following, which one might be tempted to think were 
self-evident, but which really amount to actual theorems, of which 
rigorous demonstrations will be given later, t 

I. If the function y =f(x) is continuous in the interval {a, b'), and 
if N is a number between f{a) and f(h), then the equation f (x) = N 
has at least one root between a and b. 

II. There exists at least one value of x belonging to the interval 
(a, b), inclusive of its end points, for which y takes on a value M 
which is greater than, or at least equal to, the value of the function at 
any other point in the interval. Likewise, there exists a value of x 
for which y takes on a value m, than which the function assumes no 
smaller value in the interval. 

The numbers M and m are called the maximum and the minimum 
values of /(x), respectively, in the interval (a, &). It is clear that 


* The notation | a | denotes the absolute value of a, 
t See Chapter IV. 
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the value of a: for which f(x) assumes its maximum value M, or the 
value of X corresponding to the minimum m, may be at one of the 
end points, a or b. It follows at once from the two theorems above, 
that if iV is a number between M and m, the equation/(x) = N has 
at least one root which lies between a and b. 

4. Examples of discontinuities. The functions which we shall study 
will be in general continuous, but they may cease to be so for 
certain exceptional values of the variable. We proceed to give 
several examples of the kinds of discontinuity which occur most 

frequently. 

The function y = l/(x — a) is continuous for every value Xo o' 
X except a. The operation necessary to determine the value of y 
from that of x ceases to have a meaning when x is assigned the 
value a ; but we note that when x is very near to a the absolute 
value of y is very large, and y is positive or negative with x a. 
As the difference x — a diminishes, the absolute value of y increases 
indefinitely, so as eventually to become and remain greater than any 
preassigned number. This phenomenon is described by saying that 
y becomes infinite when x — a. Discontinuity of this kind is of 
great importance in Analysis. 

Let us consider next the function y = sin 1 /x. As x approaches 
zero, 1 /x increases indefinitely, and y does not approach any limit 
whatever, although it remains between + 1 and — 1. The equation 
sin 1/x = A, where | | < 1, has an infinite number of solutions 

which lie between 0 and c, no matter how small e be taken. What¬ 
ever value be assigned to y when x = 0, the function under con¬ 
sideration cannot be made continuous for x = 0. 

An example of a still different kind of discontinuity is given by 
the convergent infinite series 


S(x) = X* -b 



(1 X*)- 



When X approaches zero, S(x) approaches the lunit 1, although 
S (0) = 0. For, when x = 0, every term of the series is zero, and 
hence S (0) = 0. But if x be given a value different from zero, a 
geometric progression is obtained, of which the ratio is 1 / (1 *■). 

Hence 



X* (1 X*) 



= 1 +**; 
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and the limit of S (x) is seen to be 1. Thus, in this example, the 
function approaches a definite limit as x approaches zero, but that 
limit is different from the value of the function for a: = 0. 

5. Derivatives. Let/(a:) be a continuous function. Then the two 
terms of the quotient 

h 

approach zero simultaneously, as the absolute value of h approaches 
zero, while x remains fixed. If this quotient approaches a limit, 
this limit is called the derivative of the function/(x), and is denoted 
by y\ or by/'(x), in the notation due to Lagrange. 

An important geometrical concept is associated with this analytic 
notion of derivative. Let us consider, in a plane JtOL, the curve 
AMB, which represents the function y =/(x), which we shall assume 
to be continuous in the interval (a, b). Let M and M' be two points 
on this curve, in the interval (a, h), and let their abscissae be x and 
x + /i, respectively. The slope of the straight line is then 
precisely the quotient above. Now as h approaches zero the point 
approaches the point and, if the function has a derivative, 
the slope of the line AfAf' approaches the limit yK The straight line 
MM\ therefore, approaches a limiting position, which is called the 
tangent to the curve. It follows that the equation of the tangent is 

Y-y = y\X-x), 

where X and Y are the running coordinates. 

To generalize, let us consider any curve in space, and let 

be the coordinates of a point on the curve, expressed as functions of 
a variable parameter t. Let M and M* be two points of the curve 
corresponding to two values, t and ^ -f A, of the parameter. The 
equations of the chord MM' are then 

^ _ z -^ (t) 

/(« 4- A) - f(t) <f, (t + k) - <t> (t) + A) -^(t)' 

If we divide each denominator by A and then let A approach zero, 
the chord MM' evidently approaches a limiting position, which is 
given by the equations 

f(t) 4,'(t) ^'(t) ^ 
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g DERIVATIVKW AI>1^ .. ” 

r each of the three functions /(<), <#> (0- '/'(O 

provided, determination of the tangent to a curve 

possesses a derivative. calculation of derivatives. 

thus reduces, analytica y, derivative is necessarily con- 

Every function which possess s a ^es 

tat tl.e ~n.et» ” deriv.tiv.s fo, pa.- 

Cta.itaO- fltatio. P = X si„l/x. fo. 

ticvilar values of the vai f .option of x for x = 0,* and y 

example, is a iL r’atio,/. = sinl/. 

approaches zero as x app a^g have already seen, 

does not approach any In ’ t* Here v is continuous 

Let us next consider the^un^tmn y = . ■ ^ = x'‘ 

for every ^ approaches zero. For abbreviation the 

increases indehmtely as x app q. curve which repre- 

derivative is said to be infinite for x _ 0 the c 

sents the function is tangent to the axis of y at the orig 
Finally, the function 


y = 


1 

xe* 

1 

1 + 


is continuous at x = 0,* but the ratio y/x approaches different 

limits according as x is always positive or "^^.tL^osi- 

it is approaching zero. When x is positive and small, is p 

tive and very large, and the ratio y/x approaches 1. But x 

is negative and very small in absolute value, is very 

Uie ritfo y / x apprLhes zero. There exist then two values of the 

<le.i.a.L„ acco,di»g to tl.a manner in which a ““ ■ 

curve which represents this function has a corner at the origin 

It is clear from these examples that there exist continuous func¬ 
tions which do not possess derivatives for particular values of the 
variable. But the discoverers of the infinitesim^ calculus confi¬ 
dently believed that a continuous function had a derivative tn gen¬ 
eral. ^ Attempts at proof were even made, but these were, of cou s , 
fallacious. Finally, Weierstrass succeeded in settling 
conclusively by giving examples of continuous 

possess derivatives for any values of the variable whatever.t But 
L these functio ns have not as yet been employed in any applications, 

• After the value zero has been assigned to y for x = exatnplea 

t Note read at the Academy of Sciences of Berlin, July 18,1872. Other examples 

are to be found In the memoir by Darboux 

I’Ecole Normale Supdrieure, Vol. IV. 2d series). One of Weierstrass s examples 
given later (Chapter IX). 
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I. §6] 

we shall not consider them here. In the future, when we say that 
a function/(x) has a derivative in the interval (a, b), we shall mean 
that it has an unique finite derivative for every value of x between 
a and b and also for x = a (A being positive) and for x = i (A being 
negative), unless an explicit stotement is made to the contrary. 

6. Successive derivatives. The derivative of a function /(x) is in 

general another function of x,/'(x). lf/'(x) in turn has a deriva¬ 

tive, the new function is called the second derivative of /(x), and is 
represented by y" or by f"{x). In the same way the third deriva¬ 
tive y'", or /'"(x), is defined to be the derivative of the second, and 
so on. In general, the rath derivative y<’'>, or is the deriva¬ 

tive of the derivative of order (ra - 1). If, in thus forming the 
successive derivatives, we never obtain a function whicli has no 
derivative, we may imagine the process carried on indefinitely. In 
this way we obtain an unlimited sequence of derivatives of the func¬ 
tion/(x) with which we started. Such is the case for all functions 

which have found any considerable application up to the present 
time. 

The above notation is due to Lagrange. Tlie notation or 

due to Cauchy, is also used occasionally to rei>resent the 
nth derivative. Leibniz^ notation will be given presently. 

7. Rolle*s theorem. The use of derivatives in the study of equa¬ 
tions depends upon the following proposition, which is known as 
Rollers Theorem: 


Let a and b be two roots of the equation f{x) = 0. If the function 
/(x) is continuous and possesses a derivative in the interval (a, b), 
the equation /'(x) = 0 has at least one root which lies between a and b. 


For the function /(x) vanishes, by hypothesis, for x = a and x = 6 
If It vanishes at every point of the interval (a, b), its derivative also 
vanishes at every point of the interval, and the theorem is evidently 
ulfilled. If the function/(x) does not vanish throughout tlie inter¬ 
val, it will assume either positive or negative values at some points. 
Suppose, for instance, that it has positive values. Then it will have 
a maximum value M for some value of x, say x„ which lies between 
a and b (§ 3, Theorem II). The ratio 


/(x, + h)—f (xi) 
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—. A «/ Ai ^ M I# ^ ^ 

8 

^ h is taken positive, is necessarily negative or else zero. 
He.<» the limit of thm ie limit of the ^ 

/'(*!) 5 0. But if we consider / (a:i) as me 

f(Xy -h)- . 

— h 

if follows in the same manner that/'(asi) ^ 0. 
where h is positive, it follows in ^ 

From these two results it is evident that / (*,) - ■ 

8. Law of the mean. It is now easy to deduce from the above 
theorem the important law of the mean: 

Let /(X) a continuous function which has a derivative in the 

interval (a, b). Then 

(1) f(^t)-fia) = (b-a)f{c), 

where c is a numher between a and b. 

In order to prove this formula, let <#, (x) be another function which 
has the same properties as/(x), i.e. it is continuous and possesses a 
d^i;ative in L interval (u, i). Let us determine three constants. 

A, B,C, such that the auxiliary function 

^{x) = A f(x) + B 4>{x) + C 

vanishes for x = a and for x = J. The necessary and sufficient 
conditions for this are 

Af(a)+B<i>(a,)+ C = 0, A/(6)+B<#.(6)+ C = 0; 

and these are satisfied if we set 

^ (a) - <#. (6), B= fib) - fia), C = /(«) <^ (*) - / W («)• 

The new function i^(x) thus defined is continuous and has a derivative 

in the interval (a, b). The derivative f’ix) = .1 fix) + B «#>'(*) ^ere- 
fore vanishes for some value c which lies between a and 6, whence, 
replacing A and B by their values, we find a relation of the form 

It is merely necessary to take <f>(x) = x in order to obtain the equaliiy 
which was to be proved. It is to be noticed that this demonstration 
does not presuppose the continuity of the derivative/'(»)• 


•“Formule des accroissements finis.” The French also use "Formule de U 
moyenne ” as a synonym. Other English synonyms are ** Average value theorem 
and ” Mean value theorem.” — Trans. 
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From the theorem just proven it follows tliat if the derivative 
/'(*) is zero at each point of the interval (a, b), the function /(x) 
has the same value at every point of the interval j for the applica- 
taon of the formula to two values x., x„ belonging to the interval 

(a, b), pves /(x,) =/(xs). Hence, if two functions have the same 
derivative, their difference is a constant; and tlie converse is evi- 
dently true also. If a function F(x) be given whose derivative is 
/(*), all other functions which have the same derivative are found by 
adding to F(x) an arbitrary constant* 

The geometrical interpretation of the equation (1) is very simple. 

Let us draw the curve dMB which represents the function y =f(x) 

m the mterval (a, b). Then the ratio [/(*) -f(a)2/(b - a) is the 

slope of the chord AB, while f'(c) is the slope of the tangent at a 

point C of the curve whose abscissa is c. Hence the equation fl) 

expresses the fact that there exists a point C on the curve A MB 

between A and B, where the tangent is parallel to the chord AB 

If the derivative /'(x) is continuous, and if we let a and b approach 

the same limit Xo according to any law whatever, the number c 

vvhich lies between a and 6, also approaches Xo, and the equation (1) 
shows that the limit of the ratio ' 

m -m 

h a 

IS /'(xo). The geometrical interpretation is as follows Let us 

consider upon the curve y =/(x) a point M whose abscissa is Xo, 

and two points A and B whose abscissae are a and b, respectively. 
The ratio [/(*)_/(«)]/(j _ jg 

AB, while /'(Xo) is the slope of the tangent at M. Hence, when 

the two points A and B approach the point M according to any law 

whatever, the secant AB approaches, as its limiting position, the 
tangent at the point M, 


This theorem is sometimes applied without due regard to the conditions imposed in 
Its statement. Let/ (x) and 0(a;), for example, be two continuous functions which have 
derivatives/ (*), ^'(x) in an mterval (a, b). If the relation /'(x) <f>(x)-f(x) <t>'(x) = 0 
IS satisfied by these four functions, it is sometimes accepted as proved that the deriva- 
tiveof the function// 0 . or [/'(x) 0 (*> - /(*) tf>'ix)] / 02 , is zero, and that accordingly 
//0 is ^nstant in the interval (a, 6 ). But this conclusion is not absolutely rigorous 

thlTl / ^ ^^tervsl (a, 6 ). Suppose, for instance, 

that 0 (*) and 0 (a:) both vanish for a value c between a and b, A function /(x) equal 

to Ci^ix) between a and c, and to C^tp(x) between c and 6 , where and C. are dif- 

continuous and has a derivative in the interval (o, b), and we have 

/^)<t^(x) -f(x)<p'(x) = 0 for every value of a: in the interval. The geometrical 
interpretation is apparent. 
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. 1 , n cTPnpral however, if the derivative is not 
This does points’be taken on the curve 

continuous. . gyjdent from a figure 

y = x’, on t joining them can be made to approach 

li-tiBg value by causing the two points to 

approach t^J -igin ^ 

The equatio ^ ^ . p ti^eorem on indeterminate forms fol- 

zz. r “r:,: fu;;'r;w . w - <■. . 

by * in (l')> we find ^ ^ /'(xQ ^ 

^{x) 

where lies between a and x. This equation shows that if the 
/I fYxl /<f>Yx) approaches a limit as x approaches a, the rat^ 

tppLches the same limit, ^7/(«) = 0 and «(a) = 0. 

of the mean been sugg^ted^ fhe foUowm^g^^ definiteness eon- 

de la (j.) h(x)^ each of which has derivatives of the first 

:'r„rd s.r 

Let A be a number defined by the equation 


and let 


4,(x) 


/(a) <?(“) *(<*) 


1 a 

f(h) g(b) h(b) 

-A 

1 d 6* 

/(c) g(c) h(c) 


1 c c* 

f (a) g (a) h (a) 


1 a a“ 

f(b) g(b) h{b) 

-A 

1 b 

/(X) g(x) h{x) 


1 X X* 


= 0 , 


he an auxiiiary function. Since this function vanishes when x = 

X = c, its derivative must vanish for some value f between 6 and c. Hence 


= 0 . 


/(a) 

g(a) 

h(a) 


1 

a a* 

/(6) 

9(l>) 

h(b) 

-A 

1 

b b^ 

/'(f) 

fit) 

h'(i) 

1 

0 

1 2r 


If 6 he replaced by x in the left-hand side of this equation, we obtain a function 
of X which vanishes when x = a and when x = 6. Its derivative therefore van¬ 
ishes for some vaiue of x between a and 6, which we shall call f. The new 

equation thus obtained is 


:=0 


Finally, replacing f by x in the left-hand side of this equation, we obtain a func¬ 
tion of X which vanishes when x = i and when x = f. Its derivative vanishes 


/ (O) 9 (a) h (a) 


1 a a3 

/'(f) /(f) ^'(f) 

-A 

0 1 

/'(f) sr'(f) ft'(r) 


0 1 2r 
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for some value ,, which lies between f and f and therefore between u and r 
Hence A must have the value ^••‘veen a and c. 


A = 


1 

1.2 


/(a) 

no 

no 


9 (a) 
9'iO 
9"(0 


h (a) 

h '(0 

no 


where f lies between a and 6, and , lies between a and c 
/"wVirVtr <=o"«nuity of the second derivatives 

/ {x).h (^)- If these derivatives are continuous, and if the values a b c 

approach the same limit we have, in the limit, ’ ’ 


lim^ = 


1 

T2 


f i^) 

r (zo) 

/"(*o) 


9 (zq) 
9' (xo) 
9"{Zo) 


h (Zo) 
h' (zo) 
h"(zo) 


linel^'lfr and the proof follows the same 

Jo. !L JUS .b. 


11. FUNCTIONS OF SEVERAL VARIABLES 


10. Introduction. A variable quantity <o who.se value depend.s on 
the values of several other variables, x,y,z,...,t, which are in¬ 
dependent of each other, is called a furwtion of the independ- 
ent variables x,y,z,..., t; and this relation is denoted by writing 

" y;^-> ■■■’*)■ For definiteness, let us suppose that w = f(x lA 

IS a function of the two independent variables a: and y. If we Link 

ot X and y as the Cartesian coordinates of a point in the plane 
each pair of values (x, y) determines a point of the plane, and con- 

K ^ ^ certain region A in the xy plane, 

ounded by one or more contours of any form whatever, Lhere 

responds a value of the function /(x, y) is said to be defined 
m the region A, 


Let (x„ y„) be the coordinates of a point M, lying in this region. 
he funawn f {x, y) is said to be continuous for the pair of values 

^f, corresponding to any preassigned positive number r, another 
positive number rj exists such that 


\f{xo + h,y„ + k) —/(x„, y„)| < £ 
whenever | A | < ^ and | A | < ,. 

This definition of continuity may be interpreted as follows. Let 
ns suppose constructed in the xy plane a square of side 2 „ about 
Mo as center, with its sides parallel to the axes. The p Jut M' 
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whose coordinates are x, + A, 2/0 + this square, if 

1 A 1 < „ and 1 fc 1 < To say that the function is continuous for the 

pair of values (xo, yo) amounts to saying that by taking this square 

Efficiently small we can make the difference between the value of 

the function at and its value at any other point of the square less 


than € in absolute value. . , , ^ 

It is evident that we may replace the square by a circle about 

(x Vo) as center. For, if the above condition is satisfied for all 

points inside a square, it will evidently be satisfied for all points 

inside the inscribed circle. And, conversely, if the condition is 

satisfied for all points inside a circle, it will also be satisfied for all 

points inside the square inscribed in that circle. We might then 

define continuity by saying that an r, exists for every e, such that 

whenever < 77 we also have 


\f(xo + ^) 3^0 + A) fi^o) yo) I *• 

The definition of continuity for a function of 3, 4, • • •, n inde- 

pendent variables is similar to the above. 

It is clear that any continuous function of the two independent 
variables x and y is a continuous function of each of the variables 
taken separately. However, the converse does not always hold.* 


11. Partial derivatives. If any constant value whatever be substi¬ 
tuted for y, for example, in a continuous function /(x, y), there 
results a continuous function of the single variable x. The deriva¬ 
tive of this function of x, if it exists, is denoted by f^(x, y) or by 
Likewise the symbol fOj,, or fy (x, y), is used to denote the derivative 
of the function /(x, y) when x is regarded as constant and y as the 
independent variable. The functions /^(x, y) and yj,(x, y) are called 
the partial derivatives of the function /(x, y). They are themselves, 
in general, functions of the two variables x and y. If we form their 
partial derivatives in turn, we get the partial derivatives of the sec¬ 
ond order of the given function f (x, y). Thus there are four partial 
derivatives of the second order,/^(x, y),/xy(a5) y)- 

The partial derivatives of the third, fourth, and higher orders are 


* Consider, for Instance, the function/(*,y), which is equal to 2 xy / -i* y*) when 

the two variables x and y are not both zero, and which is zero when x = y = 0. It is 
evident that this is a continuous function of x when y is constant, and vice versa. 
Nevertheless it is not a continuous function of the two independent variables x and y 
for the pair of values i = 0, y = 0. For, if the point (x, y) approaches the origin upon 
the line x = y, the function/(x, y) approaches the limit 1, and not zero. Such functions 
have been studied by Baire in his ^esls. 
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defined similarly. In general, given a function w =f(x, y, z, ■ ■ ■, t) 
of any number of independent variables, a partial derivative of the 
wth order is the result of n successive differentiations of the function 
/, in a certain order, with respect to any of the variables which occur 
m f. We will now show that the result does not depend upon the 
order in which the differentiations are carried out. 

Let us first prove the following lemma: 


Let io = f(x, y) be a function of the two variables x and y. Then 
fxD — fprovided that these two derivatives are continuous. 

To prove this let us first write the expression 

V =f(x + Ax, y + Ay) -f(x, y + Ay) -f{x + Ax, y) +/(x, y) 

in two different forms, where we suppose that x, y. Ax, Ay have 
definite values. Let us introduce the auxiliary function 

(y) = /(x + Ax, v) - fix, v), 
where v is an auxiliary variable. Then we may write 

U=<b{y + Ay)- <^(y). 

Applying the law of the mean to the function <f> (v), we have 

Ay^y(y^Ay), where O<0<1; 
or, replacing <!>„ by its value, 


U = Ay[/„(x + Ax, y + ^Ay) -/„(x, y + ^Ay)]. 

If we now apply the law of the mean to the function (m, y -f- flAy), 
regarding u as the independent variable, we find 

U = Ax Ay/„^ {x + O' Ax, y + flAy), 0 < «' < 1. 

From the symmetry of the expression U in x, y. Ax, Ay, we see that 
we would also have, interchanging x and y, 

!/■ = Ay Ax/^ (x + e[ Ax, y + $, Ay), 

where 0, and are again positive constants less than unity. Equat¬ 
ing these two values of U and dividing by Ax Ay, we have 

/x»(a: -f- eiAx, y -f ^,Ay)=/^^(x -f- $'Ax, y -f OAy). 

Since the derivatives(x, y) and/^(x, y) are supposed continuous, 
toe two members of the above equation approach (xy y) and 

y)j respectively, as Ax and Ay approach zero, and we obtain 
the theorem which we wished to prove. 
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It is to be noticed in the above demonstration that no hypothesis 
whatever is made concerning the other derivatives of the second order, 
and The proof applies also to the case where the function 
fix, y) depends upon any number of other independent variables 
besides a: and y, since these other variables would merely have to 
be regarded as constants in the preceding developments. 

Let us now consider a function of any number of independent 

variables, ^ 

<0 — jKp^i Vi '' 'y 

and let n be a partial derivative of order n of this function. Any 
permutation in the order of the differentiations which leads to O 
can be effected by a series of interchanges between two successive 
differentiations; and, since these interchanges do not alter the 
result, as we have just seen, the same will be true of the permuta¬ 
tion considered. It follows that in order to have a notation which 
is not ambiguous for the partial derivatives of the nth order, it is 
sufficient to indicate the number of differentiations performed with 
respect to each of the independent variables. For instance, any nth 
derivative of a function of three variables, o> =f(Xy y, «), will be 
represented by one or the other of the notations 


l/y 


^xPi/>z^f(!^y Vy 


where p + q r = n.* Either of these notations represents the 
result of differentiating f successively p times with respect to a:, 
q times with respect to y, and r times with respect to Zj these oper¬ 
ations being carried out in any order whatever. There are three 
distinct derivatives of the first order, /^, /y, ; six of the second 

order, /^, /^, f„jy /^, /„; and so on. 

In general, a function of p independent variables has just as many 
distinct derivatives of order n as there are distinct terms in a homo¬ 
geneous polynomial of order n\n p independent variables ; that is, 

(n H- 1) (n + 2) • • • (r^ -I- — 1) 

1.2. ...(^_2)(^>-l) ^ 

as is shown in the theory of combinations. 

Practical rules. A certain number of practical rules for the cal¬ 
culation of derivatives are usually derived in elementary books on 


• The notation /, (a;, y, z) is used instead of the notation (k, y, *) for 

simplicity. Thus the notationy), used in place ofy), is simpler and 
equally clear. — Trans. 
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the Calculus. A table of such rules is appended, the function and 
its derivative being placed on the same line: 


y — y' = ax® *; 

y — y' = log a, 

where the symbol log denotes the natural logarithm; 


y = log X, 

y = sin X, 
y = cos X, 

y == arc sin x, 
y = arc tan x, 


y = uv, 
u 



y =f(^)y 
y =/(w, V, w»), 



y' = cos X ; 
y' = — sin X; 

y' = —7^=5 
± Vl — x^ 


y' z= w'y + ?«/?'; 

, u'v~-u v', 


y^ = /'(w) “x ; 

yx ^ «x/u + 


The last two rules enable us to find the derivative of a function 
of a function and that of a composite function ifare con¬ 
tinuous. Hence we can find the successive derivatives of the fimc- 
tions studied in elementary mathematics, — polynomials, rational 
and irrational functions, exponential and logarithmic functions, 
trigonometric functions and their inverses, and the functions deriv¬ 
able from all of these by combination. 

For functions of several variables there exist certain formulae 
analogous to the law of the mean. Let us consider, for definite¬ 
ness, a function /(x, y) of the two independent variables x and y. 
The difference/(x -f- A, y + A:) —/(x, y) may be written in the form 

+ h,y-\-k) -/(x, y) = [/(x -f A, y + k) -/(x, y + A)J 

+ y + ^) -f{x, y)], 

to each part of which we may apply the law of the mean. We 
thus find 


+ A, y 4- A) -/(X, y) = hf,{x -f (9A, y + A:) + kf^(x, y + O^k), 

where B and B^ each lie between zero and unity. 

This formula holds whether the derivatives andyj, are continu¬ 
ous or not. If these derivatives are continuous, another formula, 
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simUar to the above, but involving only one undetermined number 
6, may be employed * In order to derive this second formula, con¬ 
sider the auxiliary function .#.(<) =/(a; 4- y + /c<), where *, y. A, 
and k have determinate values and t denotes an auxiliary variable. 

Applying the law of the mean to this function, we find 

Now is a composite function of t, and its derivative <^'(<) is 
equal to hf^{x + ht, y + kt)+ kf„ (x + ht, y + kt) ; hence the pre- 

ceding formula may be written in the form 

f(x -\-h,y + k) —f(x, y) = hf^{x -^Oh,y + Ok) -f kf^(x + Oh, y-hOk), 


12. Tangent plane to a surface. We have seen that the derivative 
of a function of a single variable gives the tangent to a plane curve. 
Similarly, the partial derivatives of a function of two variables occur 
in the determination of the tangent plane to a surface. Let 


( 2 ) ^ = F(x, y) 

be the equation of a surface and suppose that the function F(Xy y), 
together with its first partial derivatives, is continuous at a point 
(Xo, yo) of the xy plane. Let l>e the corresponding value of z, 
and Mo (^o> yof «o) ^^0 corresponding point on the surface S, If 
the equations 

(3) X = /(f), y = ^ (f), « = ^ (t) 

represent a curve O on the surface S through the point Mqj the 
three functions/(f), <#>(f), ip(t), which we shall suppose continuous 
and differentiable, must reduce to Xq, yo> respectively, for some 
value fo of the parameter f. The tangent to this curve at the point 
Mo is given by the equations (§6) 



X — Xo __ Y yo __ Z Zq 


Since the curve C lies on the surface 5, the equation ^(f)^0] 
must hold for all values of f; that is, this relation must be an identity 


* Another formula may be obtained which involves only one undetermined number 
and which holds even when thederivatives/xand/y are discontinuous. For the appUoa> 
tion of the law of the mean to the auxiliary function ^(t) =/ (3 b+ y+Jt) +/(x, y+JU) 
gives 

or 

/(* + A, y 4* *) —fix, y) = hfx(x + tfA, y + *) + */»(*, y + 9k), 0<9<1, 

The operations performed, and hence the final formula, all hold provided the deriva- 
tlye8/«and/y merely exist at the points {z + Af, y + A), («, y + AOi l.^TaANS. 
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in t Taking the derivative of the second member by the rule for 
the derivative of a composite function, and setting t = to, we have 

( 6 ) + 

We can now eliminate/'(^o), ^'(^o) between the* equations (4) 

and (5), and the result of this elimination is 

(6) Z-Zo = (X^ X,) + ( f - y,) 

This is the equation of a plane which is the locus of the tangents to 
all curves on the surface through the point Mq. It is called the tan¬ 
gent plane to the surface. 


IS. Passage from increments to derivatives. We have defined the successive 
derivatives in terms of each other, the derivatives of order n being derived from 
those of order (n — 1), and so forth. It is natural to inquire whether we may 
not define a derivative of any order as the limit of a certain ratio directly, with¬ 
out the intervention of derivatives of lower order. We have already done some¬ 
thing of this kind for fxj, (§ ll)j for the demonstration given above shows that/ay 
is the limit of the ratio 


fix + Ac, y Ay) -f{x -b Ax, y) -/(x, y + Ay) +/(x, y) 

Ax Ay 

as Ax and Ay both approach zero. It can be shown in like manner that the 
second derivative f" of a function /(x) of a single variable is the limit of the 
ratio 

/(X + Ai + Ag) -/(X -f- Ai) -/(X + ft 2 ) +/(x) 

as and both approach zero. 

For, let us set 

/i(«)=/(x +Ai)-/(x), 
and then write the above ratio in the form 


or 


/i(x -I- ft 2 ) -/i(x) _ /i(x -}- eha) 

hihi hi 


f'{^ + + dAa) - f'jx + ehj) 

hi 


—/"(x -i- e^hi -f 




The limit of this ratio is therefore the second derivative /", provided that 
derivative is continuous. 

Passing now to the general case, let us consider, for definiteness, a function of 
three independent variables, w =/(x, y, z). Let us set 

aJw =/(x -I- A, y, z) -/(X, y, z), 

Ajw =/(x, y + A, z) -/(X, y, z), 

A\i^ =/(x, y, z -I- Z) -/(X, y, z), 

where ^«, Ajw, Ajw are the/rst increments of w. If we consider A, A, Z as given 
constants, then these three first increments are themselves functions of x, y, z, 
and we may form the relative increments of these functions corresponding to 
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increments h,, ti. h of the variables. This gives us the second ‘ncre'nente 


A^A^^w • •• This process can be continued indefinitely ; an increment 

of order n would be defined as a first increment of an increment of order (n - 1). 
Since we may invert the order of any two of these operations, it will be suffi¬ 
cient to indicate the successive increments given to each of the variables. An 
increment of order n would be indicated by some such notation as the following: 

AC") a, = A^ Ai» • • • a"^ aJ’ - ■ - A^A^> ■ - - y, z). 

where p 4 - $ + r = h, and where the increments A, A:, I may be either equal or 
unequal. This increment may be expressed in terms of a partial derivative of 

order n, being equal to the product 

h\h 2 ‘ ' hpk\ ‘ ' kql\ • • ' Ir A// t \ 

X 4- ^1 Al + • • • + y 4- ^1*1 + • • ■ + z + + * ■ * + fr), 

where every 6 lies between 0 and 1. This formula has already been proved for 
first and for second increments. In order to prove it in general, let us assume 
that it holds for an increment of order (n — 1), and let 


Vf z) = 


A*p A*' 




aLv- 


Then, by hypothesis, 

2/, 2) = ^2- • hpkx- ■ kqli- ■ ■ L/xp-+ + y 4- ■ • *12 + * • •)* 

But the nth increment considered is equal to <p{x + Ai, y, 2 ) — Vy z); and if we 
apply the law of the mean to this increment, we finally obtain the formula sought. 
Conversely, the partial derivative is the limit of the ratio 


aJ> a*» - - • aJ.'’ aJ;’ • • • A^« Ai' 


V/ 


hi Art • • • hp ky k<i • ■ • kq ly ' ‘ ‘ Ir 


as all the increments A, A, I approach zero. 

It is interesting to notice that this definition is sometimes more general than 
the usual definition. Suppose, for example, that w =/(x, y) = 0(x) 4* i'iy) is a 
function of x and y, where neither ^ nor V' has a derivative. Then w also has 
no first derivative, and consequently second derivatives are out of the question, 
in the ordinaiy sense. Nevertheless, if we adopt the new definition, the deriva¬ 
tive fxy is the limit of the fraction 

f(x 4 - A. V + A1 -fix 4- A, y) -/(x, y + k) +/(x, y) 

^ AJF" 

which is equal to 

0 {X + h) -h'k {y fc) - <t> [x + h) - i'iv) — 4> (X) — ^ (y 4- A) 4- (ai) H- ^ (y) _ 
- hk " 

But the numerator of this ratio is identically zero. Hence the ratio approaches 

zero as a limit, and we find fxy = 0.* 

• A similar remark may be made regarding functions of a single variable. For 
example, the function/(x) = x®cosl/x has the derivative 

/'(x) = Sx^cosl + xsini* 

•B X 

and f'{x) has no derivative for x = 0. But the ratio 

/(2^ )-2/(a) 4-/(0) . 

or 8 a cos (1 / 2 a) — 2 a cos (1 / a), has the limit zero when a approaches zero. 



I, § 14] 


THE DIFFERENTIAL NOTATION 


19 


III. THE DIFFERENTIAL NOTATION 

The differential notation, which has been in use longer than any 
other,* is due to Leibniz. Although it is by no means indispensable, 
it possesses certain advantages of symmetry and of generality which 
are convenient, especially in the study of functions of several varia¬ 
bles. This notation is founded upon the use of infinitesimals. 


14. Differentials. Any variable quantity which approaches zero as 
a limit is called an infinitely small quantity^ or simply an infinitesi¬ 
mal. The condition that the quantity be variable is essential, for 
a constant, however small, is not an infinitesimal unless it is zero. 

Ordinarily several quantities are considered which approach zero 
simultaneously. One of them is chosen as the standard of compari¬ 
son, and is called the principal infinitesimal. Let a be the principal 
infinitesimal, and another infinitesimal.* Then 0 is said to be an 
infinitesimal of higher order with respect to a, if the ratio fi/a 
approaches zero with a. On the other hand, 0 is called an infini¬ 
tesimal of the first order with respect to cr, if the ratio p/a 

approaches a limit K different from zero as a approaches zero. In 
this case 

- = a: + £, 

a ' 


where e is another infinitesimal with respect to a. Hence 

P = a (A -f- c) = Ka -f- ac, 

and Ka is called the principal part of p. The complementary tevm 

ac is an infinitesimal of higher order with respect to a. In general, 

if we can find a positive power of a, say such that p/a” 

approaches a finite limit K different from zero as a approaches 

zero, p is called an infinitesimal of order 7i with respect to a. Then 
we have 


or 

^ = a" (A + €) = Kcx” H- 

The term A^ is again called the principal part of p. 

Having given these definitions, let us consider a continuous func- 
tion y-f(x), which posse.sses a derivative /’(x). Let Ax be an 

• With the possible exception or Newton’s notation. —Trans. 



20 


dekivativbs and differentials 


[I, $ 14 


ni of * and let Ay denote the corresponding increment of y. 


Ay 

Ax 




, ^ «rUTi Arr If Ax be taken as the principal 

^ tatoitesimal whose ppiiicip»l part is 

ihif p.i»eil»l P" “ »'»“•!» 

denoted by dtj. —f'(x)Ax. 

When fix) reduces to a: itself, the above formula becomes = A* ; 
and hence we shall write, for symmetry, 

dy = /'(a:) dx, 

where the increment dx of the independent variable * is to be given 
the same fixed value, which is otherwise arbitrary and of course 

variable, for all of the several dependent 

functions of x which may be under consid- 

eration at the same time. 

Let us take a curve C whose equation is 
y =/(a:), and consider two points on it, M 
and whose abscissae are x and x + dx, 
respectively. In the triangle MTN we have 



NT = MN tan Z TMN = dxf'(x). 

Hence NT represents the differential dy, 
while Ay is equal to NAf. It is evident from the figure that iff*r 
is an infinitesimal of higher order, in general, with respect to NT, 
as M’ approaches AT, unless MT is parallel to the x axis. 

Successive differentials may be defined, as were successive deriv¬ 
atives, each in terms of the preceding. Thus we call the differ^ 
ential of the differential of the first order the differetOial of the 
second order, where dx is given the same value in both oases, as 
above. It is denoted by d“y: 

d*y = d(dy) = [/"(a:) rfx] dx =/"(x) {dxf. , 

Similarly, the third differential is 

d»y = d(d«y) = [/»(x)dx*]dx ^rX;t)(dx)\ 


* Strictly speaking, we should here exdude the case where/'(aO ss 0. II Is, how* 
er, oonyenlent to retain the same definition of rfy =/^(x) 6m la this ms alsO} 
sn though it Is not the principal part of Ay. •^TaaKS, 
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and so on. In general, the differential of the differential of ordei 

d^y 

The derivatives f(x)y /"(x), •.... can be expressed, on 
the other hand, in terms of differentials, and we have a new nota¬ 
tion for the derivatives: 


,_dy 


y = 


dx 


dx^ 


2/” = —» 


y<")= 

^ dx^' 


To each of the rules for the calculation of a derivative corresponds 
a rule for the calculation of a differential. For example, we have 


dJ ®”* = mx^^^dx, 


dx 

log a: = —» 

US 


da^ — log a dx ; 
d sin X = cos x dx ; 


d arc sin x = 


dx 


±Vl — X 


d arc tan x = 


dx 


1 X 


Let us consider for a moment the case of a function of a function. 

Let y =f(y)y where w is a function of the independent variable x. 

Then . 

yx=f{^)^xf 

whence, multiplying both sides by dx, we get 

y,,dx =/'(w) X u^dx\ 

that is, 

dy —f{u)du. 

The formula for dy is therefore the same as if u were the inde¬ 
pendent variable. This is one of the advantages of the differential 
notation. In the derivative notation there are two distinct formulae, 

Vx = f{^)> Vx = /(“) “x. 

to represent the derivative of y with respect to x, according as y is 
given directly as a function of x or is given as a function of x by 
means of an auxiliary function u. In the differential notation the 
same formula applies in each case.* 

If y = f(u, V, w) is a composite function, we have 

Vx = ■“x/» + «'x/v + “’x/x> 

at least if are continuous, or, multiplying by dx, 

y,,dx = u^dxf„ + v,,dxf„ + wjxf „; 


* This particular advantage is slight, however; for the last formula above is equally 
well a general one and covers both the cases mentioned. — Tba:ns. 
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’ dy= /„ du + /„ + /„ dw. 

Thus we have, for example, / ^ j j 

illUB nru. 7 vdu — udv 

d(uv)=udv + vdu, ^5 

The same rules enable us to calculate the successive differentials. 
Let us seek to calculate the successive differentials of a function 
y =/(m), for instance. We have already 

dy = 

In order to calculate (Py^ it must be noted that du cannot be regarded 
as fixed, since u is not the independent variable. We must then 
calculate the differential of the composite function/'(«) where u 
and du are the auxiliary functions. We thus find 

iPy =:^fXu)du‘^ -\-f(u)d^u. 

To calculate d^y, we must consider <Py as a composite function, with 
u, die, as auxiliary functions, which leads to the expression 

<Py =f'Xu)du^ + Zf'i}i)du<Pu +f\u)d^u ; 

and so on. It should be noticed that these formulae for 

etc., are not the same as if m were the independent variable, on 

account of the terms tPu, d^u, etc.* 

A similar notation is used for the partial derivatives of a function 
of several variables. Thus the partial derivative of order n of 
f(x, y, z), which is represented by in our previous notation, 

is represented by 

in the differential notation.! This notation is purely symbolic, and 
in no sense represents a quotient, as it does in the case of functions 
of a single variable. 

15. Total differentials. Let ta=f(x, y, «) be a function of the 
three independent variables x, y, z. The expression 

d. a.+ + d. 

ex cy oz 

* This disadvaatage would seem completely to offset the advantage mentioned 
above. Strictly speaking, we sliould distinguish between and etc. —Trjlns. 

t This use of the letter d to denote the partial derivatives of a function of aeveral 
variables is due to Jacobi. Before his time the same letter d was used as is used for 
the derivatives of a function of a single variable. 
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is called the total differential of o), Avhere dx^ rfy, dz are three fixed 
increments, which are otherwise arbitrary, assigned to the three 
independent variables a:, y, z. The three products 



are called partial differentials. 

The total differential of the second order is the total differ¬ 
ential of the total differential of the first order, the increments 

dxy dy, dz remaining the same as we pass from one differential to 
the next higher. Hence 


or, expanding. 


^ \ ^ 3 dw B d(o 




+ 




+ 


ay , , ay 


dx dz 

dy 


dx -h 


dy dz 


dy-\- 


d\f 




ay \ 


dz^ 


^ dxd7j + ^ ^ ^ ^y 

If ay be replaced by dp, the right-hand side of this equation 
becomes the square of 


+ %dz. 


dx 


We may then write, symbolically. 


=/ -L 




( 2 ) 


It being agreed that dff is to be replaced by after expansion. 

In general, if we call the total differential of the total differential 
of order {n ~ 1) the total differentml of order n, and denote it by 
d"w, we may write, in the same symbolism, 






where dff is to be replaced by d"f after expansion; 
ordinary notation, 


that is, in our 
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^4 




where 


^ -f- O' + r = n, 


— «-! 

/wt /rt -»•! 


pi q\ T 

is the coefficient of the term in the development of (a + 6+c)\ 

For suppose this formula holds for d"«. We will show that it then 
holds for d"+'a,; and this will prove it in general, since we have 
already proved it for « = 2. From the definition, we find 

^ A < « 


= 2^ 


pqr 




4- 


1 


whence, replacing 0" + */by 3/" + *, the right-hand side becomes 

& 


2A -- dx’‘‘ dy^ cfe’' ^ "b ^ dz 

^^porSx<-Sy>dz' ^ V^a: 


u 

dy 


Sf 

dz 



or 


'V 


9/ 


3/ 




n d 

t 





Hence, using the same symbolism, we may write 


) <»+i) 


_/!/ 

dx 


df 

^y 


dj 

dz 


Note. Let us suppose that the expression for obtained in any 
way whatever, is 

(7) dia — Pdx Qdy R dz, 

where P, Q, R are any functions x, y, z. Since by definition 


we must have 


, dm y , j 1 ^ 

d<» =dx +-^ dy + ^ dz, 


where dx, dy, dz are any constants. Hence 


dm 

dz 


R 




( 8 ) 


O) 


dx 




m 


dy 


= Q, 


m 


dz 


^R. 


The single equation (7) is therefore equivalent to the three separate 
equations (8); and it determines all three partial derivatives at onoe* 
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In general, if the nth total differential be obtained in any wav 
whatever, ^ 

c?" w = 2 dx^ dz ^; 

then the coefficients are respectively equal to the corresponding 

nth derivatives multiplied by certain numerical factors. Thus all 

these derivatives are determined at once. We shall have occasion 
to use these facts presently. 

16. Successive differentials of composite functions. 'Letia = F(uyVyw) 

be a composite function, u, v, w being themselves functions of the 

independent variables x, y, z, t. The partial derivatives may then be 
written down as follows: 


oFdw 

dx du dx dv dx dw dx * 

dy du dy dv dy ^ 

dFdw 

dz du dz dv dz dw dz ^ 

dFdw 

dt du dt dv dt dw dt 

If these four equations be multiplied by dx, dy, dz, dt, respectively, 
and added, the left-hand side becomes 


that is, dm) 


, dm , dm 

-dx + ~dy + — dz- 
and the coefficients of 



du dv dw 

on the right-hand side are du, dv, dw, respectively. 



Hence 


and we see that the expression of the total differential of the first 

order of a composite function is the same as if the auxiliary functions 

were the xndependerU variables. This is one of the main advantages 

of the differential notation. The equation (9) does not depend, in 

orm, either upon the number or upon the choice of the independent 

varia es ; and it is equivalent to as many separate equations as 
there are independent variables. 


. 1 , foiled for do,, noting 

that the second member of (9) involves the six auxUiary functions 
V, w, du, dv, dwo We thus find 
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— 


d^F 

du^ 

d^F 


+ : 


du dv 
d'^F 


du^ "f* 


dudv 4* 


du dv + ~ ^ (fw rfw; 4- ^ 


dv 

d^F 

dv^ 

d^F 




dv^ 4“ 


dv dw 4- 


du dw 
df^F 
dv dw 
d’^F 
dw’^ 


dvdw 4- 


du 

dF 

dv 

dF 


(Pv 


dw^ 4 * ^ dFWf 


or, simplifying and using the same symbolism as above, 


dv dw ] vu 


= ( ^ du 4- 


dv 


dw 


This formula is somewhat complicated on account of the terms m 
d^u, d^v, cPw, which drop out when u, v, w are the independe^ 
variables. This limitation of the differential notation should be 
borne in mind, and the distinction between d'^a, in the two cases 
carefully noted. To determine d^o., we would apply the same rule 
to d^o), noting that d»«i depends upon the nine auxiliary functions 
V, 11 ., du, dv, dw, d^u, cPv,d^w, and so forth. The general expres¬ 
sions for these differentials become more and more complicated , 
d"a. is an integral function of dw, dv, dw, d^ii, • ■ •, d»M, d"v, ofw, and 
the terms containing d^u, d^v^ d^w are 


du 


ct*u 4 - 


aF 

dv 


4- 



If, in the expression for «, v, w, du, dv, dw, • • • be replaced by 
their values in terms of the independent variables, d" <» becomes an 
integral polynomial in dx, dy, dz, - - whose coefficients are equal 
(cf.. iVb^e, § 15) to the partial derivatives of <o of order n, multiplied 
by certain numerical factors. We thus obtain all these derivatives 

at once. ^ 

Suppose, for example, that we wished to calculate the first 

second derivatives of a composite function w =/(«), where u is a 

function of two independent variables w = («, y)- If we osculate 

these derivatives separately, we find for the two partial derivatives 

of the first order 


do} do} du do} dja du 

dx du dx dy du dy 

Again, taking the derivatives of these two equations with respect 
to X, and then with respect to y, we find only the three follovring 
distinct equations, which give the second derivatives; 
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do} d^U 

dx^ ~ du^\^/ + d^’ 

_5*0) du du 5a) d^u 

dx dy 5w* dx dy du dx dy^ 

5*0) 5*0)/5w\* 5o) 5*?^ 


The second of these equations is obtained by differentiating the 
first of equations (10) with respect to y, or the second of them with 

respect to x. In the differential notation these five relations (10) 
and (11) may be written in the form 





dP'u, 


If du and d'^u in these formulae be replaced by 


du 

dx 


dx 4- 



and 


5*« 

+ 2 


d^u 
dx dy 


dx dy 4- 



respectively, the coefficients of dx and dy in the first give the first 
partial derivatives of o), while the coefficients of dx% 2dxdy, and 
dif in the second give the second partial derivatives of o). 


17. Differentials of a product. The formula for the total differential 
of order n of a composite function becomes considerably simpler 
in certain special cases which often arise in practical applications. 
Thus, let us seek the differential of order n of the product of two 
functions <a = uv. For the first values of 7 i we have 


dio = vdu + udv, (Pu> =r vd^u 2dudv ud^v, 

and, in general, it is evident from the law of formation that 

rf^o) = V + Cidvd^-^u 4- C^d^vd‘^-^u ud’^v, 

where Cl, C 2 , ... are positive integers. It might be shown by alge¬ 
braic induction that these coefficients are equal to those of the 
expansion of (a 4-*)"; but the same end may be reached by the 
following method, which is much more elegant, and which applies 
to many similar problems. Observing that Cj, C^, . - - do not depend 
upon the particular functions u and v employed, let us take the 
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special functions u = = where x and y are the two inde¬ 

pendent variables, and determine the coefficients for this case. We 

thus find 

= da> = 4-dy), •• •, </"tu = + dt/)”, 

du^edx, -**, 

dv = e^dyy d^v = e^d\f, - • •; 


and the general formula, after division by becomes 

{dx 4- dyy = dx" -f C^dydx^-^ -f C^dfdx^~^ ^ - V d}^. 

Since dx and dy are arbitrary, it follows that 

n (n — 1) • • • (n — 4- f) 

1.2 • • • 3? 


_n 

C, - . Cj- j 




• • 


and consequently the general formula may be written 

(13) d»(Mv)=vd“M-f-+ - \-udrv. 


This formula applies for any number of independent variables. 
In particxilar, if u and v are functions of a single variable x, we 
have, after division by dx", the expression for the nth derivative of 
the product of two functions of a single variable. 

It is easy to prove in a similar manner formulae analogous to 
(13) for a prpduct of any number of functions. 

Ajaother special case in which the general formula reduces to a 
simpler form is that in which «, v, w are integral linear functions 
of the independent variables x, y, z. 


u— ax4- +/ , 

v= a*x-\- 5'y 4- 

to ss= a"x 4* 4 


where the coe 
have 


oients a, a', a", 5, 6', • • • are constants. For then we 

du = adx+ 6dy4 edz^ 
do == a'dx + 6'dy 4- c'd*, 
dw = a*'dx + V*dy + o"d«, 


and all the differentials of higher order d"u, d*i;, where n>ly 
vanish. Hence the formula for d”o» is the same as if ti, v, w were 
the independent variables; that is, i 
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We proceed to apply this remark. 


18. Homogeneous functions. A function y, «) is said to be 
homogeneous of degree m, if the equation 

V, y, z) 

is identically satisfied when we set 


u = tx, V zsz ty^ w = tz. 

Let us equate the differentials of order n of the two sides of this 
equation with respect to t, noting that u, v, w are linear in t, and that 

du = x dty dv = y dt, dw = z dt. 

The remark just made shows that 
( ^ dA , 

If we now set t = 1, u, v, w reduce to x, y, z, and any term of 
the development of the first member, 


becomes 


duP dvo duf ^ 
dx” di/> dz’' > 


whence we may write, symbolically, 


dd> . dA 


dx 


m(m — V) (m — n +1)(x, y, z), 


which reduces, for w = 1, to the well-known formula 


m<t> (x, y,z) = x 




Various notations. We have then, altogether, three systems of nota¬ 
tion for the partial derivatives of a function of several variables, — 
that of Leibniz, that of Lagrange, and that of Cauchy. Each of 
these is somewhat inconveniently long, especially in a complicated 
calculation. For this reason various shorter notations have been 
devised. Among these one first used by Monge for the first and 
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eecond derivatives of a function of two variables is now in common 
use. If « be the function of the two variables x and y, we set 

dz dz d^z _ d'^z d^z, 

and the total differentials dz and d:^z are given by the formulae 

dz= pdx q dy, 

(Pz = r dx^ -{-2 s dx dy t dy^. 

Another notation which is now coming into general use is the 
following. Let be a function of any number of independent vari¬ 
ables Xx) Xgf Xsf • * - j j then the notation 

- 

is used, where some of the indices «!, tTg, • ••, ar„ may be zeros. 


19. Applications. Let y=/(x) be the equation of a plane curve C with 
respect to a set of rectangular axes. The equation of the tangent at a point 
M (X, y) is 

y-y = y'(X-x). 


The slope of the normal which is perpendicular to the tangent at the point of 
tangency, is — 1/y'; and the equation of the normal is, therefore, 

(r-y)y'-h(Jr-z)=0. 


Let P be the foot of the ordinate of the point Jlf, and let T and fV be the 
points of intersection of the x axis with the tangent and the normal, respectively. 

The distance PN is called the subnormal; 


PT, the subtangent; JlfN', the normal; and 
MTt the tangent. 

From the equation of the normal the ab¬ 
scissa of the point N is x -H yy', whence the 
subnormal is ± yy'. If we agree to call the 
length PN the subnormal, and to attach the 
sign -h or the sign — according as the direc¬ 
tion PN* is positive or negative, the subnormal 
will always be yy' for any position of the curve 
C. Likewise the subtangent is — y/y^. 

The lengths JfN' and MT are given by the triangles JtfPJV and MPT: 



.afJV= + PiV*-* = y Vl + y^i, 


MT = 



+ P7^ = •^Vl+y^, 

y 


Various problems may be given regarding these lines. Let us find, for 
instance, all the curves for which the subnormal is constant and equal to a ^ven 
number a. This amounts to finding all the functions y=/(z) which saUsfy 
the equation yy' = a. The left-hand side is the derivative of y*/2, while the 
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right-hand side is the derivative of az. These functions can therefore differ 
only by a constant; v^hence 

y'^ = 2ax-\-C, 

which is the equation of a parabola along the x axis. Again, if we seek the 
curves for which the subtaugent is constant, we are led to write down the equa¬ 
tion y'/y ~l/a; whence 

logy = - +log C, or y = 
a 


which is the equation of a transcendental curve to which the x axis is an asymp¬ 
tote. To find the curves for which the normal is constant, we have the equation 

y Vl -I- y'2 = a, 

or 



The first member is the derivative of — j hence 


- Va 2 _ y 2 = x+C, 
or 

(z + C)2 4- y2 = a\ 

which is the equation of a circle of radius a, whose center lies on the x axis. 

The curves for which the tangent is constant are traiiscendenUl curves, which 
we shall study later. 

Let y ~f{x) and Y = F{x) be the equations of two curves C and C\ and let 
3f, M' be the two points which correspond to the same value of x. In order that 
the two subnormals should have equal lengths it is necessary and sufficient that 


YT'=±yy'; 

that is, that = ± ys q. c, where the double sign admits of the normals’ being 
directed in like or in opposite senses. This relation is satisfied by the curves 


and also by the curves 







62x2 




62x2 



9 


which gives an easy construction for the normal to the ellipse and to the hyperbola. 


EXERCISES 

1. Let p = /(«) be the equation of a plane curve in polar coordinates, 
the pole O draw a line perpendicular to the radius 
vector 03f, and let T and N be the points where this 
line cut^ the tangent and the normal. Find expres¬ 
sions for the distances OT, OAT, MN, and MT in 
terms of f{e) and f'{d). 

Find the curves for which each of these distances, 
in turn, is constant. 

2. Let y=/(x), 2 = 0 (x) be the equations of a 

skew curve r, i.e. of a general space curve. Let N Fia. 3 
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be the point where the normal plane at a point 3f, that is, the plane perpendicu¬ 
lar to the tangent at 3f, meets the z axis; and let P be the foot of the perpen¬ 
dicular from 3/ to the z axis. Find the curves for which each of the distances 

PN and JfN, in turn, is constant. 

[Note. These curves lie on paraboloids of revolution or on spheres.] 

3 Determine an integral polynomial /(x) of the seventh degree in x, given 
that /(X) + 1 is divisible by (x - 1)* and /(x) - 1 by (x+1)* Generalize the 

problem. 

4. Show that if the two integral polynomials P and Q satisfy the relation 

Vl = Q Vi - x^, 


then 


dP _ ndx 

Vl - P^ Vl -X* 


where n is a positive integer, 

[Note. From the relation 

(a) 1-P»= Q»(l-x») 

it follows that 

(b) - 2PP' = Q[2 Q'(l - x2) - 2 Qx]. 

The equation (a) shows that Q is prime to P; and (b) shows that P' is 

by Q.] 

5*. Let R (x) be a polynomial of the fourth degree whose roots are all dif¬ 
ferent, and let X = !/■/ F be a rational function of such that 

where Ri (f) is a polynomial of the fourth degree and P/ Q is a rational function. 
Show that the function U/ V satisfies a relation of the form 


dz 


kdt 


where ik is a constant. 


Vb(x) y/Ri (t) 

[Jacobi.] 

[Note. Each root of the equation R(U/ V) — 0^ since it cannot cause R'(x) 
to vanish, must cause UV' — VU\ and hence also dx/df, to vanish.] 

6*. Show that the nth derivative of a function y =: 0(u), where u is a funo- 
tion of the independent variable x, may be written in the form 


(») 

where 

(b) 






+ 


1.2»• • n 




. d"u* k d"u*-> . k(k — l) .d»tt*-* 

.Ak — — -u-+ —-- ' u*- + 

dz* 1 dx* 1.2 dz* 


+ (- 


d*u 

dx" 


(4; ~ 1, 2, • • •, n). 


[First notice that the nth derivative may be written in the form (a), where the 
coefficients Ai, A*, • • •, A, are independent of the form of the fonoUon ^(v). 
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To find their values, set ^ (u) equal to u, • • •, u" successively, and solve the 
resulting equations for -dj, • .., A„. The result is the form (b).] 


7*. Show that the nth derivative of <f> (x*) is 
d" ^ (**) 

= ( 2 i)» 0 («)(a: 2 ) -f n(n - 1 ) ( 2 a;)n -2 0 («“i)(x 2 ) + ... 


n(n — 1 ) ■■ (n - 2 j) + 1 ) 

1.2 • • -p 


(2x)n-2P0(n-p)(i2) + 


• • • 


where p varies from zero to the last positive integer not greater than n/ 2 , and 
where denotes the ith derivative with respect to x. 

Apply this result to the functions c-**, arc sin x, arc tan x. 


8 *. If X = cos u, show that 


dx”*-! m 


sin mu. 


[Olindk Rodkigues. ] 


9. Show that Legendre's polynomial, 

_ 1 


d" 


n 


2 .4 .6 • • • 2 n dx" 


(xa - 1)», 


satisfies the differential equation 


n dJfn 


(l-x«)^-2x 

dx2 


dx 


+ n (n + 1 ) ATn = 0 . 


Hence deduce the coefficients of the polynomial. 


10. Show that the four functions 

yi = sin (n arc sin x), y® = sin (n arc cos x), 

ya = cos (n arc sin x), = cos (n arc cos x), 

satisfy the differential equation 

(1 — x2) y^' — xy' + n^y = 0. 

Hence deduce the developments of these functions when they reduce to poly* 
nomials. 


11*. Prove the formula 


d" 

dx" 


1 

(x"-!^) = (— 1)" 


ex 

ajn+i 


[Halphbn.] 


12. Every function of the form z = x<f>(y /x) + ^ (y/x) satisfies the equation 

rx2 + 2 sxy + ty^ = 0, 
whatever be the functions <f> and 


13. The function z = x<t>{x + y) + y^(® + y) satisfies the equation 

r-2s + t = 0, 


whatever be the functions <p and 
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14. The function z =/[x -f* ^(y)] satisfies the equation = gr, whatever 
06 the functions/and 4>. 

16. The function z = x«^(y/x) + y-«^(y/x) satisfies the equation 

rx^ -h2sxy + + px qy - 

whatever be the functions and f. 


16 . Show that the function 

y = j X — ai I (x) + IX — as 102 (x) + • ■ • + IX — I (x), 

where 0 i (x)» 02 (x)» • ■ ■, 0 n (x), together with their derivatives, 0 i (x), 02 (x), • • • , 
(x), are continuous functions of x, has a derivative which is discontinuous 

for X = ai, 02 , • ♦ •» Un- 

17 . Find a relation between the first and second derivatives of the function 
2 =/(Xi, m), where u = 0 (X 2 , Xs); Xi, X 2 , Xs being three independent variables, 
and / and 0 two arbitrary functions. 

18 . Let/'(x) be the derivative of an arbitrary function/(x). Show that 

1 d^u 1 d^v 

u dx^ V dx*’ 

where u = [/'(x)]-i and v =/(x) [/'(x)]-i. 


19*. The nth derivative of a function of a function w = 0 (y), where y = 4^ (x), 
may be written in the form 



where the sign of summation extends over all the positive integral solutions of 
the equation + + = and where p = i + J + • • • -f ifc. 

[Faa db Brui^o, Quarterly Journal of MaXhematice^ Vol. I, p. 359.] 


CHAPTER II 


mPLICIT FUNCTIONS FUNCTIONAL DETERMINANTS 

CHANGE OF VARIABLE 

1. IMPLICIT FUNCTIONS 

20. A particular case. We frequently have to study functions for 
which no explicit expressions are known, but which are given by 
means of unsolved equations. Let us consider, for instance, an 
equation between the three variables x, y, z, 

(1) F(xy y, z) = 0. 

This equation defines, under certain conditions which we are about 
to investigate, a function of the two independent variables x and y. 
We shall prove the following theorem : 

Let X = ajo, y = yoj « = «o a set of values which satisfy the equa¬ 
tion (1), and let us suppose that the function F, together with its first 
derivativesy is continuous in the neighborhood of this set of values* 
If the derivative F^ does not vanish for x = Xq, y = yo, « = z^y there 
exists one and only one continuous function of the independent variables 
X and y which satisfies the equation (1), a'nd which assumes the value Zq 
when X and y assume the values Xq and yo, respectively^ 

The derivative F^ not being zero for x = Xo, y = yo, s = z^y let us 
suppose, for definiteness, that it is positive. Since Fy F^, F^y F^ are 
supposed continuous in the neighborhood, let us choose a positive 
number I so small that these four functions are continuous for all 
sets of values x, y, z which satisfy the relations 

(2) I* —\y — yo\^i, \z — zo\<i, 

and that, for these sets of values of x, y, z, 

Vy «) > P, 


•In a recent article {Bulletin de la SocUiC Mathematique de France, Vol. XXXI, 
1903, pp. 184-192) Goursat has shown, by a method of successive approximations, that 
it is not necessary to make any assumption whatever regarding and Fy, even as to 
their existence. His proof makes no use of the existence of Fj. and Fy. His general 
theorem and a sketch of his proof are given in a footnote to § 25.— Trans. 
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where P is some positive number. Let Q be another positive num¬ 
ber greater than the absolute values of the other two derivatives 

Fy in the same region. 

Giving X, y, « values which satisfy the relations (2), we may then 
write down the following identity : 

Vi — -^(^0, yo) y, z) — F(a;o> Vj y? «) 

- F(a;o, yo, «) + Vo, «) yo, «o); 

or, applying the law of the mean to each of these differences, and 
observing that F(xq, y©, «o)=^> 

F(Xj y, z)= (x — a^o) F^\xq 0(x — Xq), y, 

4- (y - yo) [*o, yo + ^'(y - ^o), «] 

-f" yoj ^0 “h ^ (z — 

Hence F(a:, y, z) is of the form 

.ox t y. ^) = ^ 

^ ^ I -h B(xy y, z) (y - y(,) -f G (x, y, z) (z 

where the absolute values of the functions A(Xy y, «), B(x, y, «), 
G(x, y, «) satisfy the inequalities 

\A\<Qy \B\<Q, \C\>P . 

for all sets of values of x, y, z which satisfy (2). Now let c be a 
positive number less than /, and rj the smaller of the two numbers 
I and p€/2Q, Suppose that x and y in the equation (1) are given 
definite values which satisfy the conditions 

\x^XQ\<rj, |y-yo|<» 7 > 

and that we seek the number of roots of that equation, z being 
regarded as the unknown, which lie between z^ — c and Zq + c. In 
the expression (3), for F(x, y, z) the sum of the first two terms is 
always less than 2Q7] in absolute value, while the absolute value of 
the third term is greater than Pe when z is replaced by ± c. IFrom 
the manner in which rj was chosen it is evident that this last term 
determines the sign of F, It follows, therefore, that F(x, y, «o — «) < 0 
and F(x, y, «o + «) > 0; hence the equation (1) has at least one root 
which lies between «o “ « + «■ Moreover this root is unique} 

since the derivative F, is positive for all values of z between «o — < 
and Zq -f- €. It is therefore clear that the equation (1) has one and 
only one root, and that this root approaches «o as x and y approach 
Xq and y®, respectively. 
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vai-iables x and ?/ 

the root whose existence we have just proved is defined Let 4 be 
the smaller of the two numbers I and M/2Q; the foregoing reason¬ 
ing shows that if the values of the variables x and y satisfy the 

inequalities \x—Xo\< h, \y — y„| < k, the equation (1) will have one 
and only one root which lies between z, - l and -f l. Let « be a 

square of side 24, about the point y„), with its sides parallel 

to the axes. As long as the point (x, y) lies inside this square 
the equation (1) uniquely determines a function of x and y, which 
remains between z^ — l and 2 „ -|- 1. This function is continuous by 
the above, at the point >/„, and this is likewise true for any other 
point A/i of R\ for, by the hypotheses made regarding the func¬ 
tion F and its derivatives, the derivative F,(x„ «,) will be posi¬ 
tive at the point since (x,-x„|</, \y,~y,\<l, - zJ< 1. 

The condition of things at 3/, is then exactly the same as at M^, 

and hence the root under consideration will be continuous for 
x = x„ y = yx. 


Since the root considered is defined only in the interior of the 

region R, we have thus far only an element of an implicit function. 
In order to define this function out¬ 


side of Ry we proceed by successive 
steps, as follows. Let L be a con¬ 
tinuous path starting at the point 
2/o) and ending at a point (X, Y) 
outside of R, Let us suppose that 
the variables x and y vary simul¬ 
taneously in such a way that the 
point (Xy y) describes the path i. 
If we start at (xq, y^) with the value 



Fio. 4 


z, of 2 , we have a definite value of this root as long as we remain 
mside the region R. Let A/, (x,, y,) be a point of the path inside R, 
and 2 i the corresponding value of 2 . The conditions of the theorem 
being satisfied for x = x,, y = y„ 2 = 2 ,, there exists another region 
Ri, about the point M^, inside which the root which reduces to for 
x = xi, y = yi is uniquely determined. This new region F, will 
have, in general, points outside of R. Taking then such a point 
on the path L, inside F, but outside R, we may repeat the same con¬ 
struction and determine a new region inside of which the solu¬ 
tion of the equation (1) is defined; and this process could be 
repeated indefinitely, as long as we did not find a set of values of 
X, y, z for which F, = 0. We shall content ourselves for the present 
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with these statements; we shall find occasion in later chapters to 
treat certain analogous problems in detail. 

21. Derivatives of impUcit functions. Let us return to the region 
R and to the solution = 4>(x, y) of the equation (1), which m a 
continuous function of the two variables jr and y m this region. 
This function possesses derivatives of the first order For, keeping 
y fixed, let us give . an increment A. Then . will have an incre- 

Lnt A«, and we find, by the formula derived in § 20, 

F{x 4- Aa;, y, » + A«) — V ’\ _ n 

= y, * + A*) + A«F,(x, y,z + tfAa)- 0. 


Hence 


A»_ F,(x + 6Ax, y,g4-Ag) . 

A^" F,(x, y, s + fi'A.i!) 


and when Ax approaches zero, Ar, does also since « is a continuous 
tonction of X. The right-hand side therefore approaches a limit, 
and « has a derivative with respect to x : 



In a similar manner we find 

dz _ 

Note. If the equation F = 0 is of degree m in *, it defines m 
functions of the variables x and y, and the partial derivatives dz/dx, 
dz/dy also have m values for each set of values of the variables 
X and y The preceding formulae give these derivatives without 
ambiguity, if the variable a in the second member be replaced by 
the value of that function whose derivative is sought. 

For example, the equation 

a:* + y® + - 1 = 0 

defines the two continuous functions 

+ -Vl _ x“ - y* and — Vl — x* — y* 

for values of x and y which satisfy the inequality x* + y* < 1. 
The first partial derivatives of the first are 
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and the partial derivatives of the second are found by merelv chan^ 

ing the signs. The same results would be obtained by uLg the 
formulae 


dz 

dx 


X 

z 


dz 

dy 


_y^ 

z 


replacing z by its two values, successively. 

22. AppUcations to surfaces. If we interpret y, . as the Cartesian 
coordinates of a point in space, any equation of the form 

(4) F (pc, y, s:) = 0 

represents a surface N. Let (a.„, y„, be the coordinates of a point 
A of this surface. If the function C, together with its first deriva¬ 
tives, is continuous in the neighborhood of the set of values rr „ ^ 
and if all three of these derivatives do not vanish simla^;^!;’ 

at the point A the surface N has a tangent plane at .1. Suppose, 
for instance, that N is not zero for . = .„, y = y„, . = ^c^rd! 

equation solved 

for z near the point A, and we may write the equation of the surface 
in the form 

« = (x, y), 

where ^ (x, y) is a continuous function; and the equation of the 
tangent plane at A is 


Z ^ Zt,= 





Replacing dz/dx and dz/dy by the values found above, the equation 
of the tangent plane becomes 


( 5 ) 


dx 



- ^o) + 


(^ /■ (d p\ 

“ «o)= 0. 


If P. — 0, but ^ 0, at A, we would consider y and s as inde¬ 
pendent variables and x as a function of them. We would then 
find the same equation (5) for the tangent plane, which is also evi¬ 
dent a priori from the symmetry of the left-hand side. Likewise 
the tangent to a plane curve F(x, y) = 0, at a point (x„, y„), is 

If the three first derivatives vanish simultaneously at the point A, 

/dF\ (dF\ 

h 
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the preceding reasoning is no longer applicable. We shall ree later 
(Chapter III) that the tangents to the varioiw curves which lie on 
the surface and which pass through A form, in general, a cone and 

not a plane. ^ 

In the demonstration of the general theorem on implicit functions 

we assumed that the derivative did not vanish. Our geometrical 

intuition explains the necessity of this condition in general. Tor, 

if = 0 but ^ 0, the tangent plane is parallel to the z axis, 

and a line parallel to the z axis and near the line x acp, y yo 
meets the surface, in general, in two points near the point of 
tangency. Hence, in general, the equation (4) would have two 
roots which both approach Zq when x and y approach and yo, 
respectively. 

If the sphere -f y“ + — 1 = 0, for instance, be cut by the line 

y = 0, X = 1 -f- €, we find two values of which both approach zero 
with c; they are real if c is negative, and imaginary if c is positive. 

23. Successive derivatives. In the formulae for the first derivatives, 


dz 

dx 





we may consider the second members as composite functions, z being 
an auxiliary function. AVe might then calculate the successive deriv¬ 
atives, one after another, by the rules for composite functions. The 
existence of these partial derivatives depends, of course, upon the 
existence of the successive partial derivatives of F(x, y, »). 

The following proposition leads to a simpler method of determin¬ 


ing these derivatives. 

If several functions of an independent variable satisfy a relation 
F = 0, their derivatives satisfy the equation obtained by equcUing to 
zero the derivative of the left-hand side formed by the rule for differ^ 
entiating composite functions. For it is clear that if F vanishes 
identically when the variables which occur are replaced by func¬ 
tions of the independent variable, then the derivative will also van¬ 
ish identically. The same theorem holds even when the functions 
which satisfy the relation F = 0 depend upon several independent 
variables. 

Now suppose that we wished to calculate the successive derivatives 
of an implicit function y of a single independent variable x defined 
by the relation 

JP(®, y) = 0. 
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We find successively 


d^F 

“T 3 — o ^ y' 4- 3 


dx^ 


ox^ dy 


dx d'^ 





dF 

-f 

dF 




dx 

dy 


+ 2 

d^F , 



dF 

dx^ 

dx dy^ 

+ dy^y 

4- 

dy 

J A 

+ 3 

d^F „ 

d^F 



\y 

dxdy^ 

-1- !/'• 





+ 3 



dF 



, n 

dy- y y 

4* 

dy 


y -0, 
= 0, 


= 0, 


from which we could calculate successively y\ .... 


Example. Given a function y =/(a;), we may, inversely, consider y as the 
independent variable and x as an implicit function of y defined by the equation 
y=f{x). If the derivative /'(x) does not vanish for the value Xo, where 
yo — / (Xo), there exists, by the general theorem proved above, one and only one 
function of y which satisfies the relation y =/(x) and which takes on the value 
Xo for y — Vo- This function is called the inverse of the function / (x). To cal- 
c^ate the successive derivatives x„, x^, x,^,... of this function, we need merely 
differentiate, regarding y as the independent variable, and we get 


whence 


1 = /'(I) Xy, 

0 =/"(X) (x„)2 + /'(X)X^, 

0 =f"'(x) (Xy)^ + 3/"(x) x„x^ +/'(X) x^, 


f"(x) 

[/'(*)]»’ 


[/'(*) ]‘ 


It should be noticed that these formulae are not altered if we exchange x„ and 

/'(x), x^ and/"(x), x^ and/"'(x), ■ • •, for it is evident that the relation between 
the two functions y = /(x) and x = 0 (j^) is a reciprocal one. 

As an application of these formulae, let us determine all those functions 
y =f{x) which satisfy the equation 



Taking y as the independent variable and x as the function, this equation 
becomes 



But the only fimctions whose third derivatives are zero are polynomials of at 
most the second degree. Hence x must be of the form 


X — Oi y^ -j- C2 y + Cj, 

where Ci, C 2 , C% are three arbitrary constants. Solving this equation for y, 

we see that the only functions y =/(x) which satisfy the given equation are 
of the form 


y = o ± V^hx + c. 
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where a, 6, c are three arbitrary conatant^. Thie equation represente a parabola 
whose axis is parallel to the x axis. 

24. Partial derivatives. Let us now consider an implicit function 
of two variables, defined by the equation 


( 6 ) 


F (x, y, «) = 0. 


The partial derivatives of the first order are given, as we have seen, 
by the equations 


( 7 ) 


4 . — = 0 

Sir dz dx ’ 


dv dz dv 


To determine the partial derivatives of the second order we need 
only differentiate the two equations (7) again with respect to x and 
with respect to y. This gives, however, only three new equations, 
for the derivative of the first of the equations (7) with respect to y 
is identical with the derivative of the second with respect to x. 
The new equations are the following: 



dx dz dx 

d^F dz d^F ^ 

8xdz dy dy dz dx 

d^F g dz 

dy‘^ dydz dy 


+ 

+ 

+ 


a^F /^fV , gF _ 

dz^ \dx) dz dx^ 

^d^d_z d^z _ 

dz^ dx dy dz dxdy 

d^F , ££ ^ 

dz* \dy) dz dy^ 


The third and higher derivatives may be found in a similar manner. 

By the use of total differentials we can find all the partial deriva¬ 
tives of a given order at the same time. This depends upon the 
following theorem: 

If several functions u, v, • of any nuinber of independent vari- 
ables X, y, ■ satisfy a relation F = 0, the total differentials satisfy 
the relation dF— 0, which is obtained by forming the total differential 
of Fas if all the variables which occur in F were independent variables. 

In order to prove this let F(w, = 0 be the given relation between 

the three functions w, v, to of the independent variables y, The 
first partial derivatives of «, v, w satisfy the four equations 


dFda dFdv dF dw 

du dx dv dx, dw dx 

dFdu I dw 

du dy dv dy dw dy 


II, § 24 J 


IMPLICIT FUNCTIONS 


43 


dF dti dF dv dFdw 

du dz dv dz dw dz * 

dF du dF dv dF « 

du dt dv dt dw dt 


Multiplying these equations by dx^ dy, dz, dt, respectively, and 
adding, we find 



This shows again the advantage of the differential notation, for the 
preceding equation is independent of the choice and of the number 
of independent variables. To find a relation between the second 
total differentials, we need merely apply the general theorem to the 
equation dF=0, considered as an equation between u, v, w, du, 
dv, dw, and so forth. The differentials of higher order than the 
first of those variables which are chosen for independent variables 
must, of course, be replaced by zeros. 

Let us apply this theorem to calculate the successive total differ¬ 
entials of the implicit function defined by the equation (6), where 
X and y are regarded as the independent variables. We find 


dF , 

— ax 4- 
cx 




and the first two of these equations may be used instead of the five 
equations (7) and (8) ; from the expression for dz we may find the 
two first derivatives, from that for d^z the three of the second order, 
etc. Consider for example, the equation 


Ax^ jV y^ 

which gives, after two differentiations, 

Axdx -\-A*ydy + A^'zdz — Ci, 

A dx^A'dy^-h A”dz^ A- A'^ z d^z = 0, 

whence 



and, introducing this value of dz in the second equation, we find 

x^A-A •’z^) dx^A- 2AA’x y dxdv A-A HA A ^ 7 ^ 
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Using Monge’s notation, we have then 


Ax 


y =- 




A(Ax^-h A”z^ 




A A'XI/ 




s = — 






A *(A*y^-\-A^’z 

A”^z^ 


This method is evidently general, whatever be the number of the 
independent variables or the order of the partial derivatives which 

it is desired to calculate. 

Example. Let z =/(*> v) ^ function of x and y. Let us try to calculate 
the differentials of the first and second orders dx and d^x, regarding y and z as 
the independent variables, and x as an impUcit function of them. First of aU, 

we have 

dz = — dx + —dy. 
dx cy 

Since y and z are now the independent variables, we must set 

d^y = d^x = 0, 

and consequently a second differentiation ^ves 

0 = + 2 dxdy + 

bx by by^ 5x 

In Monge’s notation, using p, q, r, s, t for the derivatives of /(x, y), these 
equations may be written in the form 

dz = p dx + q dy, 

0 = rdx2 + 2sdxdy + tdy* + p d“x. 

From the first we find 


and, substituting this value of dx in the second equation, 

^ rdza + 2(ps - qr)dydz +<q®r - 2 p 9 s + p*t)dy« 

<PX =s — ---;-- 

P* 

The first and second partial derivatives of x, regarded as a function of y and 
a, therefore, have the following values: 


b^z 

0za 


ax 

bz 

a^x 

bybz 


1 ax 

p' 

qr-ps 


- 

p' 
b^z _ 

^ ■ 


2pq8 —p»t 

P* 


-9«r 


As an application of these formulse, let us find all those funoUona /(x, y) 

which satisfy the equation ... 

q^r + pH = 2pqs. f 

V 

If, in the equation z =/(x, y), x be considered as a function of the two In^ 
pendent variables y and s, the given equation reduces to xyi = 0. ^nds 
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that acy ifl independent of y; and hence = ^(z), where <f>{z) is an arbitrary 
function of z. This, in turn, may be written in the form 

^[a:-y0(2)] = O, 

which shows that x - y ^(z) is independent of y. Hence we may write 

a; = y0(z) + ^(2), 

where yp{z) is another arbitrary function of z. It is clear, therefore, that all the 
functions z =/(*, y) which satisfy the given equation, except those for which /, 
vanishes, are found by solving this last equation for z. This equation represents 
a surface generated by a straight line which is always parallel to the xy plane. 


25. The general theorem. Let us consider a system of n equations 


(E) 




"f ■ • •, 0 , 




w,, u 
Ui, u 


2t - •) V„) = 0, 




h^ween the n+p variables Mj, a:,, ajj, x^. Suppose 

that these equations are satisfied for the values x, = xj, * • Xp = a:J, 

= wj; that the functions are continuous and possess 
first partial derivatives which are continuous^ in the neighborhood of 
thw system of values; andj finally^ that the determinant 



dFi 

dFi 

dF, 


dui 

du^ 

• • • 

du. 


dF^ 

dF^ 

dF, 

A =: 

dui 

du^ 

du„ 


• ♦ 

^F. 

e 

^F. 

» » • e 

' ^F„ 

does not vanish for 

dui 

dtt2 

du„ 

Xi = Ut = ul, 

(i 

= 1, 

2, k 


= 1, 2, •••, n) 


Under these conditions there exists one and only one system of con¬ 
tinuous functwns u^ = Xj, • • •, xf)y • ■ , xf) 

which satisfy the equations (E) and which reduce to wj, 

/orxi = x?, Xp = xJ.* 


* In his paper quoted above (ftn., p. 35) Goursat proves that the same conclusion 
may be reached without making any hypotheses whatever regarding the derivatives 
cFi/dzj of the functions Ff with regard to the x’s. Otherwise the hypotheses remain 
exactly as stated above. It is to be noticed that the later theorems regarding the 
existence of the derivatives of the functions <p would not follow, however, without 
some assumptions regarding dFi/dzj. The proof given is based on the following 
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The determinant A is called the Jacobian* or the Functional Deter- 
minant, of the n functions F., F„ ■ • F„ with respect to the «. vari- 
ables Ui, ih, ■ ■ ■> i® represented by the notation 

/■;) 

ii.„, ■ ■ ■, ii„) 

We will begin by proving the theorem in the special case of a 
system of two equations in three independent variables x, y, z and 

two unknowns it and v. 

(9) -Fi (x, y, s, M, v) = 0, 

( 10 ) ^2 (x, 2/> “> *’) = 0 - 

These equations are satisfied, by hypothesis, for x = Xq, y — yo, z = z^,, 
u = Ua, V = Va; and the determinant 

dF, ^ ^ 

dit do do du 

does not vanish for this set of values. It follows that at least one 
of the derivatives dFi/dv, dF^/do does not vanish for these same 
values. Suppose, for definiteness, that dF^/do does not vanish. 
According to the theorem proved above for a single equation, the 
relation (9) defines a function v of the variables x, y, z, u, 

V =f{x, y, s, u). 


which reduces to for x = x^, y = y„, ^ = 2o> “ = Replacing v 
in the equation (10) by this function, we obtain an equation between 

X, y, z, and ti, 

4> (x, y, s, m) = Fa [x, y, «, u, /(x, y, «,«)]= 0, 


lemma: Let ^‘i» tt,i) be n 

/unctions of the n + p variables Zi and Uk, which, together with the n^particU deriva^ 
lives d/i/duj^, are continuous near = 0, *2 = • • *» ~ , Wn = 0. ^ 

the n functions /,• and the n^ derivatives bfi/tui all vanish for this system of values^ 
then the n equations 

Ml =/l» «2 =/2, *"» Mn =/n 

admit one and only one system of solutions of the form 

Ml = ^iC*!, ® 2 » •*•» ®p)» M 2 = 0 a(®i» ®9, W 71 = 3 : 9 , Xp), 

loAere 02, * •* 0n arc continuous functions qf the p variables * 1 , Kj, Xp toAicA 
all approach zero as the vartad^cs all approach zero. The lemma is proved by means of 

asuiteof functionsKa, -.Kp; ... uj"”*)) (i = l, 2. 

where = 0. It is shown that the suite of functions thus defined approaches a 

limiting function U{, which 1) satisfies the given equations, and 2) constitutes the only 
solution. The passage from the lemma to the theorem consists in an easy tranatormir 
tlon of the equations (E) into a form similar to that of the lemma.—T rans. t 

•Jacobi, Crelle's Journal, Vol. XXII. 
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■which is satisfied for a: = y = y,„ s = z„, u — u„. 

8^ dF^ dh\ g/. 

du * 


and from equation (9), 



d_^dj 

dv cu 



Now 


whence, replacing df/du by this value in the expression for /du, 
we obtain 

F2) 

__ v) 

dti d Fj 

do 


It is evident that this derivative does not vanish for the values Xq, 
yo) ^of Hence the equation = 0 is satisfied when u is replaced 
by a certain continuous function u = y, z), which is equal to 
when x — Xq, y = y^, « = i and, replacing u by ^ (a-, y, z) in 
f(Xy y, Zy u)y we obtain for v also a certain continuous function. 
The proposition is then proved for a system of two equations. 

We can show, as in § 21, that these functions possess partial 
derivatives of the first order. Keeping y and z constant, let us 
give X an increment Aa:, and let A?/ and Ay be the corresponding 
increments of the functions w and v. The equations (9) and (10) 
then give us the equations 




4- Aw 


4- Aw 




4- Ay 

4- Ay 




where c, 17 , r/y 77 " approach zero with Acc, Aw, Ay. It follows 


that 

Aw 

Ax 



When Ax approaches zero, Aw and Ay also approach zero; and hence 
c, c', c", 17 , 77 ', 77 '' do so at the same time. The ratio Aw / Ax therefore 
approaches a limit; that is, w possesses a derivative with respect tox : 
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du 

dx 


dF^ dF^ 
dx dv 

dF^~F^2 

die dv 


dFi dF^ 
dv dx 

dFxdF2 
dv du 


It follows in like manner that the ratio At;/Ax approaches a finite 
limit dv /dx, which is given by an analogous formula. Practically, 
these derivatives may be calculated by means of the two eq^uations 

dF^ dFi du dFi ^ _ q 

dx du dx dv dx * 

dx du dx dv dx ’ 

and the partial derivatives with respect to y and z may be found in 
a similar manner. 

In order to prove the general theorem it will be sufficient to show 
that if the proposition holds for a system of (n —1) equations, it 
will hold also for a system of n equations. Since, by hypothesis, 
the functional determinant A does not vanish for the initial values 
of the variables, at least one of the first minors corresponding to the 
elements of the last row is different from zero for these same values. 
Suppose, for definiteness, that it is the minor which corresponds to 
dF^/du^ which is not zero. This minor is precisely 

T>{Fxf . 

tts, •• •, w„_i) ’ 

and, since the theorem is assumed to hold for a system of (n — 1) 
equations, it is clear that we may obtain solutions of the first (n-l) 
of the equations (E) in the form 


Wi — *'•> ^p> “^n-l — 

where the functions are continuous. Then, replacing 

by the functions <^i, • • *, in the last of equations (E), we obtain 

a new equation for the determination of 

*J> * * *> (®1> Mj,) = 0^ 

It only remains for us to show that the derivative d^/du^ does 
not vanish for the given set of values xj, «!,•••, aj, tij; for, if so, we 
can solve this last equation in the form 


• « « 




where ^ is continuous. 
•••» •Pn-v ■’TO would 


= *1, •• •, *,), 

Then, substituting this value of ik 
obtain certain continuous funotions^ fOK 
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Ml) Mj) •••) M„_i also. In order to show that the derivative in ques¬ 
tion does not vanish, let us consider the equation 


( 11 ) 


du„ dui dii,^ ^u„_^ dn„ '*■ du 


The derivatives •• 


(n—1) equations 






\dF, 

dui 

d<l>i 

8u^ 


dFi 

1 

(12) 

• • 

• • 

• • # 

• 

« • • 


dui 

-i ^<l>i 
du„ 

"f* • • • 4~ 

1 1 

1 

1 


1 , 

' + du„ - 


+ ^'=0- 
^ du ^ ’ 


and we may consider the equations (11) and (12) as 7 i linear equa¬ 
tions for dtftildu^y •••, d^/du„, from which we find 


D(F^, F^, >.•, F„_{) ^ D(F^^ F^) 

du„ D(ui, v^, •••, w„_i) D(ui, u^) * 

It follows that the derivative d^/du„ does not vanish for the initial 
values, and hence the general theorem is proved. 

The successive derivatives of implicit functions defined by several 
equations may be calculated in a manner analogous to that used in 
the case of a single equation. When there are several independent 
variables it is advantageous to form the total differentials, from 
which the partial derivatives of the same order may be found. 
Consider the case of two functions and v of the three variables 
Xf y, « defined by the two equations 

F(x^ y, «, Uy v) = 0, 

yy v) = 0. 


The total differentials of the first order du and dv are given by the 
two equations 


dx 


dx d- 


dx 


dx + 





dv 

dv 




Likewise, the second total differentials <Pu and d^v are given by the 
equations 
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du 


d'^u 4 * 


5m 


<Pu + 



and so forth. In the equations which give d'^u and d^v the'deter¬ 
minant of the coefficients of those differentials is equal for all values 
of n to the Jacobian D{F, ^)/D(ii, v), which, by hypothesis, does not 

vanish. 


26. Inversion. Let ui, Ua* • • •, be n functions of the n independent vari¬ 
ables zi, X 2 , - • Xn, such that the Jacobian D(ui, - - •, •■•,**) 

does not vanish identically. The n equations 

( Ml = 0 i(zi, Zs, • • •, W 2 = 02 (a:ii ®n)t •••♦ 

I Un = aJa, •••,»«) 

define, inversely, zi, Za, • * •, z^ as functions of ui, Ua, • • •» Un. For, taking any 
system of values zj, z§, - - - , zjj, for which the Jacobian does not vanish, and 
denoting the corresponding values of wi, Ua, • • •, tin by uj, mJ, • • •, u®, there 
exists, according to the general theorem, a system of functions 

Xj = ^i(ui, tia, • * *, iCa = ^2 (mi* wa, • • •, tin), Ua, • • •, Mn)* 

which satisfy (13), and which take on the values z?, zj, • • - , z®, respectively, 
when Ui = mJ, - • Un = u®- These functions are called the inverses of the func¬ 
tions 01 , 02 * * *'* *Pny ^i^d the process of actually determining them is called 
an inversion. 

In order to compute the derivatives of these inverse functions we need merely 
apply the general rule. Thus, in the case of two functions 

w =/(*, y), t) = 0(x, y), 


if we consider u and v as the independent variables and x and y as inverse 
functions, we have the two equations 


du = — dz + ^ dy, 
dx dy 


dv = 


whence 


50 

ay 


du — 


dy 


50 , . 50 , 

— dz + ^dy, 

5z 5y 


50 . , 5/, 

-^ du 4 — dn 

dx dx 


5/50 

_ 5/ 50 ’ 

oy = 

_ 5/00 

5z dy 

“ 5y 5x 


5x 5y dy dx 

We have then, finally, the formulae 



50 

• 

a/ 

5x 5y 

0X _ 

ay 

0u 5/ 50 

_ 5/00 

dv ~ 

a/^ _ 0/00* 

dx 5y 

5y dx 


0x dy 0y dx 
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gy _ gj: 
gw g/ ^ g/ g^ 
dx dy dy dx 


djy _ gx 

gu ^ g^ _ g/ g0 * 
ex dy cy dx 


27. Tangents to skew curves. Let us consider a curve C repre¬ 
sented by the two equations 



(-^i «) = 0, 

( -^ 2 ( 3 ;, y, 2 )= 0; 


and let Xqj be the coordinates of a point Afg of this curve, such 
that at least one of the three Jacobians 


dFidF^ cF^dF^ 

dy dz dz dy dz dx dx dz * dx dy ~ ^ 

does not vanish when x, y, 2 : are replaced by Xg, y^^ respectively. 
Suppose, for definiteness, that D{Fx, Fi)/D{ij, z) is one which does 
not vanish at the point Mg. Then the equations (14) may be solved 
in the form 

y = ^ 

where and ^ are continuous functions of x which reduce to y^ and 
Zg, respectively, when x = Xg. The tangent to the curve C at the 
point Mg is therefore represented by the two equations 



— gp 


where the derivatives <f>'{x') and ^'(i) may be found from the two 
equations 




<i>'{x) -H 


dF^ 

dx 



dj\ 




gFi 

dz 

dF^ 

dz 


y^\x) = 0, 

^\x) = 0. 


In these two equations let us set x — Xg, y = yg, z = Zg, and replace 
4>^(xg) and i/f'(xg) by (V — yo) / (-^ — ^ 0 ) and (Z ~ Zg) / (X — Xg), 
respectively. The equations of the tangent then become 


r 



(X - Xo) + 
(X - x„) + 




( 15 ) . 
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1 

1 

Y-yo _ 

Z 

~D(Fi, F,)“| 

[D(F^, F,)“] 

r D(Fu Fo)-| 

_ b>(y, z) Jo 

|_ ^ _l 0 

L l>(x, y) J 


The geometrical interpretation of this result is very easy. The 
two equations (14) represent, respectively, two surfaces S, and of 
which C is the line of intersection. The equations (15) represent 
the two tangent planes to these two surfaces at the point M^-, and 
the tangent to C is the intersection of these two planes. 

The formul® become illusory when the three Jacobians above all 
vanish at the point 3/„. In this case the two equations (16) reduce 
to a single equation, and the surfaces and Sj are tangent at the 
point Mo- The intersection of the two surfaces will then consist, in 
general, as we shall see, of several distinct branches through the 

point A/q* 


II. FUNCTIONAL DETERMINANTS 


28. Fundamental property. We have just seen what an important 


r61e functional determinants play in the theory of implicit functions. 
All the above demonstrations expressly presuppose that a certain 
Jacobian does not vanish for the assumed set of initial values. 
Omitting the case in which the Jacobian vanishes only for certain 
particular values of the variables, we shall proceed to examine the 
very important case in which the Jacobian vanishes identically. 
The following theorem is fundamental. 


Let Ml, v-t, ” functions of the n independent variables 

*i> order that there exist between these n functions 

a relation n (mi, t<i, • ■ m„) = 0, which does not involve explicitly any 

of the variables x,, Xj, ■ - •, x„ it is necessary and suffi-cient that the 
functional determinant 

should vanish identically. 


In tli3 first place this condition is necessary. For, if saoh a rda- 
tion 11 (^ 1 , u^f • •^ exists between the n ftinotiona Ui, t<t, 

the following n equations, deduced by differentiating with respect to 

% 

each of the x’s in order, must hold: 
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duj dll dj^ djn d_t^ __ ^ 

dui dxi du2 dxi du,^ dx^ 


7 


dui dx^ 



dn duz 

du^ dx„ 



an£«„^ 

du^ dx„ 


and, since we cannot have, at the same time, 


dui 



since the relation considered would in that case reduce to a trivial 
identity, it is clear that the determinant of the coefficients, which is 
precisely the Jacobian of the theorem, must vanish.* 

The condition is also sufficient. To prove this, we shall make 
use of certain facts which follow immediately from the general 
theorems. 


1) Let Uy V, w be three functions of the three independent variables 
X, y, Zy such that the functional determinant Z)(w, v, w)/D(Xy y, z) 
is not zero. Then no relation of the form 

\du + y.dv vdw ~ 0 

can exist between the total differentials duy dVy dwy except for 
A = ^ = j/ = 0. For, equating the coefficients of dxy rfy, dz in the 
foregoing equation to zero, there result three equations for A, y, 
which have no other solutions than \ = y. = y := 0. 

2) Let <t), Uy V, w be four functions of the three independent 
variables x, y, such that the determinant D(«, v, w) /D{xy y, z) 
is not zero. We can then express Xy y, z inversely as functions of 

Uy Vy Wy and substituting these values for Xy y, z in w, we obtain 
a function 

<u = ^ (w, Vy to) 

of the three variables w, v, w. If by any process whatever we can 
obtain a relation of the form 

(16) dta — P du + Qdv R dw 


*As Professor Osgood has pointed out, the reasoning here supposes that the 
partial derivatives dn/du^ an• • -, do not all vanish simultaneously 

for any system of values which cause n (ui , , • •, to vanish. This supposition 

IS certainly justified when the relation n = 0 is solved for one of the variables 
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between, the total differentials d., du, dv, dw, taken vMh respect to the 
independent variables x, y, then the coeffkxetUs P, Q, R are equal, 
respectively, to the three first pariial derivatives of * (m, v, w) : 

dw 


a<5. — R = 

du 


For, by the rule for the total differential of a composite function 
(§ 16), we have 

d^ , , T 


and there cannot exist any other relation of the form (16) between 
dm, du, dv, dw, for that would lead to a relation of the form 

A du fj. dv V dw = 0, 

where X, /i., v do not all vanish. We have just seen that this is 
impossible. 


It is clear that these remarks apply to the general case of any 

number of independent variables. 

Let us then consider, for definiteness, a system of four functions 

of four independent variables 



X = Pi(sc, y, z, t')j 
Y = 

Z (x, y, z, f), 

T=: (x, y, Zy t)y 


where the Jacobian 2>(Fi, Fj, F#, f;)/D(x, y, z, t) is identically 
zero by hypothesis; and let us suppose, first, that one of the first 
minors, say -D(Fx, F,, F8)/D(x, y, z), is not zero. We may then 
think of the first three of equations (17) as solved for x, y, « as 
functions of X, Y, and, substituting these values for x, y, « in 
the last of equations (17), we obtain T as a function of X, V, 


(18) T^^(X, YyZyt). 

We proceed to show that this function ^ does not contain the vari¬ 
able t, that is, that d^/dt vanishes identically. For this purpose 
let us consider the determinant 
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A = 


BF^ 

bf. 

BF, 

dx 

dy 

dz 

dF^ 

dF^ 

dF^ 

dx 


dz 


8F. 

dFs 

dx 

dy 

dz 

dF^ 

BFi 

dF^ 

dx 

By 

dz 


dX 


dY 


dZ 


dT 


% 

If, in this determinant, dX, dY, dZ, dT be replaced by their values 


dy 


dt 


and if the determinant be developed in terms of dx, dy^ dz^ dt, it turns 

out that the coefficients of these four differentials are each zero; the 

first three being determinants with two identical columns, while the 

last is precisely the functional determinant. Hence A = 0. But if 

we develop this determinant with respect to the elements of the last 

column, the coefficient of dT is not zero, and we obtain a relation of 
the form 

dT=PdX-\- QdY-^RdZ. 


By the remark made above, the coefficient of dt in the right-hand 
side is equal to dv/dt. But this right-hand side does not contain 
dt, hence d^tf/dt = 0. It follows that the relation (18) is of the form 


T=<S>{X, Y,Z), 

which proves the theorem stated. 

% 

It can be shown that there exists no other relation, distinct from 
that just found, between the four functions X, Y, Z, T, independent 
Vi For, if one existed, and if we replaced T by Y, Z) 
in it, we would obtain a relation between X, Y, Z of the form 

F, 2^) = 0, which is a contradiction of the hypothesis that 
F, Z) / D(xy y, z) does not vanish. 

Let us now pass to the case in which all the first minors of the 

J^obian vanish identically, but where at least one of the second 

minors, say F^/D(x, y), is not zero. Then the first two of 

equations (17) may be solved for x and y as functions of A, Y, z, ty 
and the last two become 


Z = 9, {X, Y, z, t). 


(X, Y, z, t). 
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On the other hand we can show, as before, that the determinant 


dFi 


dX 

dx 

dy 

dFt 

dFt 

dY 

dx 

dy 

BFs 

dF, 

dZ 

dx 

dy 


vanishes, identically ; and, developing it with respect to the elements 
of the last column, we find a relation of the form 


dZ 5= PdX. -j- QdYj 


whence it follows tiia.t 




In like manner it can be shown that 



and there exist in this case two distinct relations between the four 
functions X, Y, Z, T, of the form 


Z=<b^{X,Y), 7'=4>,(X, y). 


There exists, however, no third relation distinct from these two; 

there were, we could find a relation between X and y, whioh 
would be in contradiction with the hypothesis that D {X, Y)/D (x, y) 


is not zero. 

Finally, if all the second minors of the Jacobian are zeros, but 
not all four functions X, Z, F, T are constants, three of them are 
functions of the fourth. The above reasoning is evidently general. 
If the Jacobian of the n functions Fj, F^ of the n independ¬ 
ent variables xj, Xj, • • •, x„, together with all its (n — r + l)-rowed 
minors, vanishes identically, but at least one of the (n ■— r)-rowed 
minors is not zero, there exist precisely r distinct relations between 
the n functions; and certain r of them can be expressed in terms 
of the remaining (71 — r), between whioh there exists no relation. 

The proof of the following proposition, whioh is similar to the 
above demonstration, will be left to the reader. The nwessavy and 
sufficient condition that n functions 0 / n + tnd^enden^ var{a6^ be 
connected by a relation which does not involve these variables is thai 
every one of the Jdcobians of these n functions^ with respect to any n 
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of the independent variables, shouU vanish identically. In par¬ 
ticular, the necessary and sufficient condition that two functions 

•••, *„) and Fj(xi, Xj, -., x„) should be functions of each 
other is that the corresponding partial derivatives dFJdx^ and 
dF^/dxi should be proportional. 


Note. The functions F„ F„ ■ •in the foregoing theorems may 
involve certain other variables y„ besides x., x„ x . 

If the Jacobian D(F„ F„ F,)/D(x„ x,, x„) is zero, the 

functions F,, F,, ..., f„ are connected by one or more relations 

« • A _ _ 


x„, but 


which do not involve explicitly the variables x„ Xj, 
which may involve the other variables y„, 

Applications. The preceding theorem is of great importance. The funda¬ 
mental property of the logarithm, for instance, can be demonstrated by means 
of It without using the arithmetic definition of the logarithm. For it is proved 
at the beginning of the Integral Calculus that there exists a function which is 
defined for all positive values of the variable, which is zero when x = 1 and 
whose derivative is 1 /x. Let/(x) be this function, and let 


Then 


w —/(a;)+/(y), u = xy. 


-P (^1 p) _ 

D (x, y) ~ 

i 

Hence there exists a relation of the form 



/ w +/ (y) = <t>{xy); 

and to determine we need only set p = 1 , which gives /(x) = 0 (x). Hence 
since X IS arbitrary, ' ' ^ 

/(X) +f(y) =f(xy). 

preceding definition might have led to the discovery of 
llltegr^ c“lTuTus^'°^"''““ *°earithm had they not been known beforZthe 

As another application let us consider a system of n equations in n unknowns 

Wi, W2i • ' • , Un • 


(19) 


f Fi(«,, uj, ..., u„) = 7/i, 
Ft{Ui, ..., u„) = Hi, 


uj, ..., u„) = H„, 

where Hi, H^, n„ are constants or functions of certain other variables 

’ Wtions F,. If the Jacobian 

• • •> “td vanishes identically, there exist between 
the n functions F.- a certain number, say n-k,ot distinct relations of the form 

F* + i = ni(F,, ■.Ft), ..., F„ = n,_t(Fi, .. Ft). 
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4 

In order that the equations (19) be compatible, it is evidently necessary that 

Hi+i = • • •, H*), = n„_r.(ffi, • • •. Ht). 

A if this be true the n equations (19) reduce to k distinct equations. We 
have then the same’cases as in the discussion of a system of linear equations. 

29 Another property of the Jacobian. The Jacobian of a system of n 
functions of n variables possesses properties analogous to those of 
the derivative of a function of a single variable Thus the preceding 
theorem may be regarded as a generalization of the theorem of § 8. 

The formula for the derivative of a function of a function may be 
extended to Jacobians. Let F„ • • - , F„ be a system of n func¬ 
tions of the variables it., «», • • •, and let us suppose that it., 
themselves are functions of the n independent variables *i, 

• •, a;„. Then the formula 

I)(F„ F., •••, F„) _ FCF., F., •••, F„) J>(it., it., 

D(Xi, Xt, ■ ■ ■, x„) - M,) D(x^, x„ ■ ■ ■, x„) 

follows at once from the rule for the multiplication of determinants 
and the formula for the derivative of a composite function. For, 
let us write down the two functional determinants 


aFi 

dFi 

BFi 


dui 

dU2 

du. 

dui 

du2 

du„ 

A A • # * 


dxi 

• • • 

dxi 

dxi 
• • ♦ 

• • • 

• • • 

SF„ 

} 

dui 

du2 

du. 

8u, 

dui 

aii„ 


dx. 

dx. 

dx. 


where the rows and the columns in the second have been inter¬ 
changed. The first element of the product is equal to 


dFi duj ^ 8F. ^ 

dui dxi du2 


• • 


du^ dxi * 


that is, to dFi/dxu and similarly for the other elements. 

30. Hessians. Let/(x, y, z) be a function of the three variables x, y, *. Thm 
the functional determinant of the three first partial derivatives ^f/dx, ^/dy. 




dxay 

02/ 


a2/ 

0x 0y dx dz 


dy* 

02/ 


ay 03 

02 / 


0X03 0y03 
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is called the Hessian of f {pOy z). The Hessian of a function of n variables is 
defined in like manner, and plays a rOle analogous to that of the second deriva¬ 
tive of a function of a single variable. We proceed to prove a remarkable 
invariant property of this determinant. Let us suppose the independent vari¬ 
ables transformed by the linear substitution 


(19') 


x= aX+ yZ, 

y= o'AT-K 7 'Z, 

L 2 = a"X-\-^'Y 


where JT, F, Z are the transformed variables, and a, /3, 7 , 
such that the determinant of the substitution, 


• • 


, 7 " are constants 


A = 


a 7 

o' ^ Y 

a" Y' 


is not zero. This substitution carries the function /(a:, y, z) over into a new 
function F{X, F, Z) of the three variables X, F, Z. Let II {X, F, Z) be the 
Hessian of this new function. We shall show that we have identically 

F, Z) = A2A(x, y, 2 ), 

where x, y, z are supposed replaced in A(x, y, z) by their expressions from (19'). 
For we have 

yax* by' dz) _ yax* aF* ez/ D{x,y,z) 

D (X, y, z) 


/r = 


D (X, F, Z) D (X, V, z) D (X, F, Z) 

and if we consider a// ax, Bf/dy^ df/dz^ for a moment, as auxiliary variables, 
we may write 

D(x, 2 /, 2 ) 




yax aF az 


yax ay az / 


■) d/V. V, a/\ 

/ yax ay az / 


D(x,y, 2 ) I>(X, F, Z) 


But from the relation F’(X, F, Z) = /(x, y, z), we find 


ax ax ay az 

cx c^y az 


aF 


whence 


aF 

az 




7 + -y' ^ r • 

cx ay az 


and hence, finally, 


aF aF\ 

\dX dY cZ) 

yax ay az / 


a or' a" 
/3 ^ 


7 7 ' 7 '' 


= A: 


H=Ah = A2A. 

D{X, F, Z) 


It is'elear that this theorem is general. 
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Let us now consider an application of this property of the Hessian. Let 

/(X, p) = ox® + 36x2y + 3exp* + dy^ 

be a given binary cubic form whose coefficients a, 6, c, d are any constants. 
Then, neglecting a numerical factor. 


h = 


ax-k-by bx-V cy 
to + cy cx + dy 


- ^ac - b^)x^ + (od - bc)xy + {bd - c2)y®, 


and the Hessian is seen to be a binary quadratic form. First, discarding the 
case in which the Hessian is a perfect square, we may write it as the product of 

two linear factors: w , \ 

h = (mx + ny) (px + gy)- 


If, now, we perform the linear substitution 

mx + ny = -S', px -i- gy = 

the form/(a:, y) goes over into a new form, 

F(X, Y) = AX^ 4-35X21^+3 CXr* + DF®. 


whose Hessian is 

r) = (AC - B*) X* + {AD -BC)XT + (BD - C») r«, 

and this must reduce, by the invariant property proved above, to a product of 
the form KXT. Hence the coefficients A, B, C, D must satisfy the relations 

B*-AC = 0, BD-C^ = 0. 


U one of the two coefficients B, C be different from zero, the other must be so, 
and we shall have 


A = 


52 


5 = 


C* 

B 


F(X, T) = ^(53X8+ 352(7X2 r + 35C2Xr2 + (T^F*) = 


whence F(X, F), and hence /(x, y), will be a perfect cube. Discarding this 
particular case, it is evident that we shall have 5 = C = 0 ; and the polynomial 
F(X, F) will be of the canonical form 

AX^ + DF8 


Hence the reduction of the form /(x, y) to ita canonical form only involves the 
solution of an equation of the second degree, obtained by equating the Hes^an 
of the given form to zero. The canonical variables X, F are precisely the two 
factors of the Hessian. 

It is easy to see, in like manner, that the form/(x, y) is reducible to tlie form 
AX^ + 5X2 F when the Hessian is a perfect square. When the Hessian van¬ 
ishes identically /(x, y) is a perfect cube: 


/(®i y) = (« + 
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III. TRANSFORMATIONS 

It often happens, in many problems which arise in Mathematical 
Analysis, that we are led to change the independent varialdes. It 
therefore becomes necessary to be able to express the derivatives 
with respect to the old variables in terms of the derivatives with 
respect to the new variables. We have already considered a problem 
of this kind in the case of inversion. Let us now consider the 
question from a general point of view, and treat those problems 
which occur most frequently. 


31. Problem I. Let y he a function of the independent variable x, 
arid let t he a new independent variable connected with x hy the relation 
x~<l> (t). It is required to express the successive derivatives of y with 
respect to x in terms of t and the successive derivatives of y with 
respect to t. 


Let y=^f{x) be the given function, and F{t) =/[<^(^)] the func¬ 
tion obtained by replacing x by ^{t) in the given function. By the 
rule for the derivative of a function of a function, we find 


whence 


<Ly 

dt dx 





This result may be stated as follows: To find the derivative of y 
with respect to x, take the derivative of that function with respect to t 
and divide it hy the derivative of x with respect to t. 

The second derivative d^y/dx^ may be found by applying this 
rule to the expression just found for the first derivative. We find: 


dx ^ <^'(0 [<^'(<)]’ 

and another application of the same rule gives the third derivative 
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or, performing the operations indicated, 

d^y _ v.y<i>'(f)r - 3y,.d>'(t) d>"(t) + 3 y,[<t>"(t)V-?/,<t>'(i) <^'"(0 

dx’‘ [<A'(0]* 

The remaining derivatives may be calculated in succession by 
repeated applications of the same rule. In general, the wth deriva¬ 
tive of y with respect to x may be expressed in terms of 
■ ■■, and the first n successive derivatives of y with respect to 

t. These formulae may be arranged in more symmetrical form. 
Denoting the successive differentials of x and y with respect to i_by 
dx, dy, d^x, d^y, ■■■, d’'x, d-'y, and the successive derivatives of y 
with respect to a: by y>, y'\ ■ ■ ■, we may write the preceding 
formulae in the form 

dy 

dx * 

dx d^y — dy <Px 
dx^ 

d^y dx^ — 3 d^y dxd’^x -^Zdy (dJ^xY — dy d^x dx 

dx^ 


The independent variable t, with respect to which the differentials 
on the right-hand sides of these formulae are formed, is entirely 
arbitrary; and we pass from one derivative to the next by the 
recurrent formula 

y») = 

the second member being regarded as the quotient of two differen¬ 
tials. 

32. Applications. These formulse are used in the study of plane 
curves, when the coordinates of a point of the curve are expressed in 
terms of an auxiliary variable t. 

y = •!>(*). 

In order to study this curve in the neighborhood of one of its points 
it is necessary to calculate the successive derivatives • • • of y 

with respect to x at the given point. But the preceding formulse 
give us precisely these derivatives, expressed in terms of the suooea- 

sive derivatives of the functions /(t) and ^ (<), without the neoessil^ 

\ 
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of having recourse to the explicit expression of as a function of a, 
which it might be very difficult, practically, to obtain. Thus the 
first formula 


■’ dx f'(t) 


gives the slope of the tangent. The value of y" occurs in an impor¬ 
tant geometrical concept, the radius of curvature^ which is given by 
the formula 



g + y'^’ 

\y"\ 


which we shall derive later. In order to find the value of 72 , when 
the coordinates x and y are given as functions of a parameter t, we 
need only replace y' and y" by the preceding expressions, and we 
find 



(dx'^ H- dy^)^ 
\dx d?y —dyd'^x 




where the second member contains only the first and second deriva¬ 
tives of X and y with respect to t. 


The following interesting remark is taken from M. Bertrand’s TraiU de 
Calcul dig^revliel et integral (Vol. I, p. 170). Suppose that, in calculating some 
geometrical concept allied to a given plane curve whose coordinates x and y are 
supposed given in terms of a parameter <, we had obtained the expression 

F(x, y, dx, dy, d^x, d^y, •. •, dE^x, d»y), 

where all the differentials are taken with respect to t. Since, by hypothesis, 
this concept has a geometrical significance, its value cannot depend upon the 
choice of the independent variable f. But, if we take x — t, we shall have 
(ix = df, d^x = d8x=*-- = d"x = 0, and the preceding expression becomes 

/(a:, y, y\ y"-, ; 

which is the same as the expression we would have obtained by supposing at the 
start that the equation of the given curve was solved with respect to y in the 
form y = ^(x). To return from this particular case to the case where the inde¬ 
pendent variable is arbitrary, we need only replace y', y", - ■ • by their values 
fi:om the formulee (20). Performing this substitution in 

/(»» y, y', y''. 2X">), 

we should get back to the expression F{x, y-, dx, dy, d2x, d^y, • ■.) with which 
we started. If we do not, we can assert that the result obtained is incorrect. 
For example, the expression 

dxd^y + dyd^x 
(dx* -I- dy*)^ 
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cannot have any geometrical significance for a plane curve which is independent 
of the choice of the independent variable. For, if we set x = t, this expression 
reduces to y"/{\ + y"‘)i : and, replacing y' and y" by their values from (20), we 

do not get back to the preceding expression. 


33. The formula (20) are also used frequently in the study of 
differential equations. Suppose, for example, that we wished to 
determine all the functions y of the independent variable x, which 
satisfy the equation 



(!-*») 


d'^y 

dx^ 




where to is a constant. Let us introduce a new independent variable 
where x = cos t. Then we have 


dy 

dx 


dt 

— sin t 


d'^y 

dx^ 


d^y ^ dy 

sin®^ 


and the eqtiation (21) becomes, after the substitution, 



It is easy to find all the functions of t which satisfy this equation, 
for it may be written, after multiplication by 2 dy /dt^ 




dy d!^y 
dt dt^ 


dt 


- 0 , 


whence 


dt 




where a is an arbitrary constant. Consequently 


or 


dy 

dt 


Va* - V* 


n = 0. 
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The left-hand side is the derivative of arc sin(7//a) —It follows 
that this difference must be another arbitrary constant whence 

y = a sin(n^ + 6), 

which may also be written in the form 

y — A sin nt B cos nt. 

Returning to the original variable a;, we see that all the functions of 
X which satisfy the given equation (21) are given by the formula 

y — A sin (n arc cos x) + R cos (n arc cos x), 

where A and B are two arbitrary constants. 


34. Problem II. To every relation, between x and y there corresponds^ 
by means of the transformation x —f(tf u), y = <l>(t, u), a relation 
between t and w. It is required to express the dey'ivatives of y with 
respect to x in terms of t, and the derivatives of u with respect to t. 

This problem is seen to depend upon the preceding when it is 
noticed that the formulae of transformation, 


X =f(t, u), y=<l>(t, u), 


give us the expressions for the original variables x and y as func¬ 
tions of the variable if we imagine that u has been replaced in 
these formulae by its value as a function of We need merely 
apply the general method, therefore, always regarding x and y as 
composite functions of ty and u as an auxiliary function of We 
find then, first, 

d<l> ^ d<l> du 
dy dy dx dt du dt 

dx dt ' dt V , ^ ^ 

dt du dt 


and then 


^y _ ^\ dx 

dx^ dt\dx} * dt 


or, performing the operations indicated. 


/g/ df d« \ r ^ du du\a d<p d^u~\ /b<t> d<t>du\ 32/ “I 

\dt'^ dudt/ 
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6S 

In general, the nth. derivative is expressible in terms of «, and 

the derivatives dti/dt, d^ujd€^y - • d^u/dt\ 

Suppose, for instance, that the equation of a curve be given in 
polar coordinates /> =/(<^). '^'he formulae for the rectangular coor¬ 

dinates of a point are then the following; 


X = p cos <a, 


y — p Sin a>. 


Let p\ p*\ • • • be the successive derivatives of p with respect to w, 
considered as the independent variable. From the preceding formulae 
we find 

dx = cos m dp — p sin <o dto, 
dy = sin w dp -h p COS u> dw, 

(Px = cosa> <Pp — 2 sino) do> dp — p coso) eZeo*, 

(Py = sin u> ePp -{• 2 COS o) do) dp — p sin o) dwl^y 


whence 


dx^ -j- dy^ = dp^ + p^ dtii^f 

dx <Py — dy dPx = 2 dia c?p® — p dm ePp -f- ^ 


The expression found above for the radius of curvature becomes 


/a\l 


R — ± 




p -V ^P — pp 


35. Transformations of plane curves. Let us suppose that to every 
point w of a plane we make another point M of the same plane cor¬ 
respond by some known construction. If we denote the coordinates 
of the point m by (x, y) and those of M by (A", Y), there will exist, 
in general, two relations between these coordinates of the form 


(23) 


^ =/(«> !/)> 


Y==^(x, y). 


These formulae define a point transformation of which numerous 
examples arise in Geometry, such as projective transformations, the 
transformation of reciprocal radii, etc. When the point m describes 
a curve c, the corresponding point Af describes another curve C, whose 
properties may be deduced from those of the curve e and from the 
nature of the transformation employed. Let y', y", • • • be the suc¬ 
cessive derivatives of y with respect to and F', F", • • • the succes¬ 
sive derivatives of F with respect to X To study the curve C it 
is necessary to be able to express F', F", • • ■ in terms of «, y, y^, 

y", • • •. This is precisely the problem which we have just discussed; 
and we find 
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y' = 


y" = 


dx 

dx 

dx 

dX 

dx 


H , 

dx^ dy '^ 
dx^ dy^ 
dx^ dy^ 



+ • • • ) — 


• • 


dx^ dy ^ 


and so forth. It is seen that Y' depends only on x, y, y\ Hence, 
if the transformation (23) be applied to two curves c, c\ which are 
tangent at the point (a:, ?/), the transformed curves C, C' will also 
be tangent at the corresponding point (A, F). This remark enables 
us to replace the curve c by any other curve which is tangent to it 
in questions which involve only the tangent to the transformed 
curve C. 

Let us consider, for example, the transformation defined by the 
formulae 



which is the transformation of reciprocal radii, or inversion^ with 
the origin as pole. Let m be a point of a curve c and M the cor¬ 
responding point of the curve C. In 
order to find the tangent to this curve 
C we need only apply the result of 
ordinary Geometry, that an inversion 
carries a straight line into a circle 
through the pole. 

Let us replace the curve c by its 
tangent mt. The inverse of mt is a 
circle through the two points M and O, 
whose center lies on the perpendicular 
Ot let fall from the origin upon mi. The tangent MT to this circle 
is perpendicular to AM^ and the angles Mmt and mMT are equal, 
since each is the complement of the angle mOt, The tangents mt 
and MT are therefore antiparallel with respect to the radius vector. 



36. Contact transformations. The preceding transformations are 
not the most general transformations which carry two tangent 
curves into two other tangent curves. Let us suppose that a point 
M is determined from each point m of a curve c by a construction 
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which depends not only upon 
to the curve c at this point. 


the point wi, but also upon the tangent 
The formulae which define the trans¬ 


formation are then of the form 


(24) A- = f(x, v, y'), y, y') ; 

and the slope V‘ of the tangent to the transformed curve is given 
by the formula 


,_dr _ 

^ ~ dx~ 


dx dy dy' 

dx dy di/ *' 


In general, K' depends on the four variables x, y, y', y"; and if we 
apply the transformation (24) to two curves c, c' which are tangent 
at a point (a:, y), the transformed curves C, C' will have a point 
{X, Y) in common, but they will not be tangent, in general, unless 
y" happens to have the same value for each of the curves c and c\ 
In order that the two curves C and C should always be tangent, it 
is necessary and sufficient that F'should not depend on y"; that is, 
that the two functions /(x, y, y') and (x, y, y^ should satisfy the 
condition 

dy'\dx dy^ J dy*\dx dy " 



In case this condition is satisfied, the transformation is called a 
contact transformation. It is clear that a point transformation is a 
particular case of a contact transformation.* 

Let us consider, for example, Legendre’s transformation, in which 
the point Af, which corresponds to a point (x, y) of a curve c, is given 
by the equations 

^ ^ V r TT f 

X=^y\ Y=xf — y; 



which we find 



which shows that the transformation is a contact transformation* 


In like manner we find 



♦Legendre and Ampfere gave many examples of contact transformations. Sophos 
Lie developed the general theory In various works; see in particular his G^mstHs 
der BerUhrungstrai^fortnationen, See also Jacobx, FoKesunyen iihsr 
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and so forth. From the preceding formulae it follows that 

which shows that the transformation is involutory.* All these prop¬ 
erties are explained by the remark that the point whose coordinates 
are X = y\ Y = xy' — y is the pole of the tangent to the curve c at 
the point (x, y) with respect to the parabola — 2 y = 0. But, in 
general, if M denote the pole of the tangent at w to a curve c with 
respect to a directing conic 2, then the locus of the point M is a 
curve C whose tangent at M is precisely the polar of the point m 
with respect to 2- The relation between the two curves c and C is 
therefore a reciprocal one; and, further, if we replace the curve c by 
another curve c', tangent to c at the point w, the reciprocal curve C 
will be tangent to the curve C at the point M. 

Pedal curves. If, from a fixed point O in the plane of a curve c, a perpen¬ 
dicular OM be let fall upon the tangent to the curve at the point 7 n, the locus of 
the foot M of this perpendicular is a curve C, which is called the pedal of the 
given curve. It would be easy to obtain, by a direct calculation, the coordinates 
of the point jVf, and to show that the trans¬ 
formation thus defined is a contact transfor¬ 
mation, but it is simpler to proceed as follows. 

Let us consider a circle y of radius R, de¬ 
scribed about the point Oas center; and let mx 
be a point on OM such that Omx x OM= 

The point m\ is the pole of the tangent mt 
with respect to the circle; and hence the 
transformation which carries c into C is the 
result of a transformation of reciprocal po- 
lars, followed by an inversion. When the 
point m describes the curve c, the point mi, 
the pole of mt, describes a curve Ci tangent 
to the polar of the point m with respect to 

the circle y, that is, tangent to the straight line miti, a perpendicular let fall 
from mi upon Om. The tangent MT to the curve C and the tangent miti to the 
curve Cl make equal angles with the radius vector OmiJVf. Hence, if we draw 
the normal MA, the angles AMO and A OM are equal, since they are the comple¬ 
ments of equal angles, and the point A is the middle point of the line Om. It 

follows that the normal to the pedal is found by joining the point M to the center 
of the line Om. 

37. Projective transformations. Every function y which satisfies the equation 
y = 0 is a linear function of x, and conversely. But, if we subject x and y to 
the projective transformation 


*That is, two successive applications of the transformation lead us back to the 
original coordinates. — Tra.vs. 
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X = 




a-X + r -h c" 


y = 




a"X -f b" r + c^' 

a straight line goes over Into a straight line. Hence the equation y" = 0 sho^d 
become = 0. In order to verify this we will first remark that the 

general projective transformation may be resolved into a sequen^ of partic^ar 
transformations of simple form. If the two coefficients a" and V are not both 
zero we will set Xi = a" X + b" r + c"; and since we cannot have at the same 
time ab" - ba" = 0 and a'b" - b'a" = 0, we will also set Ti = a'X +l/Y+<f, 
on the supposition that a'b" - b'a" U not zero. The preceding formulm may 
then be written, replacing X and T by their values in terms of Xi and Yu in 

the form „X.4-flr,+v . „ Fi . y 

V = -t 

^ X. 


Xi -^1 


It follows that the general projective transformation can be reduced to a 
succession of integral transformations of the form 

y=ia'X+b'Y + c% 


X = aX + bT + c, 


combined with the particular transformation 




r 


Performing this latter transformation, we find 


dx X^ 




= Y- 


and 


y"=^=- XY"{- X2) = X» Y". 
dx 


Likewise, performing an integral projective transformation, we have 

dy a'-^b'Y' 


y' = 


dx 


a + bF' 


^ dx (a + br')* 


In each case the equation y" = 0 goes over into Y" = 0. 

We shall now consider functions of several independent variables, and, for 
definiteness, we shall give the argument for a function of two variables. 


38. Problem UL Let <a =f(Xj y) be a function of the two %nd^end>^ 
ent variables x and and let u and v be two new variables eonneeted 
with the old ones by the relations 


= v), y==^(«, v). 


It is required to express the partial derivatives of cu with respect to tha 
variables x and y in terms of u, v, and the partial derivatives qf » wjlA 


respect to it and v. 


,v 
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Let 0 > = F(u, v) be the function which results from /(x y) by the 

substitution. Then the rule for the differentiation of composite 
functions gives ^ 


du 

d u> 
dv 


dx dll 
d ia d 
dx do 


, dti> dtj/ 


-f 


d^ du 

do) dij/ 
dy dv 


whence we may find da./dx and d,o/dy; for, if the determinant 
D(<l>, ^)/-D(“. *') vanished, the change of variables performed 
would have no meaning. Hence we obtain the equations 



where A, B, C, D are determinate functions of m and r;; and these 
formulae solve the problem for derivatives of the first order. They 
show that the derivative of a function with respect to x is the sum of 
the two products formed by multiplying the two derivatives with respect 
to u and v by A and B, respectively. The derivative with respect to 
y is obtained in like manner, using C and D instead of A and R, 
respectively. In order to calculate the second derivatives we need 

only apply to the first derivatives the rule expressed by the preced- 
ing formulae; doing so, we find 



or, performing the operations indicated, 




dx^ 


= A\A 


d^ 


it} 


-hBlA 


du^ 
du do 


-hB 


dA dtti dB dg> 

du dv du du du dv 




d^ 


<p 


dv^ 


■ dA day dB dgy 

dv du dv dv 


and we could find d^gy/dxdy, d^uy/dif and the following derivatives 
in like manner. In all differentiations which are to be carried out 
we need only replace the operations d/dx and d Jdy by the operations 
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respectively. Hence everything depends upon the calculation of the 
coefficients A, B, C, D. 


Example I. 
(26) 


Let us consider the equation 


w 

—:: 
cz^ 


+ 26 


dxdy 



where the coefficients a, 6, c are constants; and let us try to reduce thw equa¬ 
tion to as simple a form as possible. We observe first that if a = c = 0, it would 
be superfluous to try to simplify the equation. We may then suppose that c, 
for example, does not vanish. Let us take two new independent variables u 

and u, defined by the equations 

u~x-\-ay, u = + 


where cc and ^ are constants. Then we have 


d oi 

ix 

out 


d<tf 6 w 
du 6 t) 

dof ... 6 « 

a -h ^ — > 

du dv 


and hence, in this case, A 

dX^ ' 

02 (j 

dxdy 

d^ta 

dy^ 


— C = a, X) = j8. The general formulse then 


d^ Of o ^ ^ _L 

+ 2 -h 


0u2 
d^of 


du dv dv^ 


d^o) d^uf 

= a -+ (a + /3)--^- +/3—r» 

du'^ du dv dv^ 

02 Of 02 ^ df^ Of 

= a2 — + 2 ai3 -— + /3* — . 
0u® du dv dv^ 


and the given equation becomes 
(a + 2 6a + + 2[a + 


It remains to distinguish several cases. 


First case. Let 6^ — ac> 0. Taking for a and /3 the two roots of the equation 
a + 2 6r + cr^ = 0, the given equation takes the simple form 


d^of 

dudv 



Since this may be written 

-(-) = 0, 

01 ? V 5u / 

we see that 0ca/0u must be a function of the single variable, u, 8ay/(u), Let 
f (u) denote a function of u such that F'{n) =/(u). Then, since the derivative 
of u — i^(u) with respect to u is zero, this difference must be independent of 
and, accordingly, w = F(u) + * (v). The converse is apparent. Returning to 
the variables x and y, it follows that all the functions w which saUsfy the equation 
(26) are of the form 


w = F(x + ay) + ♦(x + /9y>, 
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where F and are arbitrary functions. For example, the 
the equation 

W — ^2 “ 


general integral of 


which occurs in the theory of the stretched string, is 

w =/(* + ay) + 0 (a: _ ay). 


Second case. Let 6 = - ac = 0. Taking a equal to the double root of the equa¬ 
tion o + 26r + cr^ = 0, and p some other number, the coefficient of S^u/ducv 
becomes zero, for it U equal to a + 6 a -|- /S(h + ca). Hence the given equation 
reduces to = 0. It is evident that o, must be a linear function of v 

a = vf{u) + (p (u), where /(u) and tp (u) are arbitrary functions. Returning to 
the variables x and y, the expression for becomes 

w = (X + ^y)/(x + ay) + 0(x + ay), 
which may be written 

w = [x 4- ay -I- (^ — a)y] /(x + ay) + 0(x + ay). 

or, finally, 

w = yF(x -f ay) -{- q>(x + ay). 


Third case. If _ ac < 0, the preceding transformation cannot be applied 
without the introduction of imaginary variables. The quantities a and /S may 
then be determined by the equations 


which give 


a + 2 6a+ca2 = a + 2 6^ + c/S®, 
a + 6(a + ^) + ca/3 = 0. 


a + j8 = 




2 62-ac 



The equation of the second degree, 



262 — etc 
c2 



whose roots are a and /?, has, in fact, real roots, 
becomes 



The given equation then 


This equation Aw = 0, which is known as Laplace's Equation, is of fundamental 
importance in many branches of mathematics and mathematical physics. 


Example II. Let us see what form the preceding equation assumes when we 
set X = p cos y = p sin <p. For the first derivatives we find 



dot . . dot . 

— cos ^4 -sm 0 , 

dx dy 


dot . dot 

— •—psm 0 4 - —pcos^, 
cx cy 
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or, solving for and 5&>/ 


ao> sm^ 

- = C08<^--TT’ 

ax tp p c<t> 

aw . Sw . CO80 

ay dp p ^<P 


Hence 


ax* 


apV 


a / a« sin^ aa»\ sin0 d 

^ap\ ap p a^/ p 

a*w 8in*^a*w 2ain0coB^ a*tJ 
= 008*0 — + — 


^ aw siii0 aw\ 

CO 80 --— I 

^ ap p 00/ 

2 sin 0 COS 0 a w ^ sin* 0 d w 

p* 00 p ap 


— cos 0 ^ ^^2 p 0p a0 p* 00 p ap' 

and the expression for a^w/ay* is analogous to this. Adding the two, we find 


a; j ^ w 


1 

d<p^ p 


39. Another method. The preceding method is the most practical 
when the function whose partial derivatives are sought is unknown. 
But in certain cases it is more advantageous to use the following 

method. 

Let z =/(a?i y) be a function of the two independent variables x 
and y. If x, y, and x are supposed expressed in terms of two aux¬ 
iliary variables u and v, the total differentials dx, dy^ dz satisfy the 
relation 


which is equivalent to the two distinct equations 


dz 

du 


dx du dy du 


dz _ 

dv dx du dy dv * 

whence df/dx and df/dy may be found as functions of w, v, dz/du^ 
dz/dvy as in the preceding method. But to find the succeeding 
derivatives we will continue to apply the same rule. Thus, to find 
d^f/dx^ and d^fjdxdy^ we start with the identity 


<iy 


^ 8*/ , 


which is equivalent to the two equations 


i 


.S ^ 




du 


8*/ dy ^ 
dx^ du dxdy du^ 
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ay dy 

dx^ dv dx dy dv 


where it is supposed that df/dx has been replaced by its value cal¬ 
culated above. Likewise, we should find the values of d^f/dx dy and 
by starting with the identity 



The work may be checked by the fact that the two values of 
d^fjdxdy found must agree. Derivatives of higher order may be 
calculated in like manner. 


Application to surfaces. The preceding method is used in the study 
of surfaces. Suppose that the coordinates of a point of a surface S 
are given as functions of two variable parameters u and v by means 
of the formulae 

(27) X =/(w, v), y = {u, v), « = ,/, (w, v). 

The equation of the surface may be found by eliminating the vari¬ 
ables u and V between the three equations (27); but we may also 
study the properties of the surface S directly from these equations 
themselves, without carrying out the elimination, which might be 
practically impossible. It should be noticed that the three Jacobians 

D(<^, (/> 

D(Uy v) D(w, v) ^ D(w, V) 

cannot all vanish identically, for then the elimination of u and v 
would lead to two distinct relations between x, y, sr, and the point 
whose cobrdinates are (x, y, z) would map out a curve, and not a sur¬ 
face. Let us suppose, for definiteness, that the first of these does not 
vanish; D(/) <^) /i>(w, v) ^ 0. Then the first two of equations (27) 
may be solved for u and v, and the substitution of these values in the 
third would give the equation of the surface in the form z = F(x, y). 
In order to study this surface in the neighborhood of a point we need 
to know the partial derivatives py y, VySyty • • • of this fimction F(Xy y) 
in terms of the parameters u and v. The first derivatives p and q 
are given by the equation 

dz = pdx q dyy 

which is equivalent to the two equations 
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from which p and q may be found. The equation of the tangent 
plane is found by substituting these values of and ? in the equation 

Z — z = p(X — x) + — y), 


and doing so we find the equation 



{X-x) 


Z)(«, v) 


+ {y-y) 


-P(g> x) 

D(u, v) 


+ {Z-z) 


-P(x, y) 

D{%if v) 



The equations (28) have a geometrical meaning which is easily 
remembered. They express the fact that the tangent plane to the 
surface contains the tangents to those two curves on the surface which 
are obtained by keeping v constant while u varies, and vice versa* 
Having found and q, p =/i(w, v), q =/ 2 (w, v), we may proceed 
to find r, Sj t by means of the equations 


dp = rdx s dyy 


dq^ sdx t dyy 

each of which is equivalent to two equations; and so forth. 


40. Problem IV. To every relation between x, y, z there corresponds 
by means of the equations 

( 30 ) X =/(W, V, W)y y=<f,(U, V, W)y Z — ^(Uy Vy W)y 

a new relation between w, v, w. It is required to express the partial 
derivatives of z with respect to the variables x and y in terms of «, v, to, 
and the partial derivatives of lo with respect to the variables u and v. 

This problem can be made to depend upon the preceding. For, 
if we suppose that w has been replaced in the formulse (30) by a 
function of « and v, we have x, y, z expressed as functions of the 


* The equation of the tangent plane may also be found directly. Every curve on 
the surface is defined by a relation between u and say v = IT (u) ; and the equatlona 
of the tangent to this curve are 


X^x 




y-y 


Z-* 






The elimination of n'(u) leads to the equation (29) of the tangent plane, 




II, § 41] 


TRAKSFOKMATIONS 


77 


two parameters m and y; and we need only follow the preceding 
method, considering /, cj>, i/, as composite functions of u and f, and 
w as an auxiliary function of u and v. In order to calculate the 
first derivatives p and y. for instance, we have the two equations 


du dw dll ^ dw du)^ ^ ( gu 


d<f> dw 
dw du 


) 


^ /d<i> d<t>dw\ 

dv dw dv ^\do "*■ dw do)'^^\do ^ dw do)' 

The succeeding derivatives may be calculated in a similar manner. 

In geometrical language the above problem may be stated as fol¬ 
lows : To every point m of space, whose coordinates are (ar, y, s), 
there corresponds, by a given construction, another point A/, whose 
coordinates are X, 3^, Z. When the point m maps out a surface 5, 
the point M maps out another surface % whose properties it is pro¬ 
posed to deduce from those of the given surface .V. 

The formulae which define the transformation are of the form 


-X' ~f(Xy yy Z)y K_ , 3/, «), Z = \j/ (x y IJy Z). 

Let 

^=^F{Xylj)y Z=^(Xy y) 

be the equations of the two surfaces S and 2, respectively. The 
problem is to express the partial derivatives P, Q, R, S, Ty ■ • of the 
function Y) in terms of x, ?/, 2 and the partial derivatives 

Py qy Vy Syty--- of the function F(xy y). But this is precisely the 
above problem, except for the notation. 

The first derivatives P and Q depend only on a*, y, Zy p, q , and 
hence the transformation carries tangent surfaces into tangent sur¬ 
faces. But this is not the most general transformation which enjoys 
this property, as we shall see in the following example. 


41. Legendre's transformation. Let z = f{Xy y) be the equation of 
a surface S, and let any point m (Xy y, z) of this surface be carried 
into a point My whose coordinates are X, Y, Zy by the transformation 

X ^p, Y = qy Z —px qy — z. 

Let Z ~ 4»(X, Y) be the equation of the surface 2 described by the 
point M. If we imagine z, py q replaced by /, df jdxy df/dy, respec- 
tively, we have the three coordinates of the point M expressed as 
functions of the two independent variables x and y. 
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Let P, 0, R, S, T denote the partial derivatives of the function 
^(X, F). Then the relation 


dZ = PdX+ QdY 


becomes 


or 


pdx-^ qdy -\-xdp -f- ydq — dz ^ Pdp -f- Qdq^ 

X dp + y dq = P dp -f" Q dq. 


Let us suppose that and q^ for the surface 5, are not functions of each 
other, in which case there exists no identity of the form Xdp+pdq^Oy 
unless \ = /i = 0. Then, from the preceding equation, it follows that 


P = X, 


Q = y. 


In order to find P, S, T we may start with the analogous relations 

dP = RdX+ SdV, 
dQ = SdX TdYy 

which, when X, K, P, Q are replaced by their values, become 


whence 


dx = R (rdx -|- s dy) S(sdx -{-t dy ), 
dy = S(rdx + sdy)-\- T(sdx tdy); 


R r -j- S s 1, 
Sr-\-Ts = 0, 


Rs-{- St = 0, 
Ss-}-Tt = 1, 


and consequently 


R = 


7 ^ — 5 




T = 


rt ^ 


From the preceding formulae we find, conversely. 


x = P, y — Qy 


z = PX^ QV—Z, 

— s 


p = X, gr^F, 
R 


r = 


RT-- 


s = 




RT^S* 


which proves that the transformation is involutory. Moreoveri it 
is a contact transformation, since X, F, Z, P, Q depend only on x, 
Py These properties become self-explanatory, if we notice 
that the formulae define a transformation of reciprocal polsm with 
respect to the paraboloid 

»* + y* — 2 » = 0. 

Note, The expressions for P, T become infinite, if the xdation 
rf — a* = 0 holds at every point of the surfsme P. In this ease the 
point M describes a curve, and not a surface, for we have 
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D(X, V) 
y) 


D (x, y) " 


and likewise 


D(X, Z) ^ p,px-\-qy-z) 

D(x,y) D(x,y) 

This is precisely the case which we had not considered. 

42. Ampere’s transformation. Retaining the notation of the preceding article, 
let us consider the transformation 


The relation 


becomes 


X = z, 


= q 


Z = qy — z. 


Y 

dZ~ PdJr+ QdY 


or 

Hence 

and conversely we find 


qdy + ydq dz = Pdx Qdq, 
ydq — pdz = Pdx Qdq, 
P=-p, 


Q = y; 


X = X, y-Qj z= QY~ Z, P = - P^ q-Y. 

It follows that this transformation also is an involutory contact transformation. 
The relation 

dP= RdX -{• SdY 

next becomes 

— rdx — «(iy = Rdx + 5(«dx + < dy ); 

that is, 

P 4- 5s = — r, 5^ = — s, 

whence 




5 = -^ 
t 


Starting with the relation dQ = SdX + TdYy we find, in like manner, 

r= i. 

t 

As an application of these formulae, let us try to find all the functions/(x, y) 
which satisfy the equation rf ^ s^ = 0. Let 5 be the surface represented by the 
equation z =/(«, y), 2 the transformed surface, and Z = 4>(X, F) the equation 
of 2. From the formulae for P it is clear that we must have 

P = ^ = 0. 

dX^ 

and ^ must be a linear function of X; 

z = X0(r) + ^(F). 

where ^ and ^ are arbitrary functions of F. It follows that 


p = 4>(r), Q = jc^'(r) + r(r); 
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and, conversely, the coordinates (x, y, z) of a point of the surface S are given 
as ^unctions of the two variables JT and F by the formulae 

* = X, y = x<p'(r) + nrh ^ + rmj - X0(r) ~f{r). 

The equation of the surface may be obtained by eliminating X and Y; or, what 
amounts to the same thing, by eliminating a between the equations 

z=^ay -xi>(a)-^ (a), 

0 = y -x<p'{a)-^'{a). 

The first of these equations represents a moving plane which depends upon the 
parameter or, while the second is found by differentiating the first with respect 
to this parameter. The surfaces defined by the two equations are the so-called 
developable surfaces^ which we shall study later. 


43. The potential equation in curvilinear coordinates. The calculation to which 
a change of variable leads may be simplified in very many cases by various 
devices. We shall take as an example the potential equation in orthogonal 
curvilinear coordinates.* Let 

F (X, y, z) = p, 

Fx(x, y, 2 ) =/>i, 

F 2 (x, y, z)=p 2 , 

be the equations of three families of surfaces which form a triply orthogonal 
system, such that any two surfaces belonging to two different families intersect 
at right angles. Solving these equations for x, y, x as functions of the parame-* 
ters p. Ply p 2 y we obtain equations of the form 


rx = <f> ifiy pu Pi), 

(31) -j y = <Pi(p, pi. Pi), 

[z =: <pi{py Pi, Pi); 


and we may take p, pi, pa as a system of orthogonal curvilinear coordinates. 

Since the three given surfaces are orthogonal, the tangents to their curves of 
intersection must form a trirectangular trihedron. It follows that the equations 



Q d4> _ 
dp dpi 


^ ^Pi epi 


rt a0 a^ _ 

^ dp dpi 


must be satisfied where the symbol jS! indicates that we are to replace ^ hy 
then by and add. These conditions for orthogonalism may be written in the 
following form, which is equivalent to the above; 



^ 4 . 

ax ax dy dy 


^ apa 

dz dx 



dz dz 

^Pi gpa ^ 
dz dx 



• • 




curvUignes. See also Bertrand, TraiU de OeUeul 



n, § 43] 


TRANSFOHMATIOXS 


81 


Let us then see what form the potential equation 


A2V = 


d^V , d^V 
dx^ "*■ 


c^V 


assumes in the variables />, pi, p^. First of all, we find 


and then 


cV _ cV dp , bV dpx dV dp2 
— - ‘ ^ 
dz dp dx dpi dx dpo dx 


d^V 

dx^ 


dp^ \cx / dp dpi dx dx dp dx^ 

^ + 2 ^ ^2 j gre^flx 

^Pi \ / ?pi ^P2 dx dpi 0x2 

. e2F/ap2\2 , ^ 02V- , 0F02p2 

* ^ o I ^ I » ^ I " ■ ■■ ■ ♦ 

dp2 \dx/ cpcp2 dx dx dp2 dx"^ 


Adding the three analogous equations, the terms containing derivatives of the 
second order like 02F/0p0pi fall out, by reason of the relations (33), and we have 



par d^V 02 F 

0X2 ^ 0^2 32^ 


02 F 02 F 

ip) -n: + (Pi) “TY + M 


dp^ 


dpi 


5 Q V" 

+ ^2 (p) 4 - A2 (pi) 7— + A2 (P2) 


0p 


0pl 


where Ai and A 2 denote Lamp's differential parameters: 


02 F 

5P2 

0 F 

0p2 ’ 




0V 

0y2 


52/ 

ez2* 


The differential parameters of the first order Ai (p), Ai (pi), Ai (p 2 ) are easily 
calculated. From the equations (31) we have 


00 


4 - 

00 

0pl 

4 - 

00 

0p2 _ 

1, 

0p 

0 X 

0pl 

dx 

0 P 2 

dx 


001 

5 p 

4 - 

001 

dpi 

4 - 

001 

dp 2 _ 

0, 

dp 

0 X 

0pi 

dx 

0p2 

0x “ 


002 

£p 

4 - 

002 

dpi 

4 - 

002 

5 p 2 _ 

0; 

dp 

0x 

0pi 

dx 

0p2 

0 X 



whence, multiplying by 


00 0 01 0 02 

- 1 ^ 

dp dp dp 


respectively, and adding, we find 



Then, calculating dp/dy and dp/dz in like manner, it is easy to see that 
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Let tiB now set 


H 


- -y c^) 




•s&y’ 


Ba 


-sm 


where the symbol ^ indicates, as before, that we are to replace 0 by 0}, then 
by 02, and add. Then the preceding equation and the two analogous equations 
may be written 


{p) = (Pi) = ^ 


Ai (pa) = 


Ha 


Lam^ obtained the expressions for AaO?), A 2 (pi), Aa(p 3 ) sts functions of p, pj, 
pa by a rather long calculation, which we may condense in the following form. 
In the identity (34) 


AaV* 


1 1 d^v . 1 c^v 


H ap3 Hx apjf 


+ 


dV 


dv 


’¥ Aa (p) ——h Aa (pi) -H Aa (pa) 


ar 


TT a 2 ' ’~»\r/ fK • —»\r*/ ^ I 

Ha 0p| ap api apa 


let us set successively F = x, F = y, F = x. This gives the three equations 


1 3^0 1 a^0 1 a^0 _i_A/ _i_A/ 

+ 5x1^ 


JB" ap2 
1 a30i 


+ ^ ^ ^ + A,0>) ^ + A,(po 4^ + AsW 


N* apa 5“! dpi Hi d4 


dp 

a0a 


1 a^0a 1 a^02 , 1 a^0a . .. i a / \ 

a dfflHx "^jErj a^f ap 


^p\ 

a0a 


apa 

30a 




= 0 . 


= 0 . 


= 0 , 


which we need only solve for Aa(p), A 3 (pi), Aa(p8)* For instance, multiplying 
by a0/ap, a0i/ap, a0a/ap, respectively, and adding, we find 


di(/r)Hl ^ 1 q 30 3*0 1 (Tra0a»0 


Moreover, we have 


S 


30 a®0 

ap ap* 


1 an 

2 ap 


and differentiating the first of equations (32) with respect to pi, we find 

o30^__ 0 30 ag0 _ 1 dHx 

3 p apj api dpapi 2 ap 


In like manner we have 


0 30 3^0 _ 1 ag, 

ap ap} 2 ap 


and consequently 


Aa(p)=_ —^ 4 , ^ ^H*! 

ap 2HHi ap 


1 ajg, 

2 HHf dp 


=-j-ir 

aff 8 >iL 


log 


B 




i)]- 
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Setting 


A2 




this formula becomes 


and in like manner we find 


A,(,) = A»i(log^), 


A,(,0 = 4?^(logA) 


_a_ 

api 


^2 (/>8) = A| 


5/>2 


("* s) 


Hence the formula (34) finally becomes 


d^V _^d^V 


a®* 


ay3 




( 86 ) 


A®f 

“a2F 

+ 

a 

^log 

A > 

1 

1-1 

1 

_ V 


0p 

AlW 

' Sp J 

+ A?f 

“a®F 

+ 

0 

1 

(log 

A. > 

|eF-j 

L 

_ 5pJ 

api 

hh^) 

'5pi J 

+ Ai[ 

“02 r 

^ A 

+ 

a 

^log 

ht \ 


- ^P2 


ap 3 

hhj 

3p*J 


or, in condensed form, 

Asr=AM»r-/— 4.J./A £Z'\ + 

l_ap yAiAa a/) / api Vaa^ api / 


ar 



dp / dpi \AA 4 api / dpt \AAx dpt 

Let us apply this formula to polar coordinates. The formulae of transforma¬ 
tion are 

x = psinacos 0 , 2 ^ = p sin 9 sin 0 , z = pcosa, 

where 0 and ^ replace pi and pa, and the coeflBcients A, Ai, Aa have the following 
values: 


A = l, 


A, = i 

P 


Aa = 


psina 


Hence the general formula becomes 


AtV^ 


r±(. 




d0\ dS / d<t> \sin a a^ / _) 


or, expanding, 


AjT7--^_j_ j I 1 d^V 2 dV c^^ 

dffl p3 a^ p3sin2<? 00® P ep fp d0 

which is susceptible of direct verification. 


1. Setting U = + y® -1- z®, e = ® + y + z, W = a;y + the functional 

determinant D (u, e, «>) / jD (®, y, z) vanishes identically. Find the relation which 
exists between u, v, to. 

G'enmUfze the problem. 
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2. Let 

Ui 



Derive the equation 

-D(ui^ ug, • • •, u„) 
J0{Xi,3>z, *• *, »n) 


3. Using the notation 





Xi = cos 01 , 

X2 = sin 01 cos 02, 

Xz = sin 01 sin 02 cos 09 , 

.. 

x„ = sin 01 sin 02 • • • sin 0 „ _ i cos 0 n, 

show that 


D(Xi, Xg, • • •, Xn) 
^2» • ‘ 0n) 


= (— l)«sin« 0 i sin'‘~J 02 sin »-2 08 •»• sin^ 0 „_i sin 0 ». 


4. Prove directly that the function 2 = F(x, y) defined by the two equations 

z = ax -f yf(a) + 0 (a), 

0 = X + y/'(a) + 0'(or), 

where a is an auxiliary variable, satisfies the equation rt — s* = 0 , where /(a) 
and 0 (a) are arbitrary functions. 


5. Show in like manner that any implicit function 2 = F(x, y) defined by 
an equation of the form 

y =X0(Z) + 0(3!), 

where 0 (z) and 0 (z) are arbitrary functions, satisfies the equation 

rq^ — 2pqs + tp^ = 0 . 


6 . Prove that the function z = F(x, y) defined by the two equations 

z 0'(ar) = [y - 0 (a)] 2 , (x + a) 0'(a) = y - 0 (a), 

where a is an auxiliary variable and 0 (a) an arbitrary function, satisfies the 
equation pq = z. 


7. Prove that the function z = F(x, y) defined by the two equations 
[z - 0 (a)] » = ** (j /2 - a*), [z _ 0 (a)] 0 ' (a) = «** 

satisfies in like manner the equation pq = xy. 


8 *. Lagrange’s formula. Let y be an implicit function of the two variables 
X and cr, defined by the relaUon y = a + x 0 (y); and let u =/(y) be any func¬ 
tion of y whatever. Show that, in general, 


a"tt 

ax’* 


1 p 

0 a "—1 _ 


0(5,). g]. 


[Lapnaca.] 
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Note, The proof is based upon the two formula 


N{u)~ I 


da 


dx J 


["«.“I 


,du 


Where u is any function of y whatever, and F(u) is an arbitrary function of u 
It IS shown that if the formula holds for any value of 71 , it must hold for the 

y&iU6 71+1. 

rest!?? * r ^ derivative of a with 

respect to x becomes 

/g"u\ _ 0n- 


/0"u\ 0n-l P 


9. If a _/(u, V), y = 4 , (u, v) are two functions which satisfy the equations 

0 / __00 

du 


cu dv 


01 ) 


show that the following equation is satisfied identically: 

' 0/^2 


d^V ^ 02F 


?=( 


02 F ^ a2 F 


du^ 01)2 \dx^ ^ ey2 


) [ & 


+ 


10. If the function F {z, y, z) satisfies the equation 



show that the function 


A.F=?ir+!!r+!!r_o 

^ ztP- ^ ez^ ~ ’ 


*2Z, k^l) 
r \ r 2 r 2 ry 


satisfies the same equation, where k is a constant and + y 2 + 

[Lord Kelvin.] 

showth'IS’funlr = 

^ = y(x, y, Z) + (I* + y2 + ^2) 7-, (3._ g) 
satisfies the equation 

As Ao f/ =: 0. 

12. What form does the equation 

(X - x^)y"+ (1 _ 3x2)xy = 0 

assume when we make the transformation x = 

13. What form does the equation 


022 


+ 2xy2^ + 2(y - y3)££ + 3.2 2^ ^ „ 

dy 


■ 0X 

assume when we make the transformation s = ao, y = 1 /„ ? 

'”*<“"«■”>«< •!» 2»Mep.nd.n, 
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and then takepi, J),, • • •, J). as independent yariablee in the place of Uj, u,. 
the function tp goes over into a function of the form 






Derive the formulas; 



dZk 


15. Let Nbe the point of intersection of a fixed plane P with the normal MN 
erected at any point 3f of a given surface S. Lay off on the perpendicular to toe 
plane P at the point N a length Nm = NM. Find the tan^nt plane to the 

surface described by the point m, as 3f describes the surface S. 

The preceding transformation is a contact transformation. Study the inverse 

transformation. 


16. Starting from each point of a given surface S, lay off on the nom^ to 
the surface a constont length 1. Find the tangent plane to the surface S (tfte 
parallel surface) which is the locus of the end points. 

Solve the analogous problem for a plane curve. 


17* Given a surface S and a fixed point O; join the point O to any point M of 
the surface S, and pass a plane OMN through OM and the normal MN to the 
surface S at the point M. In this plane OMN draw through the point O a per¬ 
pendicular to the line OM, and lay off on it a length OP = OM. The point P 
describes a surface S, which is called the apaidal surface to the given surface S. 
Find the tangent plane to this surface. 

The transformation is a contact transformation, and the relation between the 
surfaces S and S is a reciprocal one. When the given surface 5 is an elUpsoid 
and the point O is its center, the surface S is Fresnel’s wave surface. 


18*. Halphen's differential invariants. Show that the differential equation 

^ ^ ^ 4o/'^V= 0 

\dx^/ d** dx-* dx* dx* \dx*/ 

remains unchanged when the variables x, y undergo any projective transfer- 
mation (§ 37). 

19. If in toe expression Pdx + Qdy *4* Hd*, where P, Q, B are any funotione 
of «, y, we set 

X =/(u, n, w), y = 0(u, r, to), g = ^(u, e, w), 
where ir, n, to are new variables, it goes over into an expresidon of the form 

Pidu+ Qide + ilidto, 

where Pi, Qi, Bi are functions of u, e, to. Show that the following equation ia 
satisfied identioidly: 

D(«,», w) 
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where 


H = 


p/i« 

\dz 




-6?- 


dy 


dx 

dRi 

du 


52/ V ^ dx/ 

4. R. 

du ) 


,+Si(~ 

^y> / \atj 


20*. Bilinear covarianta. Let 0^ be a linear differential form 

dxi 4- ^2 + • • • + da^n > 

where Xi, X,, .. , X„ are functions of the n variables xi, Xa 
consider the expression 


• • 


Let us 




where 


twi r? 

aa ^ ^ 


axA- 




'< -I • B w. ..k. 

= <pi (yi. ya, ■ • •, 3/„), (i = 1, 2, ..., n), 
the expression goes over into an expression of the same form 

Qd= r,<fpi + ... + Y„dy„, 

where r,, r^, ..., r„ are functions of y„. Let us also set 


and 


dVi 

= X * 

» k 


5yi 

ayi 


^2 




^2 5y„ 


The expression H is called a bilinear covariant of Gj. 

21*. Beltrami-s differential parameters. If in a given expression of the form 

+ 2 Fdxdy + Gdy^, 

^“ri'tbles X and y, we make a transformation 
f)i y - 0{«, e), we obtain an expression of the same form: 

Exdv? -\-2Fxdudv + Gxdxf^^ 
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V F G. are functions of u and v. Let 0{x, y) be any function of the 
varlbles'* and y, and fir (u, ») the transformed function. Then we have, rden- 

tically, 


dx dy 
EG - 



d0i dBi 
du 


^JlY - 2 Ft^ ^ + :ei 


m 


E^G^ — F\ 


dx dy 




+ 






dx 


EG — F^ EG — F^ 


Vj5G-i^ - F^ 


du cv 


d'C du 


1 I 4- — 

V^j Gi - F! V Vj5j G, - ft ' 


-F\^\ Gi - Fl 


22. Schwaxzian. Setting y = (ox + 6) / (cx + 6), where x is a function of t and 
a b,c,d are arbitrary constants, show that the relation 


a;-' V 

X' 2 \x 7 y' 2\y7 


. A A r'" v' 't/'s v'" denote the derivatives with 

is identically satisfied, where x , x , x y y , y y y 

respect to the variable t 

23*. Let u and u be any two functions of the two independent variables x and y, 
and let us set 


au + + c 

^ ~ a"u + b"v + c"' 


a'u + b'v + c' ^ 
^ a"u + b"v + c"* 


where a, 6, c, • • 


, c" are constants. Prove the formal®: 

9 

d^u dv d^v du d^U dV d^V dU 
ax^ dx 


dx^ dx dx^ dx dx^ dx 


(u, t) 


(UyV) 


d^u dv 
d^ 02/ 


02u du 


du d^v \ 
dx dxdy) 


d^V dV 


ax'i gy ' \0x dxdy 

(u, v) 

d’^y dV 

+ 21 



and the analogous formal® obtained by interchanging x and y, where 


^ . du 0w du dv 

(tt, v) — ^ ^ 0y 0x ’ 


(U. F) = 


0x 0y 0x dy 
:v£. Comntea rendu3 
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TAYLOR'S SERIES ELEMENTARY APPLICATIONS 

MAXIMA AND MINIMA 


1. TAYLOR’S SERIES WITH A REMAINDER 

TAYLOR’S SERIES 

44. Taylor’s series with a remainder. In elementary texts on the 
Calculus it is shown that, if f(x) is an integral polynomial of 
degree n, the following formula holds for all values of a and h : 


(1) f(a + h) =/(a) + j/'(a) + + ... + 


This development stops of itself, since all the derivatives past the 

(w + l)th vanish. If we try to apply this formula to a function 

/(x) which is not a polynomial, the second member contains an 

infinite number of terms. In order to find the proper value to 

assign to this development, we will first try to find an expression 
for the difference 


f{a + h) —/(a) - I f‘(a) — ^ /"(a) _ 





with the hypotheses that the function /(x), together with its first « 
derivatives /'(x), /"(x), ■ • •, /<")(x), is continuous when x lies in the 

/‘"X*) itself possesses a derivative 
/ (a:) m the same interval. The numbers a and a 4- h beinff 

given, let us set ® 


h 


/(a + h) =f(a) + + ~f" (a) + •.. 


( 2 ) 


+ 


1 . 2 -- 


n .p 


\P, 


^ positive integer, and where P is a number which is 
defined by this equation itself. Let us then consider the auxiliary 
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CL - - 215 y» X 

>}>ip) =/(“ + A) -/(*)-i 

_ {a + h- a;)" _ 

1.2 - n •' ^ ^ 


_ + ^ - ^- /» (*) - 

1.2 

^ _p 

1.2*--n.^ 


It is clear from equation (2), which defines the number P, that 


(a) = 0, (a + A) — 0; 

and it results from the hypotheses regarding /(*) that the funo- 
tion d>(x) possesses a derivative throughout the interval (a, a + A). 
Hence, by Kolle’s theorem, the equation = 0 must have a rMt 

a + 0h which lies in that interval, where 6 is a positive number 
which lies between zero and unity. The value of <#»'(*). af^r some 
easy reductions, turns out to be 


r,/ . (a-^h-xy 




The first factor (a + A - *)'■-* cannot vanish for any value of x 
other than a + h. Hence we must have 

p_ _ g)n-p + i^»+i)(a + 0A), where 0<9<1; 

whence, substituting this value for P in equation (2), we find 

(3) /(a +A) =/(«)+f/'(«)+5^/''(«) + • • • + 


where 


1.2-n.p '' '' ’ 


We shall call this formula Taylor^s series taith a remainder, and 
the last term or the remainder. This remainder depends upon the 
positive integer p, which we have left undetermined. In practice, 
about the only values which are ever given tOi»arei) = n + land 
p = l. Setting ,> = 71 + 1, we find the foUovring expression for the 

remainder, which is due to Lagrange: 




1.2-n(n + l) 


/<"+»(« + «*); 


setting ^ = 1, we find 




51 


1.2 


% % 






\ % 




« 
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an expression for the remainder which is due to Cauchy. It is 
clear, moreover, that the number 0 will not be the same, in general, 
in these two special formulae. If we assume further that + 
is continuous when x = a, the remainder may be written in the form 

where c approaches zero with A. 

Let us consider, for definiteness, Lagrange’s form. If, in the gen¬ 
eral formula (3), n be taken equal to 2, 3, 4, • • •, successively, we 
get a succession of distinct formulae which give closer and closer 

approximations for/(a -|- h) for small values of h. Thus for n = 1 
we find 

f(a + h) =f{a) -f- j/'(a) + + Bh), 

which shows that the difference 


f(a + h) ~f(a) — j/'(a) 

is an infinitesimal of at least the second order with respect to A, 
provided that is finite near x = a. Likewise, the difference 

f{a + h) -f{a) - - j^/''(a) 

is an infinitesimal of the third order; and, in general, the expression 

/(a + h) —/(a) — j/'(a)- 

is an infinitesimal of order n + 1. But, in order to have an exact 
idea of the approximation obtained by neglecting R, we need to 
know an upper limit of this remainder. Let us denote by M* an 
upper limit of the absolute value of /<"+')(a:) in the neighborhood 
of x = a, say in the interval («_,,« + ,). Then we evidently have 


< 


Al»+* 


provided that | A | 


1.2 .. ■ (n + 1) 




The expression ••t/ie upper limit/* 
I ^ j » must be carefully distinguished from the expression “ an upper limit,’* 
which is used here to denote a number greater than or equal to the absolute value of 

“**"“*• ^ paragraph and in the next 
/< )(*) IS supposed to Aaue an upper limit near * = a. _ Trans. 
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45 AppUcation to curves. This result may be interpreted geomet- 
rically. Suppose that we wished to study a curve C, whose equa. 
tion is y =f(x), in the neighborhood of a point A, whose abscissa 
is a. Let us consider at the same time an auxiliary euive C, whose 

equation is 


y=/(^a) + 


X — a 


/'(•) + + ■ ■ ■ + /"(“)■ 


A line x = a -1- A, parallel to the axis of y, meets these two curves 
in two points M and which are near A. The difference of their 
ordinates, by the general formula, is equal to 




1.2 • • • (w- “1“ 1) 




This difference is an infinitesimal of order not less than ti + 1; and 
consequently, restricting ourselves to a small interval (a — y, a + 
the curve C sensibly coincides with the curve O'. By taking larger 
and larger values of n we may obtain in this way curves which 
differ less and less from the given curve C; and this gives us a 
more and more exact idea of the cppedvance of the curve near the 

point A. 

Let us first set n = l. Then the curve C' is the tangent to the 
curve C at the point A : 


r =:/(«) + (»-«)/'(«); 


and the difference between the ordinates of the points M and 
of the curve and its tangent, respectively, which have the same 


abscissa a -h A, is 

y-Y^-^fia + eh). 


Let us suppose that 0, which is the case in general. The 

preceding formxda may be written in the form 

y - [/» +‘]. 

where c approaches zero with A. Since /"(a) ^ 0, a positive num¬ 
ber i; can be found such that |«| < | /”(®) | > when A lies between — ij 
and -f ly. For such values of A the quantity /"(«) + c will have 
the same sign as and hence y — Y will also have the same 

sign as/"(a). If/"(a) is positive, tlie ordinate y of the curve is 
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greater than the ordinate V of the tangent, whatever the sign of A ; 
and the curve C lies wholly above the tangent, near the point A. 
On the other hand, if /"(a) is negative, y is less than K, and the 
curve lies entirely below the tangent, near the point of tangency. 

If y"(a) = 0, let be the first succeeding derivative which 

does not vanish for a: = a. Then we have, as before, if is 

continuous when x = a, 

; 

and it can be shown, as above, that in a sufficiently small interval 
(o - 17 , a + ,) the difference y- K has the same sign as the product 
h’'f<-p\a). When p is even, this difference does not change sign 
with h, and the curve lies entirely on the same side of the tangent, 
near the point of tangency. But if p be odd, the difference y - Y 
changes sign with h, and the curve C crosses its tangent at the 

point of tangency. In the latter ease the point A is called a point 
of inflection; it occurs, for example, if ^ 0. 

Let us now take n = 2. The curve C' is in this case a parabola: 

y =/(«) + (X - a)f\a) + , 

whose axis is parallel to the axis of y ; and the difference of the 
ordinates is 

A® 

If/"'(a) does not vanish, y ~~ Y has the same sign as for 

sufficiently small values of A, and the curve C crosses the parabola 
C' at the point A. This parabola is called the osculatory parabola 
to the curve Cj for, of the parabolas of the family 

Y = mx^ ^ nx A- p, 

this one comes nearest to coincidence with the curve C near the 
point A (see § 213). 

46. General method of development. The formula (3) affords a 
method for the development of the infinitesimal f{a + h)~f(a) 
according to ascending powers of A. But, still more generally, let 
a: be a principal infinitesimal, which, to avoid any ambiguity, we 
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mil suppose positive ; and let y be another infinitesimal of the 
form 


( 4 ) 


y = AyX"^ 4- H-h x"p(Ap 4- e), 


where ra,, n,, - -, are ascending positive numbers, not necessarily 
integers, • • •, are constants different from zero, ande is 

another infinitesimal. The numbers Wi, A^, Mj, A^, ■ ■ ■ may be cal¬ 
culated successively by the following process. First of all, it is 
clear that is equal to the order of the infinitesimal y with 
respect to x, and that A, is equal to the limit of the ratio y/x". when 
X approaches zero. Next we have 

y — = Ui = -b • * * + (-4^ + 

which shows that is equal to the order of the infinitesimal Ui, 
and Aj to the limit of the ratio wi/x"*. A continuation of this 
process gives the succeeding terms. It is then clear that an infini¬ 
tesimal y does not admit of two essentially different developments of 
the form (4). If the developments have the same number of terms, 
they coincide; while if one of them has p terms and the other 
p q terms, the terms of the first occur also in the second. This 
method applies, in particular, to the development A) —/(a) 

according to powers of A; and it is not necessary to have obtained 
the general expression for the successive derivatives of the func¬ 
tion f(x) in advance. On the contrary, this method furnishes 
us a practical means of calculating the values of the derivatives 


Examples, Let us consider the equation 




where y) is an integral polynomial in x and y, and where the 
terms not written down consist of two polynomials ■?(») and Q(y)y 
which are divisible, respectively, by and y\ The coefficients A 
and B are each supposed to be different from zero. As x approaches 
zero there is one and only one root of the equation (5) which 
proaches zero (§ 20). In order to apply Taylor’s series with a 
remainder to this root, we should have to know the successive deriv¬ 
atives, which could be calculated by means of the general rules. 
But we may proceed more directly by employing the precediuLg 
method. For this purpose we first observe that the principal 


5 ^. 
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of the infinitesimal root is equal to — (A /B)x^. For if in the equa^ 
tion (5) we make the substitution 




and then divide by x", we obtain an equation of the same form 


/gx { yi) — + Ryi + xy, (x, y{) 

1 -|-CiX"i + >H-hDiyf + ..- 


= 0 , 


which has only one term in namely By^. As x approaches zero 
the equation (6) possesses an infinitesimal root in y„ and conse¬ 
quently the infinitesimal root of the equation (5) has the principal 

part as stated above. Likewise, the principal part of 

yx is — (Aj/R)x*'i; and we may set 




.n + n. 


where ya is another infinitesimal whose principal part may be found 
by making the substitution 


yi 






in the equation (6). 

Continuing in this way, we may obtain for this root y an expres 


sion of the form 


y = orx" + aiX"+"i + a 3 X"+"i + "* -|-h c)x" + "i + "- + "p, 

which we may carry out as fax* as we wish. All the numbers «, 
n,, •• •, tip are indeed positive integers, as they should be, since 

we are working under conditions where the general formula (3) is 
applicable. In fact the development thus obtained is precisely the 
same as that which we should find by applying Taylor’s series with 
a remainder, where a = 0 and h = x. 

Let us consider a second example where the exponents are not 
necessarily positive integers. Let us set 

_ Ax^ + Jgx^4- H- 

^ 1 -f CjxYi H-' 
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where a, /3, y, • • and y,, ■ • ■ are two ascending series of positive 
numbers, and the coefficient A is not zero. It is clear that the prin¬ 
cipal part of y is Aa;*, and that we have 

4- Cx» H -Aa;*(Ria:^‘ + CiX*' -|-) 

y — Ax’^= 1 ^ 4- Cixy‘ H- ’ 

which is an expression of the same form as the original, and whose 
principal part is simply the term of least degree in the numerator. 
It is evident that we might go on to find by the same process as 
many terms of the development as we wished. 


Let f (z) be a function which possesses n + 1 successive derivatives. Then 
replacing a by z in the formula ( 3 ), we find 

/(X -I- h) =f(x) + \r(x) + ^/"(*) + • • • + ’ 

where e approaches zero with A. Let us suppose, on the other hand, that we 
had obtained by any process whatever another expression of the same form for 

/(« + A): 

f(x + A) = f{x) + A01 (x) + A 2 02 (x) H-+ A« [0„ (x) + €']. 

These two developments must coincide terra by term, and hence the coefiBcients 
• • •» equal, save for certain numerical factors, to the successive 

derivatives of /(x) ; 

= /'(X), 0 s(x) = • • •> = i. 2 ...n’ 

This remark is sometimes useful in the calculation of the derivatives of certain 
functions. Suppose, for instance, that we wished to calculate the nth derivative 
of a function of a function: 

y = /(u), where u = 0 (x). 

Neglecting the terms of order higher than n with respect to A, we have 

A = 0 (x + A) — 0 (x) = Y H->■ —I (®); 

1 1.2 i.2»»«n 


and likewise neglecting terms of order higher than n with respect to A, 


/(u + k)- f(u) = * r{u) + ^ r(u) + 


% 9 


+ 


A« 


1.2 


n 


/(n) (n) 


If in the right-hand side A be replaced by the expression 


Y «'{x) -I- ^ ^"(x) + 


« • • 


+ 


A» 


1.2 < • • n 


0(") (X), 


and the resulting expression arranged according to ascending powers of A, it Is 

evident that the terms omitted will not affect the terms In A, A*, • • •, A", The 
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coefficient of h”, for instance, will be equal to the nth derivative of /[0(x)] 
divided by 1.2 • • • n; and hence we may write 

-D" |/[0 (*)] ^ = 1 • 2 • • ■ n r^i/'(u) + + ... + - /oo(u) 

L 1.2 1,2•• • n 

where A,- denotes the coefficient of in the development of 

For greater detail concerning this method, the reader is referred to Hermite’s 
Cours Analyse (p. 69). 

47. Indeterminate forms.* Let f(x) and <}>(x) be two functions 
which vanish for the same value of the variable x = a. Let us try 
to find the limit approached by the ratio 

/(g + 

^ (a -f A) 

as h approaches zero. This is merely a special case of the problem 
of finding the limit approached by the ratio of two infinitesimals 
The limit in question may be determined immediately if the prin¬ 
cipal part of each of the infinitesimals is known, which is the case 
whenever the formula (3) is applicable to each of the functions 
f(x) and ^f>(x) in the neighborhood of the point a. Let us suppose 
that the first derivative of f(x) which does not vanish for a: = a is 
that of order p, ; and that likewise the first derivative of 

which does not vanish for a: = a is that of order q, 
Applying the formula (3) to each of the functions/(x) and <^(x) 
and dividing, we find 

/(^ + ^ 

-j- A) 1.2 ■ ■ -p 

where c and e' are two infinitesimals. It is clear from this result 
that the given ratio increases indefinitely when A approaches zero, if 
q is greater than p; and that it approaches zero if q is less than p. 
If q —p, however, the given ratio approaches as its 

limit, and this limit is different from zero. 

Indeterminate forms of this sort are sometimes encountered in finding the 
tangent to a curve. Let 

X = y (f), y = tp (f), z =■ yj/ (t) 



* See also § 7. 
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the equations of a curve G in terms of a parameter t. The equations of the 
tangent to this curve at a point M, which corresponds to a value f© of the param¬ 
eter, are, as we saw in § 6, 

X-f{to) ^ r-0(<o) _ Z-V^(to) 

rw 

These equations reduce to identities if the three derivatives/'(f), 0'(f), ^'(f) all 
vanish for t = fo- In order to avoid this difiSculty, let us review the reasoning 
by which we found the equations of the tangent. Let M' be a point of the 
curve C near to Af, and let f© + ^ be the corresponding value of the parameter. 
Then the equations of the secant MM' are 

X~f{to) ^ Y-<p{to) 

/(to + h) -f{to) <t> (toh) - ^{to) f (to + A) - ^(fo) ’ 

For the sake of generality let us suppose that all the derivatives of order less 
than p(p> 1) of the functions /(t), ^(t), ^(t) vanish for f = t©, but that at least 
one of the derivatives of order p, say (to), is not zero. Dividing each of the 
denominators in the preceding equations by hP and applying the general for¬ 
mula (3), we may then write these equations in the form 

X-f{to) ^ Y-4> (to) ^ z-ve>(t©) 

/('*> (to) + e («o) + e' f (to) + e'' ’ 

where e, c', e" are three infinitesimals. If we now let A approach zero, these 
equations become in the limit 

X-/(to) ^ F-»(to) ^ Z-^(t©) 

/^p>{to) ^<-pHto) i^pHto) ’ 

in which form all indetermination has disappeared. 

The points of a curve C where this happens are, in general, singular points 
where the curve has some peculiarity of form. Thus the plane curve whose 
equations are 

X = t*, y = f® 

passes through the origin, and dx / dt = dy / dt — 0 At that point. The tangent 
is the a^ia of X, and the origin is a cusp of the first kind. 


48. Taylor's series. If the sequence of derivatives of the function 
f(x) is unlimited in the interval (a, a + h), the number n in the 
formula (3) may be taken as large as we please. If the remainder 
7?, approaches zero when n increctses indefinitely, we are led to write 
down the following formula: 

(7) f(a + A) = /(a) + \f\a) + + • • • + 

which expresses that the series 

/(«)+\ /'(«)+• ■ • + r :t-n + 


• • % 
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is convergent, and that its “ sum ” * is the quantity f(a + A). This 
formula (7) is TayWs series, properly speaking. But it is not justi¬ 
fiable unless we can show that the remainder approaches zero when 
n is infinite, whereas the general formula (3) assumes only the exist¬ 
ence of the first n 4- 1 derivatives. Replacing a by x, the equation 
(7) may be written in the form 

fix + K) =fix) + ^ fix) + • ■ • + ^ f^’'\x) + .... 

Or, again, replacing A by x and setting a = 0, we find the formula 

(8) /(^) =/(0) + \ nO) -f . • • + /^">(0) + .. 


This latter form is often called Maclaurin^s series; but it should 
be noticed that all these different forms are essentially equivalent. 
The equation (8) gives the development of a function of x accord¬ 
ing to powers of x; the formula (7) gives the development of a func¬ 
tion of A according to powers of A: a simple change of notation is 
all that is necessary in order to pass from one to the other of these 
forms. 

It is only in rather specialized cases that we are able to show 
that the remainder approaches zero when n increases indefinitely. 
If, for instance, the absolute value of any derivative whatever is less 
than a fixed number M when x lies between a and a -|- A, it follows, 
from Lagrange’s form for the remainder, that 


. .Al” + * 


an inequality whose right-hand member is the general term of a 
convergent series.f Such is the case, for instance, for the functions 
sin X, cos X. All the derivatives of are themselves equal to 
e*, and have, therefore, the same maximum in the interval con¬ 
sidered. In the case of sin x and cos x the absolute values never 
exceed unity. Hence the formula (7) is applicable to these three 
functiona for all values of a and A. Let us restrict ourselves to 
the form (8) and apply it first to the function /(x) = e^. We find 

/( 0 ) = 1 , /'( 0 ) = 1 , •••, /<">( 0 ) = 1 , 


*That is to say, the limit of the sum of the first n terms as n becomes infinite. 
For a definition of the meaning of the technical phrase the suin of a serien,** see 
§ 157 .—Tbans. 

t The order of choice is a, A, M, n, not a, h, 7i, M. This is essential to the con¬ 
vergence of the series in question.— Trans. 
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and consequently we have the formula 







which applies to all values, positive or negative, of x. If a is any 
positive number, we have = and the preceding formula 

becomes 


( 10 ) 


a 


= 1 + 


X log a . (x log a) 


-f- 


1.2 


+ —h 


(x log a)" 

1 . 2 • • • 


Let us now take f(x) = sin a:. The successive derivatives form a 
recurrent sequence of four terms cos x, — sin x, — cos a:, sin x\ and 
their values for a: = 0 form another recurrent sequence 1, 0, — 1, 0. 
Hence for any positive or negative value of x we have 

X x^ , x® 

(11) = 2.3.4.5“ - 
and, similarly, 

(12) cos* = l-3^ + ^_2*3“:4“- - + (“^>’‘l.2.3...2n + ---* 


Let us return to the general case. The discussion of the remain¬ 
der R„ is seldom so easy as in the preceding examples; but the 
problem is somewhat simplified by the remark that if the remain¬ 
der approaches zero the series 

f(a) + I /'(a) H-1- I 2... n - 


necessarily converges. In general it is better, before examining 
to see whether this series converges. If for the given values of 
a and h the series diverges, it is useless to carry the discussion 
further; we can say at once that does not approach zerc^when n 
increases indefinitely. 


49. Development of log(l -|- x). The function log(l + «), together 
with all its derivatives, is continuous provided that » is greater 
than — 1. The successive derivatives are as follows: 



1 

1 + x 
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♦ • 


/(»)(a:) = (— II"-1 1 • 2 • • • (w — II 

’ a + xy ’ 

= /_ 11 " 1-2-n 

^ ^ ’ (l+a;)" + i- 

I^t us see for what valu^ of . Maclaurin’s formula (8) may be 

apiJied to faaction. Writing first the series with a remainder 
we nave, \mder any circumstances, 


log(l+a=) = |-|- + _ + 


X 


+ (- 1 ) 


n—1 


X'' 

n 




The remainder i2„ does not approach zero unless the series 


X I 

1 ~ ^ ^ ^ 


+ (-i) 


n —1 


n 


X 


n 




converges which it does only for the values of a: between - 1 and 

+ 1, including the upper limit + 1. When x lies in this interval 
the remamder may be written in the Cauchy form as follows : 

(l + te)" + i ( 1) 


or 


= lyx 


n + 1 


1-0 


1 + Ox/ \ ^ Qx 


Let us consider first the case where |a:j<l. The first factor a: 
approaches zero with x, and the second factor (1 ~ ff) / (1 + 6x\\^ 

less than unity, whether a: be positive or negative, for the numer¬ 
ator IS always less than the denominator. The last factor remains 
toite for It IS always less than 1 / (1 - |a: |). Hence the remainder 
actually approaches zero when n increases indefinitely This 
form oftte remainder gives us no information as to what happens 
when a: _ 1; but If we write the remainder in Lagrange’s fo™, 

72 _ 1 

^ n + 1 ( 1 -f + 

It IS evident that E„ approaches zero when n increases indefinitely 
An exammation of the remainder for rr = _ 1 would be useless, 
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.me th. ,.,1.. diverge, for iha. v.l». <>« - «« '"»» 

.. lies between _ 1 and + 1, the formula 


X x‘ 


3^ 

(13) ioga+«)-i-j+?—+<-'>■" 

This <o,.nul. .tm hold. who. a, . 1, which give the curio., 
relation 

(U) log2 = l-| + |-i+-+(-l)-^ + -- 

The formula (13), not holding except when x is less than or equ^ 

h Tint be used for the calculation of logarithms of whole 

to unity , can o 3. hv — x The new formula obtained, 

numbers. Let us replace x by - x. xne n 

x_x^_x»_^_ 

(13') log (1 — a^) — 1 2 3 n ’ 

.till hold, fo, value, ot a b.twe.u - 1 aud + 1, aud, aublrruding 

the corresponding .idea, wo iiud the tonnola 

% 


1 -i-X 


(x X® , X^ 
2 ( T + -77 + "k* 


(15) 3^5 


+ 


+ ^ , \ 
irpi+'T 


When X varie. trom 0 to 1 the rational fraction (1 + x) / (I - x) 
r»iilj inerca... from 1 to + », and hence we nr.J now etmay cri- 

»Ute the logarithm, of all integer,. A ,t,ll 

vLing ,erie, may he obtained, however, by formrng the difference 

of L logarithm, of two con«cutivc integer.. Po, thi. purpo» 
let us set 

l+x iV + l , _i- 

n’° 2N+1 


Then the preceding formula becomes 


an equation whose right-hand member is a series which converges 
very rapidly, especially for large values of N. 

Note. Let us apply the general formula (3) to the function log (1 -h x), setUng 
a = 0, A = x, n = l, and taking Lagrange’s form for the remainder. We find in 

thU way 


log(l +x)=x- 


2(1 + fl»)* 
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If we now replace z by the reciprocal of an integer n, this may be written 

log('n-l) = i_^, 

\ nj n 2n^ 

where 9, is a positive number less than unity. Some interesting consequences 
may be deduced from this equation. 

1) The harmonic series being divergent, the sum 

increases indefinitely with n. But the difference 

2n “ log n 

approaches a finite limit. For, let us write this difference in the form 






+ log 


n+ 1 


n 


Now 1 /p - log (1 + 1 /p) is the general term of a convergent series, for by the 
equation above . v* wjr vuo 


P \ p/ 

1°'^ = '<.«(* + ;) 

approaches zero. Hence the difference under consideration approaches a finite 
limit, which 18 called Euler's constant. Its exact value, to twenty places of 
decimals, is 0 = 0.67721666490153286060. ^ ^ ^ 

2) Consider the expression 


2 = —?-1- —I -f. 

n + 1 n + 2 


• • 


+ 


1 


n 


where n andp are two positive integers which are to increase indefinitelv 
we may write ^ ‘ 


Then 


^ ^ ‘ +p)+/>«+p. 

1 + “ + ••• H— 

71 


= logn + p„, 
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where PnA-p and approach the same value C when n and p increafle indefl- 
nitely. Hence we have also 


S = log 



-H Pn+P ” Pn‘ 


Now the difference pn+p - Pn approaches zero. Hence the sum 2 approaches 
no limit unless the ratio p/n approaches a limit. If this ratio does approach a 
limit a, the sum S approaches the limit log (1 + a). 

Setting p = n, for instance, we see that the sum 

11 1 

__ ^ ^ ^ 

n + 1 n + 2 2n 

approaches the limit log 2. 


50. Development of (1 + x)“. The function (1 4- a:)"* is defined and 
continuous, and its derivatives all exist and are continuous func¬ 
tions of X, when 1 4" X is positive, for any value of tw- j for the 
derivatives are of the same form as the given function: 


/Xx) = m(l 4- 
/"(x) = m (m - 1) (1 4- 


y(")(x) = m (m — 1) • • • (m — ti 4" 1) 4“ 2^) 

y(" + i)(x) = m(w — 1) • • • (wt — 7i) (1 4- x)*"“”“^ 


m—n 


Applying the general formula (3), we find 

m . m(m — 1) 

(1 4- x)"* = 1 4- Y x 4- 2 


x2 4- 


1 , ^ • Tt 


and, in order that the remainder R„ should approach zero, it is first 
of all necessary that the series whose general term is 

m(m-l)--(m-n4-l) 

1 . 2..*71 


should converge. But the ratio of any term to the preceding is 


m — 71 4-1 

n 



which approaches — x as ti increases indefinitely. Hence, exclud¬ 
ing the case where m is a positive integer, which leads to the ele¬ 
mentary binomial theorem, the series in question cannot converge 
unless la:|< 1. Let us restrict ourselves to the case in which jacj < !• 
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To show that the remainder approaches zero, let us write it in the 
Oauchy form ; 






(1^ 

\i + 


(1 + to)"-'. 


The first factor 





approaches zero since it is the general term of a convergent 
series. The second factor (1 — ^)/(l + Ox) is less than unity; and, 
finally, the last factor (1 + is less than a fixed limit. For, 

if m — 1 > 0, we have (1 + < 2"*“^; while if m — 1 < 0, 

(1-f-ftc)'""* < (1 — Hence for every value of x between 

— 1 and + 1 we have the development 


(16) 


77L 

(1+ x)'" = 1 + Y a: + 


m 






4 ^ m 


+ 


1.2 

m(m — 1) • •• (m — n + 1) 


1.2... 


n 


X** 4- 


We shall postpone the discussion of the case where x = ± 1. 

In the same way we might establish the following formulee: 


, 1 x» 1.3 X® 

arcsmx = x + ^- + —Y + 


-f 


1.3.5 . .(2 n — 1) a: 2 n +1 


2n + 1 


+ 


. X® X® X 

arc tan x = x — — — 

o 5 


2 . 4 . 6.-.271 

^3n + l 

^ + ■•• + (- 1 )" * 


2n + l 



which we shall prove later by a simpler process, and which hold 
for all values of x between — 1 and + 1. 

Aside from these examples and a few others, the discussion of 
the remainder presents great difficulty on account of the increas¬ 
ing complication of the successive derivatives. It would therefore 
seem from this first examination as if the application of Taylor’s 
series for the development of a function in an infinite series were of 
limited usefulness. Such an impression would, however, be utterly 
false ; for these developments, quite to the contrary, play a funda¬ 
mental rale in modern Mathematical Analysis. In order to appre¬ 
ciate their importance it is necessary to take another point of 
view and to study the properties of power series for their own 



106 


TAYLOR'S SERIES 


[ni, S 00 


sake, irrespective cf their origin. We shall do this in several of 
the following chapters. 

Just now we will merely remark that the series 

/(o)+j/'(0)+ +• • •+• • • 

may very well be convergent without representing the function 
f(x) from which it was derived. The following example is due to 
Cauchy. Let /(a;) = eThen = and, in 

general, the ntYi derivative is of the form 


where P is a polynomial. All these derivatives vanish for a; = 0, 
for the quotient of by any positive power of x approaches 

zero with x.^ Indeed, setting a: = 1 /«, we may write 



and it is well known that e**/«”* increases indefinitely with z, no 
matter how large m may be. Again, let (x) be a function to which 
the formula (8) applies: 


<f>(x) — <^(0) + j <^'(0) H-H ^ 2 *..n -• 

Setting F(x) = + e”*^**, we find 

P(0) = (0), FXO) = <l>X0h • • *, = ^<-)(0), .. -, 

and hence the development of F(x) by Maclaurin’s series would 
coincide with the preceding. The sum of the series thus obtained 
represents an entirely different function from that from which the 
series was obtained. 

In general, if two distinct functions f(x) and 4^ (x), together with 
all their derivatives, are equal for a: = 0, it is evident that the 

•It is tacitly assumed that /(O) = 0, which is the only assignment which would 
render/(a:) continuous at a: = 0. But it should be noticed that no farther assignment 
is necessary for/'(®), etc., at * = 0. For 

/'(O) = ito /(y) -/(O) ^ ^ 

which defines/^(a!) at k = 0 and makes/^(a;) continuous at x 0, etc.—T baks. 
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Maclaurin series developments for the two functions cannot both 
be valid, for the coefficients of the two developments coincide 


51. Extension to functions of several variables. Let us consider for 

definiteness, a function =/(*, y, of the three independent vari 

ables X, y, z, and let us try to develop/(a; + h,y + k,z + l) accord 

ing to powers of h, k, I, grouping together the terms of the same 

degree. Cauchy reduced this problem to the preceding by the fol 

lowing device. Let us give a:, y, z, h, k, I definite values and let 
US set 

^(0 =/(^ + 2 / + ktf z 4 - 


where t is an auxiliary variable. The function ^ (t) depends on t 
alone; if we apply to it Taylor’s series with a remainder, we find 


(17) 


HO = HO)+ { <t>'i0) + ~ ^>"(0) + 


+ 


+ 17 2 . .'."(n + 1) 


where <f> (0), <^'(0), • • •, <^<’■>(0) are the values of the function tf, (t) 
and its derivatives, for t = 0; and where is the value of 

the derivative of order « + 1 for the value 0t, where (9 lies between 
zero and one. But we may consider ^ (t) as a composite function of 
t, <j>(t) =f(u, V, w), the auxiliary functions 


u — X ht, V = y kt, w = z It 

a previous remark, the 
expression for the differential of order m, is the same as if v, 

V, w were the independent variables. Hence we have the symbolic 
equation 


which may be written, after dividing by dt", in the form 




For # = 0, u, V, w reduce, respectively, to *, y, z, and the above 
equation in the same symbolism becomes 
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Similarly, 






(n + l) 


dx 


dy 


dz 


where a:, y, z are to be replaced, after the expression is developed, by 

X -f Bht^ y + 6ktj z + Blty 
respectively. If we now set < = 1 in (17), it becomes 


(18) 


fix + /t, y + A, « + Z) =/(a:, y, z) + i^h + H- 


^ \.2-n\dx ^dy ^Zz 


(«) 




The remainder /?„ may be written in the form 



1 

1,2 ■ • • (ti -f- 1) 



^ yn+I) 

7 ’ 


where x, y, z are to be replaced by x + Oh, y -f Bky z 91 after the 
expression is expanded.* 

This formula (18) is exactly analogous to the general formula 
(3). If for a given set of values of x, y, z, A, k, I the remainder 
approaches zero when n increases indefinitely, we have a develop¬ 
ment of f (x hf y k, z 1) vn 2 i. series each of whose terms is a 

homogeneous polynomial in h, k, 1. But it is very difficult, in gen¬ 
eral, to see from the expression for whether or not this remainder 
approaches zero. 


52. From the formula (18) it is easy to draw certain conclusions 
analogous to those obtained from the general formula (3) in the 
case of a single independent variable. For instance, let z =/(*, y) 
be the equation of a surface .S. If the function f(Xy y), together 
with all its partial derivatives up to a certain order to, is continuous 
in the neighborhood of a point (xq, y^), the formula (18) gives 

f(xo + h,y„ + k) =/(xo, yo) + ^ ^ 

+ o(£'‘+£‘)”+-+*- 

Restricting ourselves, in the second member, to the first two terms, 
then to the first three, etc,, we obtain the equation of a plane, then 

• It is assumed here that a/2 the derivatives used exist and arecontiiiuouB.'—>T kanb. 
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that of a paraboloid, etc., which diifer very little from the given sur¬ 
face near the point (xq, y^)- The plane in question is precisely the 
tangent plane; and the paraboloid is that one of the family 

z = Ax‘ + 2 Bxy + Cy-+ 2 Dx + 2 By + B 

which most nearly coincides with the given surface S. 

The formula (18) is also used to determine the limiting value of 
a function which is given in indeterminate form. Let f(x, y) and 
4 , (x, y) be two functions which both vanish for x = a, y ’=h, but 
which, together with their partial derivatives up to a certain order, 
are continuous near the point (a, h). Let us try to find the limit 
approached by the ratio 

/(^, .v) 

^ y) 

when X and y approach a and h, respectively. Supposing, first, that 
the four first derivatives df/tda, df/db, c^/da, c^/db do not all 
vanish simultaneously, we may write 





hj h k) 

"I" h Jc^ 


where e, c', ci, cj approach zero with h aud k. When the point 
(x, y) approaches (a, b), h and k approach zero; and we will sup¬ 
pose that the ratio k/h approaches a certain limit a, i.e. that the 
point (x, y) describes a curve which has a tangent at the point (a, b). 
Dividing each of the terms of the preceding ratio by A, it appears 
that the fraction /(x, y)/<^(x, y) approaches the limit 



This limit depends, in general, upon a, i.e. upon the manner in 

which X and y approach their limits a and respectively. In order 

that this limit should be independent of a it is necessary that the 
relation 

da db db da 

should hold j and such is not the case in general. 
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If the four first derivatives df/da, df /dby d^/da^ d^/dh vanish 
simultaneously, we should take the terms of the second order in the 
formula (18) and write 


f{a 4- Ay 6 4- 

^(<z H” h,y h -j- X;) 



where «, c", c,, €{, are infinitesimals. Then, if a be given the 

same meaning as above, the limit of the left-hand side is seen to be 


da^ 


+ 2 


dadb " Si* “ 


da^ dadb 




which depends, in general, upon a. 


IL SINGULAR POINTS MAXIMA AND MINIMA 


53. Singular points. Let yo) ^ the coordinates of a point iifo 
of a curve C whose equation is F(Xj y) = 0. If the two first par¬ 
tial derivatives dF/dxy dF/dy do not vanish simultaneously at this 
point, we have seen (§ 22) that a single branch of the curve C passes 
through the point, and that the equation of the tangent at that 
point is 


dF dF 

(A-Xo)^ + (r-yo) ^ 





where the symbol d^-^^F/dx^ dyi denotes the value of the derivative 
dP-^^F/dx^ dy^ for x = Xo* y = yo- If dF/dx^ and dF/dy^ both van¬ 
ish, the point (Xo, yo) is, in general, a singular point.* Let us suppose 
that the three second derivatives do not all vanish simultaneously 
for X = Xo, y = yo) and that these derivatives, together with the third 
derivatives, are continuous near that point. Then the equation of 
the curve may be written in the form. 


• That is, the appearance of the curve is, in general, pecnliar at that point. an 
exact analytic definition of a singular poiiU, see § 19 S.—Trakb. 
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(19)- 


0 = F(x, y) 

iVd^F d^F 

r dF 


Vo) + -37? (2/ 



- yo)" J 


, 1 eF ^ ^ dF I'’) 

■*■ 1.2.3 *») + ay (y - 2/a)J 


where x and y are to be replaced in the third derivatives by 
x^ + d{x~ *o) and ya+B{y — y,), respectively. AVe may assume 
that the derivative d^F/dyl does not vanish; for, at any rate, we 
could always bring this about by a change of axes. Then, setting 
y- !/<, = i (^-^o) and dividing by (x - Xo)% the equation (19) 
becomes 


( 20 ) 


d^F 

dxH 


+ 2t 


d^F 
dxo dy^ 


d-F 


^ dy^ — a'o» ^) — 0, 


where P(x — Xoft) is a function which remains finite when x 
approaches Xq. Now let and be the two roots of the equation 

d^F „d^F 

2 t —;;-h :r = 0. 




^^0 ^yo ^yS 


If these roots are real and unequal, i.e. if 

.^a:o dyj ^ dx^ dy^ * 
the equation (20) may be written in the form 


a^F 


(t - t,){t ~ t^) 4- (x - x„) F = 0. 


For x = Xq the above quadratic has two distinct roots t = t = 

As X approaches Xq that equation has two roots which approach 
and respectively. The proof of this is merely a repetition of 
the argument for the existence of implicit functions. Let us set 
t = Uj for example, and write down the equation connecting x 
and u\ 

u(ti _ 4- ti) 4- (x — a:o) Q(x, u) = 0, 

where Q(x ,«) remains finite, while x approaches x^ and u approaches 
zero. Let us suppose, for definiteness, that — ^2 > 0; and let M 
denote an upper limit of the absolute value of Q (ar, «), and m a 
lower limit of — ^2 4- u, when x lies between x^ — h and x^ 4- A, 



112 


TAYLOR’S SERIES 


[in, § 63 


Stud u bofcwBcn — A SJid *1" wliorG Jv is 3i posifciv© iiiiiiil30r Igss f/li&ii 
— ty. Now let € be a positive number less than 4, and rj another 
positive number which satisfies the two inequalities 



If a: be given such a value that \x — Xo\ is less than rj, the left-hand 
side of the above equation will have different signs if — c and then 
+ e be substituted for u. Hence that equation has a root which 
approaches zero as x approaches Xq^ and the equation (19) has a 
root of the form 

y = 2/0 + (a: - Xo) (h + a), 

where a approaches zero with x — Xo- It follows that there is one 
branch of the curve C which is tangent to the straight line 


2/ — yo = (as — Xq) 

at the point (xo, yo)- 

In like manner it is easy to see that another branch of the^ 
curve passes through this same point tangent to the straight line 
y — = tz(x — Xo). The point ^fo is called a double pointj and 

the equation of the system of tangents at this point may be found 
by setting the terms of the second degree in (x — a;®), (y — y©) in 
(19) equal to zero. 

If 



d^F d^F 
dxl ayg 



the point (xo, y©) is called an isolated double point. Inside a suffi¬ 
ciently small circle about the point Mq as center the first member 
F(xj y) of the equation (19) does not vanish except at the point Mq 
itself. For, let us take 


x = Xo + p cos <#>, y = yo + p sin 
as the coordinates of a point near Mq. Then we find 

2 F d^F \ 

y) = I + 2 ^ cos sin ^ sin* <f> + pLj, 

where L remains finite when p approaches zero. Let H be an upper 
limit of the absolute value of L when p is less than a certain posi¬ 
tive number r. For all values of between 0 and 2 tt the expression 


d^F 

da^ 


cos* -f- 2 



cos ^ sin ^ + 
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has the same sign, since its roots are imaginary. Let m be a lower 
limit of its absolute value. Then it is clear that the coefficient 
of cannot vanish for any point inside a circle of radius p < m///. 
Hence the equation F(x, y) = 0 has no root other than p = 0, i.e. 
x — Xo, y = yo) inside this circle. 

In case we have 

/ d^F y d'^F d^-F 

the two tangents at the double point coincide, and there are, in gen¬ 
eral, two branches of the given curve tangent to the same line, thus 
forming a cusp. The exhaustive study of this case is somewhat 
intricate and will be left until later. Just now we will merely 
remark that the variety of cases which may arise is much greater 
than in the two cases which we have just discussed, as will be seen 
from the following examples. 

The curve y^ = has a cusp of the first kind at the origin, both 
branches of the curve being tangent to the axis of x and lying on 
different sides of this tangent, to the right of the y axis. The 
curve y* — 2a:^y + a:* — x® = 0 has a cusp of the second kind^ both 
branches of the curve being tangent to the axis of x and lying on 
the same side of this tangent; for the equation may be written 

ft 

y = ± x% 

and the two values of y have the same sign when x is very small, 
but are not real unless x is positive. The curve 

x^ + x^y^ — 6 x^y -j- y* = 0 

has two branches tangent to the x axis at the origin, which do not 
possess any other peculiarity; for, solving for y, the equation becomes 

3 x^±x^ Vs - x^ 

2 ^ = ——’ 

and neither of the two branches corresponding to the two signs 
before the radical has any singularity whatever at the origin. 

It may also happen that a curve is composed of two coincident 
branches. Such is the case for the curve represented by the 
equation 

y) = y^ — 2 + X* = 0. 

When the point (x, y) passes across the curve the first member F(x, y) 
vanishes without changing sign. 
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Finally, the point (xq, yo) may be an isolated double point. Such 
is the case for the curve y'* -f a:* 4- = 0, on which the origin is an 

isolated double point. 


54. In like manner a point Mq of a surface S, whose equation is 
F{xy y, z) — 0, is, in general, a singular point of that surface if the 
three fii’st partial derivatives vanish for the coordinates Xqj y^, of 
that point: 



The equation of the tangent plane found above (§ 22) then reduces 
to an identity; and if the six second partial derivatives do not all 
vanish at the same point, the locus of the tangents to all ciu*ves on 
the surface S through the point is, in general, a cone of the 
seeond order. For, let 


* =/( 0 » y = <> ( 0 > « = ^(0 


be the equations of a curve C on the surface S. Then the three 
functions f(t)y satisfy the equation F(a5, y, «) — 0, and 

the first and second differentials satisfy the two relations 

dF ^ , dF ^ , dF , 

— dx + ^dy + -^dz = 0, 


8F , , SF , dF . \® . 8F 


» dz) ^ 

cz / ox 


d^x + ^ cPy 4- ^ fFz 


dy 


dz 


= 0. 


For the point a: p: Xq, y = yo, « = «© the first of these equations 
reduces to an identity, and the second becomes 

d^F d^F F 

dx^ ^-%Ar dxfdz^ 


da^ 



0 


dzl 


d^F d^F 

"b 2 ^ , <fa: rfy 4- 2 »—^ dydz + 2 ^ ^ dxdz 

cx^dy^ dy^dz^ •' dx^dz^ 


= 0 . 


The equation of the locus of the tangents is given by eliminating 
dxy dy^ dz between the latter equation and the equation of a tangent 
line 

i • 

^ ^ ^ — yp _ ^ " <^0 

dx dy dz * 

leads to the equation of a cone T of the second d^tree: 


'.'A 


S 




• 



> 

' , . 

e 


' 
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- VoY + 


- Vo) 


- *o) + 2 


d^F , 
d4 ~ 


ax„ 82 „ ^o) ~ *«) - ®- 


On the other hand, applying Taylor’s series with a remainder 
and carrying the development to terms of the third order, the equa¬ 
tion of the surface becomes 



0 = F(x, y, z) 

1 VdF , X . . dF 

. 1 VdF, . , dF, . . dF , 

+1:2:3 ^ ( 2 ' " 2 '»> +• 



] (S) 

Po + 0(v-Pt,^ 
*0 + "*()> 


where x, y, z in the terms of the third order are to be replaced by 
Xq-^ B(x — Xq), yo + ^ (y — 2 / 0 )) Zo + 0(z — Zq), respectively. The 
equation of the cone T may be obtained by setting the terms of 
the second degree in a: — Xo, y — yo, z — z^ in the equation (22) equal 
to zero. 

Let us then, first, suppose that the equation (21) represents a real 
non-degenerate cone. Let the surface S and the cone T be cut by a 
plane P which passes through two distinct generators G and G' of 
the cone. In order to find the equation of the section of the sur¬ 
face S by this plane, let us imagine a transformation of coordinates 
carried out which changes the plane P into a plane parallel to the 
xy plane. It is then sufl&cient to substitute z = Zoin the equation (22). 
It is evident that for this curve the point Mq is a double point with 
real tangents; from what we have just seen, this section is composed 
of two branches tangent, respectively, to the two generators Gy G'. 
The surface S near the point Afo therefore resembles the two nappes 
of a cone of the second degree near its vertex. Hence the point Mo 
is called a conical point. 

When the equation (21) represents an imaginary non-degenerate 
cone, the point is an isolated singular point of the surface S. 
Inside a sufficiently small sphere about such a point there exists no 
set of solutions of the equation F(Xy y, ») = 0 other than x = x©, 
y — Vtii «= «o- For, let Af be a point in space near A/©, p the 
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distance MMo, and or, y the direction cosines of the line 
Then if we substitute 


x = Xq-\- pa, 2/ = yo 4- p/3? z = Zo-{- py, 
the function F(x, y, z) becomes 


Fi^y y? 2) = 2 


d^F 

dxl 


a 


F 

^4- —iS^4- 




4-2 


d^F 

dxQ dz^ 


ccy + pL 



where L remains finite when p approaches zero. Since the equation 
(21) represents an imaginary cone, the expression 


d'^F 

dxl 


^ • 4* 2 


d^F 

dxfjdzo 



cannot vanish when the point (a, p, y) describes the sphere 

4- y^ = 1. 

Let m be a lower limit of the absolute value of this polynomial, 
and let H be an upper limit of the absolute value of L near the 
point il/o* If a sphere of radius m / H he drawn about Af© as center, 
it is evident that the coefficient of p^ in the expression for F(», y, z) 
cannot vanish inside this sphere. Hence the equation 

F'{x, y,z) = 0 

has no root except p = 0. 

When the equation (21) represents two distinct real planes, two 
nappes of the given surface pass through the point Mq, each of 
which is tangent to one of the planes. Certain surfaces have a 
line of double points, at each of which the tangent cone degenerates 
into two planes. This line is a double curve on the surface along 
which two distinct nappes cross each other. For example, the circle 
whose equations are = 0, = 1 is a double line on the surface 

whose equation is 


+ 2z\x^ + y2) - (x» + 2/" - 1)" = 0. 

When the equation (21) represents a system of two conjugate 
imaginary planes or a double real plane, a special investigation is 
necessary in each particular case to determine the form of the sur¬ 
face near the point A/q. The above discussion will be renewed in 
the paragraphs on extrema. 


55. Extrema of functions of a single variable. Let the funotion/(fie) 
be continuous in the interval (a, 5), and let o be a point of that 



Ill, §55] SINGULAR POINTS MAXIMA AND MINIMA 


117 


interval. The function f(x) is said to have an extremum (i.e. a 
maximum or a minimum') for a; = c if a positive number j; can be 
found such that the difference /(c + h) -f{e), which vanishes for 
A = 0 , has the same sign for all other values of h between - , 
and + 17 . If this difference is positive, the function /(x) has a 
smaller value for x = e than for any value of x near c; it is said 
to have a minimum at that point. On the contrary, if the differ¬ 
ence/(o + A)-/(c) is negative, the function is said to have a 
maximum. 

If the function /(x) possesses a derivative for x = c, that deriva- 
tive must vanish. For the two quotients 



each of which approaches the limit/'(c) when h approaches zero, have 
different signs ; hence their common limit/'(c) must be zero. ' Con¬ 
versely, let c be a root of the equation /'(x) = 0 which lies between 
a and b, and let us suppose, for the sake of generality, that the 
first derivative which does not vanish for x = c is that of order n, 
and that this derivative is continuous when x = c. Then Taylor’s 
series with a remainder, if we stop with n terms, gives 

f(p + A) -/(«) = 

which may be written in the form 

/(C + A) -/(C) = lf<n,^c) + c], 

where * approaches zero with A. Let , be a positive number such 
that |/<">(c)| IS greater than c when a; lies between c - and c -f- «. 
For such values of x, + € has the same sign as and 

consequently/(c + A)—/(c) has the same sign as If 

n is odd, it is clear that this difference changes sign with A, and 
there is neither a maximum nor a minimum at a; = c. If n is even, 

f(c -f A) -/(c) has the same sign as/(">(c), whether h be positive 
or negative; hence the function is a maximum if /<”>(c) is negative 
and a minimum if /C">(c) is positive. It follows that the necessary 
and sufficient condition that the function/(a;) should have a maximum 

or a minimum for a; = c is that the first derivative which does not 
vanish for a; = c should be of even order. 
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Geometrically, the preceding conditions mean that the tangent to 
the curve y =/(ar) at the point A whose abscissa is c must be par¬ 
allel to the axis of x, and moreover that the point A must not be 

a point of inflection. 

Notes. When the hypotheses which we have made are not satisfied 
the function fix) may have a maximum or a minimum, although 
the derivative/'(a:) does not vanish. If, for instance, the derivative 
is infinite for a; = c, the function will have a maximum or a mini¬ 
mum if the derivative changes sign. Thus the function 3 / = x* is at 
a minimum for a; = 0 , and the corresponding curve has a cusp at the 

origin, the tangent being the y axis. 

When, as in the statement of the problem, the variable x is 
restricted to values which lie between two limits a and 6 , it may 
happen that the function has its absolute maxima and minima pre¬ 
cisely at these limiting points, although the derivative/'(x) does 
not vanish there. Suppose, for instance, that we wished to find 
the shortest distance from a point P whose coordinates are (a, 0) 
to a circle C whose equation is x" + 2 /=* - = 0. Choosing for our 

independent variable the abscissa of a point M of the circle .C, we 

find 

^ _ ^^2 _(_ 2^2 „ a ;2 _|_ ^2 _ 2 a® -h a^, 

or, making use of the equation of the circle, 

_ 2 ax. 

The general rule would lead us to try to find the roots of the derived 
equation 2 a = 0, which is absurd. But the paradox is explained if 
we observe that by the very nature of the problem the variable x 
must lie between — R and R. It a is positive, has a minimum 
for x = R and a maximum for x = — 


56. Extrema of functions of two variables. Let /(x, y) be a con¬ 
tinuous function of x and y when the point M, whose coordinates 
are x and y, lies inside a region O bounded by a contour C, The 
function/(x, y) is said to have an extremum at the point ii/o («o> Vo) 
of the region O if a positive number -q can be found such that the 

difference 

A =y(xo + A, yo A) —yo)j 


which vanishes for A = A = 0 , keeps the same sign for all other sets 
f\i vfiliiAfi of the incrementa h and k which are each less than n in 
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absolute value. Considering y for the 
equal to yoj ^ becomes a function of the 
the above, the difference 


moment as constant and 
single variable a* ■ and, by 


f(xo + h, yo) —/(ajo, y^) 

camiot keep the same sign for small values of A unless the deriva 

tive df/dx vanishes at the point 3/„. Likewise, the derivative df Icy 

must vanish at ii/„; and it is apparent that the only possible sets of 

values of a: and y which can render the function f(x, y) an extre 

mum are to be found among the solutions of the two simultaneous 
equations 

^=0 
dy 

*ir = I solutions of these two equations. 

We shall suppose that the second partial derivatives of f(x y) do 

not all vanish simultaneously at the point whose coordinates 

are (xj, y^), and that they, together with the third derivatives are 

all continuous near M,. Then we have, from Taylor’s expansion, 


^=0 

dx 


(23) 


( ^ —/(*o + h, y„ + k) -/(x„, y„) 

A A K + 2 hk 

1.2 V dxl dx^dy,^ dyl 


1/ 3/ 

6 V‘ ax * ay/'» + »'■ 




(3) 


We can foresee that the expression 





+ 2hk 




will, in general, dominate the whole discussion. 

In order that there be an extremum at it is necessary and 

sufficient that the difference A should have the same sign when the 

point (xo + A, yo + k) lies anywhere inside a sufficiently small square 

drawn about the point A/„ as center, except at the center, where 

A = 0. Hence A must also have the same sign when the point 

(xo + A, yo + A) lies anywhere inside a sufficiently small circle whose 

center is J^o; for such a square may always be replaced by its 

inscribed circle, and conversely. Then let C be a circle of radius 

r drawn about the point as center. All the points inside this 
circle are given by 


A = p cos <l>, k = p sin 
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ZT'to' 'mtrodJe thU restriction. Making this Bnbstitntion, the 

expression for A becomes 


where 


^ = e! (.4 + 2 B sin </. cos ^ + C 8in®«#») + ^ 

2 

ay c = ^» 

=s -^9 B = t; ^ a-.2 


^Xo ^y^ 


and where i is a function whose extended expression it would he 
useless to write out, but which remains finite near the point (*„, y,). 
II now becomes necessary to distinguish several cases according to 

the sign of — AC. 

First case. LetR^-AOO. Then the equation 

A cos^<^ 4 - 2 R sin cos^ 4- C sin^<#» = 0 

has two real roots in tan and the first member is the difference 
of two squares. Hence we may write 

8 

A = e! [a (a COS «/. + 6 sin <l.r - i3(a' cos + b' am «^)“] + % 

2 


where 


a 


>0, p>o, 


aF — ba* 0. 


If <l> be given a value which satisfies the equation 

a cos <f> b sin ^ = 0, 

A will be negative for sufficiently small values of p ; while, if ^ be 
such that a'cos.^ + 6'sin,^ = 0, A will be positive for infinites^ 
values of p. Hence no number r can be found such that the differ, 
ence A has the same sign for any value of <l> when p is less than r. 
It follows that the function /(*, y) has neither a maximum nor a 

minimum for « = Xo, y = y©* 


Second case. LetB*-AC<0. The expression 

A cos*<^ + 2 B cos<^ sin<^ + C sin*^ 

cannot vanish for any value of <#.. Let m be a lower limit of its 
absolute value, and, moreover, let be an upper limit of the atao- 
lute value of the function i in a circle of radius R about (asoi y«) «• 
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center. Finally, let r denote a positive number less than R and less 
than Sm/ H. Then inside a circle of radius r the difference A will 
have the same sign as the coefficient of i.e. the same sign as A 
or C. Hence the function f(x, y) has either a maximum or a mini¬ 
mum for a: = Xq, 3 / = y^. 

To recapitulate, if at the point (xq, y©) we have 



dxl dyl 



there is neither a maximum nor a minimum. But if 



dxl 



there is either a maximum or a minimum, depending on the sign of 
the two derivatives ^f/dxl, /dy^. There is a maximum if these 
derivatives are negative, a minimum if they are positive. 


57. The ambiguous case. The case where — AC — 0 is not cov¬ 
ered by the preceding discussion. The geometrical interpretation 
shows why there should be difficulty in this case. Let S be the 
surface represented by the equation z =/(x, y). If the function 
/(x, y) has a maximum or a minimum at the point (x©, y©), near 
which the function and its derivatives are continuous, we must have 


ax© 




which shows that the tangent plane to the surface S at the point 

3/©, whose coordinates are (x©, y^, must be parallel to the xy 

plane. In order that there should be a maximum or a minimum it 

is also necessary that the surface S, near the point 3/©, should lie 

entirely on one side of the tangent plane; hence we are led to study 

the behavior of a surface with respect to its tangent plane near the 
point of tangency. 

Let us suppose that the point of tangency has been moved to the 
origin and that the tangent plane is the xy plane. Then the equa¬ 
tion of the surface is of the form 


(24) z = ax^ + 2bxy + cif + ax’> + 3 ^xhj + 3 yxy^ -f- 

where a, b, c are constants, and where a, p, y, S are functions of a: 
and y which remain finite when x and y approach zero. This equa¬ 
tion IS essentially the same as equation (19), where x„ and y^ have 
been replaced by zeros, and h and A by x and y, respectively. 
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In o- i> •" e wliether or not the surface S lies entirely on 
one side of the xtj plane near the origin, it is sufficient to study the 
section of the surface by that plane. This section is given by the 

equation 

(25) + ‘ibxy + Cl/+ ^ -= 0; 

hence it has a double point at the origin of coordinates. If 6® — oc 
is negative, the origin is an isolated double point (§ 63), and the 
equation (25) has no solution except x = y = 0, when the point 
(x, y) lies inside a circle C of sufficiently small radius r drawn 
about the origin as center. The left-hand side of the equation (26) 
keeps the same sign as long as the point (x, y) remains inside this 
circle, and all the points of the surface S which project into the 
interior of the circle C are on the same side of the xy plane except 
the origin itself. In this case there is an extremum, and the por¬ 
tion of the surface S near the origin resembles a portion of a sphere 

or an ellipsoid. 

If b'^ — ac> 0, the intersection of the surface S by its tangent 
plane has two distinct branches C,, Cj which pass through the 
origin, and the tangents to these two branches are given by the 

equation 

ax^ -h 2 bxy -f- cy^ = 0. 


Let the point (x, y) be allowed to move about in the neighborhood 
of the origin. As it crosses either of the two branches Ci, C 2 , the 
left-hand side of the equation (25) vanishes and changes sign. 
Hence, assigning to each region of the plane in the neighborhood 
of the origin the sign of the left-hand side of the equation (25), we 
find a configuration similar to Fig. 7. Among the points of the 
surface which project into points inside a circle about the origin in 

the xy plane there are always some which 
lie below and some which lie above the 
xy plane, no matter how small the circle 
be taken. The general aspect of the sur¬ 
face at this point with respect to its tan¬ 
gent plane resembles that of an unparted 
hyperboloid or an hyperbolic paraboloid. 
The function f(Xy y) has neither a maxi- 
Fio* 7 mum nor a minimum at the origin. ^ 

The case where — ac = 0 is the case in which the curve of 
intersection of the surface by its tangent plane has a cusp at the 
origin. We will postpone the detailed discussion of this case. If the 
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intersection is composed of two distinct branches through the origin, 
there can be no extremum, for the surface again cuts the tangent 
plane. If the origin is an isolated double point, the function f(x, y) 
has an extremum for x = y^0. It may also happen that the inter¬ 
section of the sui-face with its tangent plane is composed of two 
coincident branches. For example, the surface z = y^ ~ 2x^y -f- x* 
is tangent to the plane z = 0 all along the parabola y = x^. The 
function y^-~2 x^y + x* is zero at every point on this parabola, but is 
positive for all points near- the origin which are not on the parabola. 

68. In order to see which of these cases holds in a given example it is neces- 
sary to take into account the derivatives of the third and fourth orders, and some¬ 
times derivatives of still higher order. The following discussion, which is usually 
sufficient in practice, is applicable only in the most general cases. When 
b -ac -0 the equation of the surface may be written in the following form 
by using Taylor’s development to terms of the fourth order: 


( 26 ) z - /{x, y) = A {xsin<p ~ y cos w)2 + 03 (a:, j,) + J_ ^ 

Let us suppose, for definiteness, that A is positive. In order that the surface S 

should he entirely on one side of the xy plane near the origin, it is necessary that 

all the curves of intersection of the surface by planes through the 2 axis should 

lie on the same side of the xy plane near the origin. But if the surface be cut 
by the secant plane 

y = x tan 0, 

the equation of the curve of interaection is found by making the substitution 

X = p cos 0, y = p sin 0 

m the equation ( 26 ), the new axes being the old z axis and the trace of the secant 
plane on the xy plane. Performing this operation, we find 


z = A p2 (cos 0 sin to — cos to sin 0)2 + Kp^ + 

where ^ is independent of p. If tan . > tan z is positive for sufficiently small 
values of p ; hence all the corresponding sections lie above the xy plane near the 
origin. Let us now cut the surface by the plane 






If the corresponding value of K is not zero, the development of z is of the form 

z = p^{K+t) 

and changes sip with p. Hence the section of the surface by this plane has a 

ftmcH ‘hat the 

function 7 (Z, y) has neither a maximum nor a minimum at the origin Such is 

has a cusp of the 

first kind, for instance, for the surface ^ 


X = y2 - a-8 
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If IT = 0 for the latter subetitution, we would cany the development out to 
terms of the fourth order, and we would obtain an expression of the form 

2 = P * (-^1 + 

where is a constant which may be readily calculated from the derivatiTes of 
the fourth order. We shall suppose that Ki is not zero. For infinitesimal val¬ 
ues of p, z has the same sign as JTi; if Ki is negative, the section in question lies 
beneath the xy plane near the origin, and again there is neither a maximum nor 
a minimum. Such is the case, for example, for the surface 2 = y® _ whose 
intersection with the xy plane consists of the two parabolas y=±x^. Hence, 
unless K =0 and -KTj > 0 at the same time, it is evidently useless to carry the 
investigation farther, for we may conclude at once that the surface crosses ite 
tangent plane near the origin. 

But if = 0 and iC'i >0 at the same time, all the sections made by planes 
through the z axis lie above the zy plane near the origin. But that does not 
show conclusively that the surface does not cross its tangent plane, as is seen 
by considering the particular surface 

z= {y -x^){y -2 x*), 

which cuts its tangent plane in two parabolas, one of which lies inside the other. 
In order that the surface should not cross its tangent plane it is also necessary 
that the section of the surface made by any cylinder whatever which passes 
through the z axis should lie wholly above the zy plane. Let y = ^(x) be the 
equation of the trace of this cylinder upon the zy plane, where <p (z) vanishes for 
X = 0 . The function F(x) = /[x, ^(x)] must be at a minimum for x = 0 , what¬ 
ever be the function 0(x). In order to simplify the calculation we will suppose 
that the axes have been so chosen that the equation of the surface is of the form 


z = Ay^ + ^8(*, y) + • • *1 

where A is positive. With this system of axes we have 


dzo 


= 0, 


ayo 


= 0 , 




= 0 , 


dxo^o 


dyl 


> 0 , 


at the origin. 

The derivatives of the function F(x) are given by the formulm 




s + % *' 

S'- 


ay 


(X), 




ay 

a*/ 
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from which, for x = y = 0 , we obtain 

F'(0) = 0, F"(0) = ^ [ 0 ^(O)] 2 . 

If 0 '(O) does not vanish, the function F{z) has a minimum, as is also apparent 
from the previous discussion. But if ^'(0) = 0, we find the formula 


F'{0) = 0, F"{0) = 0, 


F'"{0) = 


cx: 




Hence, in order that F{x) be at a minimum, it is necessary that d^/dx^ vanish 
and that the following quadratic form in ^''( 0 ), ^ 


a*/ 


dx 




av 


52 / 




ayn 


be positive for all values of ^"( 0 ). 

It is easy to show that these conditions are not satisfied for the above function 
2 = y 2 - 3x2y + 2 x«, but that they are satisfied for the function 2 = y 2 4 - x^. 
It is evident, in fact, that the latter surface lies entirely above the xy plane 
We shall not attempt to carry the discussion farther, for it requires extremely 
nice reasoning to render it absolutely rigorous. The reader who wishes to exam¬ 
ine the subject in greater detail is referred to an important memoir by Ludwig 
Scheffer, in Vol. XXXV of the Mathematische Annalen. 


59. Functions of three variables. Let w =/(x, ij,z) he a, continuous 
function of the three variables x, y, z. Then, as before, this func¬ 
tion is said to have an extremum (maximum or minimum) for a set 
of values Xq, y^, Zq if a positive number rj can be found so small 
that the difference 


^ =f(^o + A, yo + ^=0 + 0 yo> «o), 

which vanishes for k = k = I = 0^ has the same sign for all other 
sets of values of A, A, each of which is less in absolute value 
than rj. If only one of the variables x, y, z is given an increment, 
while the other two are regarded as constants, we find, as above, 
that u cannot be at an extremum unless the equations 



are all satisfied, provided, of course, that these derivatives are con¬ 
tinuous near the point (x^, z^^), Let us now suppose that Xy, y^, z^ 

are a set of solutions of these equations, and let be the point 
whose coordinates are Xq, y^, Zq. There will be an extremum if a 
sphere can be drawn about itfo so small that/(x, y, z) — /(x^,, yo, z^ 
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has the same sign for all points (x, z) except 3/® inside the sphere. 
Let the coordinates of a neighboring point be represented by the 
equations 

X = X® + par, y = Vo + pPi « = «o + py, 

where a, y3, y satisfy the relation -f -f y* = 1; and let us replace 
X — Xq, y — z — 2 ® in Taylor's expansion of /(x, y, z) by par, p^, 
py, respectively. This gives the following expression for A: 

A = p2[<^(a, y) 4- cZ], 

where (a, y) denotes a quadratic form in a, y whose coeffi¬ 
cients are the second derivatives of /(x, y, «), and where L is a 
function which remains finite near the point 3/®. The quadratic 
form may be expressed as the sum of the squares of three distinct 
linear functions of a, p, y, say P, P\ P", multiplied by certain con¬ 
stant factors a, a', a", except in the particular case when the dis¬ 
criminant of the form is zero. Hence we may write, in general, 

<t> («, Py i) = -h 

where a, a', a'' are all different from zero. If the coefficients a, a\ a" 
have the same sign, the absolute value of the quadratic form will 
remain greater than a certain lower limit when the point or, p, y 
describes the sphere 

a* 4- + y“ = 1, 

and accordingly A has the same sign as a, a\ a'' when p is less than 
a certain number. Hence the function /(x, y, z) has an extremum. 

If the three coefficients a, a\ a” do not all have the same sign, 
there will be neither a maximum nor a minimum. Suppose, for 
example, that a > 0 , a* < 0 , and let us take values of a, p, y which 
satisfy the equations P' = 0, P” = 0. These values cannot cause P 
to vanish, and A will be positive for small values of p. But if, on 
the other hand, values be taken for a, p^ y which satisfy the equa¬ 
tions P = 0, P'' = 0, A will be negative for small values of p. 

The method is the same for any number of independent variables: 
the discussion of a certain quadratic form always plays the prin¬ 
cipal r51e. In the case of a function u =/(x, y, z) of only three 
independent variables it may be noticed that the discussion is 
equivalent to the discussion of the nature of a surface near a singu¬ 
lar point. For consider a surface S whose equation is 

F(x, y, z) =/(®, y, z) -/(aso, y,. »o) = 0} 
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this surface evidently passes through the point whose coordi- 
nates are (Xq, ]/of ^o)f 3-*^^ if function ^(x, y, z) has an extremum 

there, the point is a singular point of 2. Hence, if the cone of 
tangents at Mo is imaginary, it is clear that F(x, y, z) will keep the 
same sign inside a sufficiently small sphere about Mq as center, and 
/(x, y, «) will surely have a maximum or a minimum. But if the 
cone of tangents is real, or is composed of two real distinct planes, 
several nappes of the surface pass through M^j and -F(x, y, z) 
changes sign as the point (x, y, z) crosses one of these nappes. 


60. Distance from a point to a surface. Let us try to find the maximum and the 
minimum values of the distance from a fixed point (a, b, c) to a surface S whose 
equation is F(x, y, z) = 0. The square of this distance, 

4 

u = d2 = (X _ a)2 + (y - 6)2 + (2 - c)2, 

is a function of two independent variables only, — x and y, for example, if 2 be 
considered as a function of x and y defined by the equation F = 0. In order 
that u be at an extremum for a point (x, y, 2 ) of the surface, we must have, for 
the coordinates of that point, 


1 du 

2 dx 

1 du 

2 ay 


= (X - a) + ( 2 : - c) 

ax 

= (y - 6) + (2 - c) ^ 

ay 



We find, in addition, from the equation F = 0, the relations 


dx dz dx ’ ay dz dy 


whence the preceding equations take the form 

X — a _ y>-6 _ 2~c 
dF ~ dF ~ dF ' 
dx dy dz 

This shows that the normal to the surface S at the point (x, y, 2 ) passes through 
the point (a, 6, c). Hence, omitting the singular points of the surface 5, the 
points sought for are the feet of normals let fall from the point (a, 6, c) upon the 
surface S. In order to see whether such a point actually corresponds to a maxi¬ 
mum or to a minimum, let us take the point as origin and the tangent plane as 
the xy plane, so that the given point shall lie upon the axis of 2 . Then the func¬ 
tion to be studied has the form 


u = x 2 -I- y 2 4 - (z — c)2, 

where z is a function of x and y which, together with both its first derivatives, 
vanishes for x = y = 0. Denoting the second partial derivatives of 2 by r, 5, 
we have, at the origin, 


02 u 


= 2(1-cr), 



02 w 


= 2(l-c<), 
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(t only remains to study the polynomial 

A (c) = — (1 — cr) (1 — ct) = c* (a* — rt) + (r + i) c — 1. 

The roots of the equation A(c) = 0 are always real by virtue of the identity 
4- 4 (32 _ rf) = 4 a* 4- (r — f)*. There are now several cases which must 
be distinguished according to the sign of a^ — rt. 

First case. Let a^ — rt < 0. The two roots Ci and of the equation A(c) = 0 
have the same sign, and we may write A(c) = (a^ — rt) (c — Ci) (c — Ca). Let us 
now mark the two points Ai and A 2 of the z axis whose coordinates are C\ and Ca. 
These two points lie on the same side of the origin; and if we suppose, as is 
always allowable, that r and t are positive, they lie on the positive part of the 
2 axis. If the given point A (0, 0, c) lies outside the segment AiAg, A(c) is 
negative, and the distance OA is a maximum or a minimum. In order to see 
which of the two it is we must consider the sign of 1 — cr. This coefficient 
does not vanish except'when c = 1 /r ; and this value of c lies between C\ and Ca, 
since A (1/r) = s^/r*. But, for c = 0, 1 — cr is positive ; hence 1 — cr is posi¬ 
tive, and the distance OA is a minimum if the point A and the origin lie on 
the same side of the segment A\A^. On the other band, the distance OA is a 
maximum if the point A and the origin lie on different sides of that segment. 
When the point A lies between A\ and A2 the distance is neither a minim um 
nor a maximum. The case where A lies at one of the points Ai, A^ is left in 
doubt. 

Secortd case. Let — rf > 0. One of the two roots ci and Cg of A (c) = 0 is 
positive and the other is negative, and the origin lies between the two points 
A\ and Ag. If the point A does not lie between A\ and A3, A(c) is positive 
and there is neither a maximum nor a minimum. If A lies between Ax and 
A3, A (c) is negative, 1 — cr is positive, and hence the distance OA is a minimum. 

Third case. Let «* — rf = 0. Then A(c) = (r + t) (c — ci), and it is easily 
seen, as above, that the distance OA is a minimum if the point A and the origin 
lie on the same side of the point Ai, whose cobrdinates are (0, 0, Ci), and that 
there is neither a maximum nor a minimum if the point Ax lies between the point 
A and the origin. 

The points Ax and A3 are of fundamental importance in the study of curva¬ 
ture ; they are the principal centers of curvature of the surface S at the point O. 


61. Maxima and minima of implicit functions. We often need to find 
the maxima and minima of a function of several variables which 
are connected by one or more relations. Let us oonsiderj for 
example, a function <0 =/(a:, y, z, u) of the four variables as, y, z, ti, 
which themselves satisfy the two equations 


A Vf «) = 0, /,(x, y, Zy u) = 0. 


For definiteness, let us think of x and y as the independent vari¬ 
ables, and of z and u as functions of x and y defined by these equa¬ 


tions. Then the necessary conditions that o> have an extremum are 
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^ dz dx du dx ’ % dz dy du dy 


and the partial derivatives dz/dx, du/dx, dz/dy, du/dy are given 
by the relations 


^ 4. 

dx dz dx 

.£/!££ 

dy dz dy 


+ 

+ 


du dx 
dfi du 
du dy 



dx dz dx du dx ' 

dy dz dy du dy 


The elimination of dz/dx, du/dx, dz/dy^ du/dy leads to the new 
equations of condition 



^(fi f\if^ _ 0 fiifii) _ Q 

D(x, «, u) ’ D(y, w) 


■which, together with the relations/i = 0, /a = 0, determine the val¬ 
ues of a:, y, Zy Uy which may correspond to extrema. But the equar 
tions (27) express the condition that we can find values of \ and y. 
which satisfy the equations 



hence the two equations (27) may be replaced by the four equations 
(28), where X and y, are unknown auxiliary functions. 

The proof of the general theorem is self-evident, and we may 
state the following practical rule: 


Given a function 

/(xi, xa, . • •, X,) 

of ft varidbleSy connected by h distinct relations 

^1 = 0 , <^3 = 0 , • • •, = 0 ; 

in order to find the values of Xi, Xs, • • •, x„ which may refider this 
function an extremum we must equate to zero the partial derivatives 
of the auxiliary function 

y* -h Xi + • • • + X/, 
regarding Xi, X 3 , • • •, X* cw constants. 
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6? Another example. We shall now take up another example, where the mini- 
mu \ ' not necessarily given hy equating the partial derivatives to zero. Given 
a triangle ABC; let us try to find a point P of the plane for which the sum 
PA + PB -f PC of the distances from P to the vertices of the triangle is a 
minimum. Let (ai, 6i), (a2» ^2)1 («8i ^>8) !>© respectively the coordinates of the 
vertices A, P, C referred to a system of rectangular coordinates. Then the func¬ 
tion whose minimum is sought is 

(29) z = V(x - ai)2 + (y- bi)^+V{x - + {y- + V(x - a,)2 + (y - 6j)s, 

where each of the three radicals is to be taken with the positive sign. This equa¬ 
tion (29) represents a surface S which is evidently entirely above the xy plane, 
and the whole question reduces to that of finding the point on this surface which 
is nearest the xy plane. From the relation (29) we find 

Bz _ x~ ai _^ g — og _^_ a; — gg 

V(x-ai)2 + (2/ ^6,)2 V(x - 02)2 + (y - W V(x - a8)2 + (y - 63)2’ 

_ y - _^_ y — &2 _^_ y — 63 

^y V(x - ai)2+ (y - 6i)2 V(x - 02)2 + (y - 62)2 V(x - a3)2 + (y - 6g)a * 

and it is evident that these derivatives are continuous, except in the neighbor¬ 
hood of the points A, P, C, where they become indeterminate. The surface P, 
therefore, has three singular points which project into the vertices of the given 
triangle. The minimum of z is given by a point on the surface where the tan¬ 
gent plane is parallel to the xy plane, or else hy one of these singular points. In 
order to solve the equations dz/Bx = Ot 5z/0y = O, let us write them in the 
form 

_ X — a-i _I_ X — 02 ___ X — a s 

V(x - ai)2 + (y - 6i)2 V(x - + (y - 62)2 03)2 + (y - 63)3’ 

_ y -i>i _^_ y - &2 _^_ yj- 63 

V(x-ai)2+ (y-6i)2 V(x - 02)2 + (y - 63)2 V(x - a^)^ + {y - 6»)» 

Then squaring and adding, we find the condition 

(X - ai) (X - Ofl) + (y - 61) (y - 5 a) 

X _ ai)3 + (y - bi)2 V(x - 02)2 + (2/ - 63)3 

The geometrical interpretation of this result is easy: denoting by a and /3 the 
cosines of the angles which the direction PA makes with the axes of x and y, 
respectively, and by o' and /S' the cosines of the angles which PB makes with the 
same axes, we may write this last condition in the form 

l + 2(aa' + ^j80 = O, 
or, denoting the angle APB by w, 

2 cos (0 + 1 = 0. 

Hence the condition in question expresses that the segment AB subtends an 
angle of 120® at the point P. For the same reason each of the angles BPC and 
CPA must be 120°,» It is clear that the point P must He inside the triangle 


1 + 2 — 


» The reader is urged to draw the figure. 
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ABC, and that there is no point which possesses the required property if anv 
angle of the triangle ABC is equal to or greater than 120 °. In case none of the 
angles is as great as 120 °, the point P is uniquely determined by an easy con 
struction, as the intersection of two circles. In this case the minimum is given 
by the point P or by one of the vertices of the triangle. But it is easy to Low 
that the sum PA + PB + PC is less than the sum of two of the sides L the tri¬ 
angle. For, since the angles APB and APC are each 120 °, we find from the 
two triangles PAC and PBA, the formula ’ 


AB= Va2 + 62 ^ a(), 


AC= Va 2 + c 2 + ac, 
where PA = a, PB = b, PC = c. But it is evident that 


Va^ + 6^ + a6>6+“ c*-l-> c-f “, 

" o 

and hence 

■^■S + -4C>a + 6 + c. 

The point P therefore actually corresponds to a minimum 

When one of the angles of the triangle ABC is equal to or greater than 120 ° 
there exists no point at which each of the sides of the triangle ABC subtends an 
angle of 120 °, and hence the surface S has no tangent plane which is parailel to 
the xy plane. In this case the minimum must be given by one of the vertices of 
the triangle, and it is evident, in fact, that this is the vertex of the obtuse ancle 
It is easy to verify this fact geometrically. ^ 


63 . D-Alembert>s theorem. Let P(x, y) be a polynomial in the two variables 
z and y arranged into homogeneous groups of ascending order 

P(x, y) = - 0 "+ y) + 0p + ,(a:, 2^) -f ... _l_ 0^(3.^ 

where S’ is a constant. If the equation 0^ (x, y) = 0 , considered as an equation 
in J//X, has a simple root, the function P(x. y) cannot have a maximum or a mini¬ 
mum for X = y = 0 . For it results from the discussion above that there exist sec¬ 
tions of the surface z-\- F{x,y) made by planes through the z axis, some 
of which lie above the zy plane and others below it near the origin. From this 
remark a demonstration of d’Alembert’s theorem may be deduced. For, let /(z) 
be an integral polynomial of degree m, * ' 

f{z) = Aq 4 - Aiz + AiZ^ 4 - ... 4 - AmZ'^y 

where the coefficients are entirely arbitrary. In order to separate the real and 
imaginary parts let us write this in the form 

/(x 4 - iy) = Oo 4 - + (ai 4- i 6 i) (x 4 - *2/) 4 - • • • 4 - (dm + ib^) (x 4- 

where Oo, 60, ai, 61, • ■ 0^, 6m are real. We have then 

f{z) = P 4 - iQ, 

where P and Q have the following meanings: 

P — clq 4 " CL\Z — 6iy 4 * * * * j 
Q = 60 + 61X 4 " <i\y 4 * • • • 5 


and hence, finally, 


|/( 2 )|=VP 2 -)- Q 2 . 
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We will first show that |/(2)|, or, what amounU to the same thing, that 
P® -I- cannot be at a minimum for as = y = 0 except when Oo =r &o = 0. For 
this purpose we shall introduce polar coordinates p and 0, and we shall suppose, 
for the sake of generality, that the first coefficient after Ao which does not 
vanish is Ap. Then we may write the equations 

P = flo + {<^p cos p<p — bp sin p(p) pr -, 

Q = 6o + {bp cos + ap sin ptp) + • • •, 
p 2 _j_ Q2 — [(ttoUj, + bobp) coap<p + {boUp - oobp) sinp^] + - •., 

where the terms not written down are of degree higher than p with respect to p. 
But the equation 

(OoOp bobp) cos pip + {boap — Oobp) sinp^ = 0 

gives tanp<p = iT, which determines p straight lines which are separated by 
angles each equal to 2 7t/p. It is therefore impossible by the above remark that 
p3 + Q2 should have a minimum for a: = y = 0 unless the quantities 

Uoflp + ho&p» boCtp — CKibp 

both vanish. But, since a| + is not zero, this would require that Oo = &o = 0; 
that is, that the real and the imaginary parts of f{z) should both vanish at the 
origin. 

If \f{z) I has a minimum for x = or, y = the discussion may be reduced to 
the preceding by setting z = a zf. It follows that |/(z) | cannot be at a 

minimum unless P and Q vanish separately for x = or, y = 

The absolute value of f(z) must pass through a minimum for at least one 
value of z, for it increases indefinitely as the absolute value of z increases indefi¬ 
nitely. In fact, we have 

where the terms, omitted are of degree less than 2 m in p. This equation may be 
written in the form 

VP» + Q* = + &* + «), 

where c approaches zero as p increases indefinitel y. Henc e a circle may be 
drawn whose radius iZ is so large that the value of Vpa -j- Q2 is greater at every 
point of the circumference than it is at the origin, for example. It follows that 
there is at least one point 

X = a, y = 

inside this circle for which Vp* + QS is at a minimam. By the above it fol¬ 
lows that the point x = ar, y = j8isa point of intersection of the two oiirvea 

P = 0, Q = 0, which amounts to saying that z = a + /Si is a root of the equation 
/W=0. 

In this example, as in the preceding, we have assumed that a function of the 
two variables x and y which is continuous in the interior of a limited region 
actually assumes a minimum value inside or on the boundary of that region. 
This is a statement which will be readily granted, and, moreover, it wlU be 
rigorously demonstrated a little later (Chapter VI). 
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EXERCISES 

1 . Show that the number 9, which occurs in Lagrange’s form nf 

mainder approaches the limit l/(n + 2 ) as A approacl>es zero, provideS thl^ 
/(.n+S)(a) is not zero. ’ 

2. Let Fix) be a determinant of order n, all of whose elements are function., 

of *. Show that the derivative F'ix) is the sum of the n determinants obtailri 
by replacing, successively, aU of the elements of a single line bv tl.cir ^ ^ 

tives. State the corresponding theorem for derivatives of higher order. 

3. Find the maximum and the minimum values of the distance from a fixed 

point to a plane or a skew curve ; between two variable points on two curves 
between two variable points on two surfaces. ’ 

4. The points of a surface S for which the sum of the squares of the dis 
tances from n fixed points is an extremum are the feet of the normals let fall 
upon the surface from the center of mean distances of the given n fixed points 

6 Of all the quadrilaterals whieh can be formed from four given sides, that 

which IS mscriptible m a circle has the greatest area. State tlie analogous 
theorem for polygons of n sides. ® 

6 . Find the maximum volume of a rectangular parallelopiped inscribed in 

an ellipsoid. “ 

7. Find the axes of a central quadric from the consideration that the vertices 
are the points from which the distance to the center is an extremum. 

8 . Solve the analogous problem for the axes of a central section of an ellipsoid. 

9. Find the ellipse of minimum area which passes through the three vertices 

of a given triangle, and the ellipsoid of minimum volume which passes through 
the four vertices of a given tetrahedron. ^ 

10 . Knd the point from which the sum of the distances to two given straight 
Imea and the distance to a given point is a minimum. 

11. Prove the following formula : [Joseph Bertrand.] 

log (j! + 2) = 2 log (X + 1) - 2 log (X - 1) + log(x - 2) 


• 

S\x^-Qx/ ^6\x8_3a.y 


] 


[Bordaks Series.] 

Iog(x + 6 ) = log(x + 4) + log(a: + 3) - 2 logo; 

+ log(a: - 3) + log(z - 4) - log(x - 5) 

72 ^ 1 / 72 \8 -] 

- 25x2 + 72 3 V^-26x2+ 72/ + ’'' J 

[Haro’s Series.] 
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DEFINITE INTEGRALS 

1. SPECIAL METHODS OF QUADRATURE 

64. Quadrature of the parabola. The determination of the area 
bounded by a plane curve is a problem which has always engaged 
the genius of geometricians. Among the examples which have 
come down to us from the ancients one of the most celebrated is 
Archimedes’ quadrature of the parabola. We shall proceed to 
indicate his method. 

Let us try to find the area bounded by the arc A CB of a parabola 
and the chord AB. Draw the diameter CD, joining the middle 
point D of .dJS to the point C, where the tangent is parallel to AB. 
Connect AC and DC, and let E and D' be the points where the 

tangent is parallel to DC and 
ACy respectively. We shall 
first compare the area of the 
triangle BECy for instance, 
with that of the triangle ABC. 
Draw the tangent ETy which 
cuts CD at T. Draw the diam¬ 
eter EFy which cuts CD at F; 
and, finally, draw EK and PH 
parallel to the chord AB. By 
an elementary property of the 
parabola TC = CK. Moreover, 
CT = EF = KHy and hence 
DF= CDr/2= CD/4. The 
areas of the two triangles BCE 
and DCD, since they have the 
same base DC, are to each other as their altitudes, or as EF is 
to CD. Hence the area of the triangle BCE is one fourth the area 
of the triangle DCD, or one eighth of the area S of the triangle ABC* 
The area of the triangle A CE* is evidently the same. Carrying out 
the same process upon each of the chords DJB, CE, CE\ fi'A, we 
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obtain four new triangles, the area of each of which is S /8*, and so 
forth. The «th operation gives rise to 2" triangles, each having the 
area 5/8". The area of the segment of the parabola is evidently 
the limit approached by the sum of the areas of all these triangles 
as n increases indefinitely ; that is, the sum of the following descend- 
ing geometrical progression: 




y 


and this sum is 4 5/3. It follows that the required area is equal to 
two thirds of the area of a parallelogram whose sides are AB and CD 
Although this method possesses admirable ingenuity, it must be 
admitted that its success depends essentially upon certain special 
properties of the parabola, and that it is lacking in generality. The 
other examples of quadratures which we might quote from ancient 
writers would only go to corroborate this remark : each new curve 
required some new device. But whatever the device, the area to be 
evaluated was always split up into elements the number of which 
was made to increase indefinitely, and it was necessary to evaluate 
the limit of the sum of these partial areas. Omitting any further 
particular cases,* we will proceed at once to give a general method 
of subdivision, which will lead us naturally to the Integral Calculus. 


65. General method. For the sake of definiteness, let us try to 
evaluate the area 5 bounded by a curvilinear arc AMB, an axis xx' 
which does not cut that arc, and two perpendiculars AA^ and BB^ let 
fall upon xx^ from 
the points A and B. 

We will suppose 
further that a par¬ 
allel to these lines 
BBq cannot 
cut the arc in more 
than one point, as 
indicated in Fig. 9. 

Let us divide the segment A^B^ into a certain number of equal or 
unequal parts by the points P., Pn-iy and through these 

points let us draw lines P^Qi, P2Q2, P„_,Q„_, parallel to AA^ 

and meeting the arc AB in the points Qi, , Q„_i, respectively. 



*A nuinbGr of oxamples of dotcrminiitions of &rcS| aud volumes by 

the methods of ancient writers are to be found in DuhameVs Traits. 
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Now draw through A a line parallel to xx\ cutting Qj at 5 
through Qi a parallel to xx', cutting PaQ* at ja; and so on. We 
obtain in this way a sequence of rectangles Pi, Pa> * *'» -Ro * * * > -R,,* 
Each of these rectangles may lie entirely inside the contour 
but some of them may lie partially outside that contour, as is 

indicated in the figure. 

Let denote the area of the rectangle P,-, and the area bounded 
by the contour Pi_iP;Q, Qi-i- In the first place, each of the ratios 
Pi/<^u ySa/aj, •, fii/cfi, • approaches unity as the nxunber of 
points of division increases indefinitely, if at the same tune each 
of the distances A^Pu P 1 P 2 , - Pi-i^iy * approaches zero. For 
the ratio for example, evidently lies between ^i/Pf-iQi_j and 

Li/Pi-iQi-u where and L; are respectively the minimum and the 
maximum distances from a point of the arc Qi_iQi to the axis xx\ 
But it is clear that these two fractions each approach unity as the 
distance P^ _ 1 P^ approaches zero. It therefore follows that the ratio 

<^1 4- ga H-h gn 

which lies between the largest and the least of the ratios ccx/Px^ 
<^2/P%y •**> ^n/Pny will also approach unity as the number of the 
rectangles is thus indefinitely increased. But the denominator of 
this ratio is constant and is equal to the required area S, Hence 
this area is also equal to the limit of the sum + ag + • • * as 
the number of rectangles n is indefinitely increased in the manner 
specified above. 

In order to deduce from this result an analytical expression for 
the area, let the curve AP be referred to a system of rectangular 
axes, the x axis Ox coinciding with xx*y and let y =y(x) be the 
equation of the curve AB, The function/(cc) is, by hypothesis, a 
continuous function of x between the limits a and b, the abscissae 
of the points A and B. Denoting by Xi, x^, > • •, x^_i the abscissae 
of the points of division Pi, Pj, •••, P«_i, the bases of the above 
rectangles are Xi — a, Xa — Xi, • • •, x,- — , 6 — x^_i , and their 

altitudes are, in like manner, 

Hence the area S is equal to the limit of the following sum: 

( 1 ) (*, - a)f(a) + (*, - * 0 /( 3 !,) + ... + (6 - 

as the number n increases indefinitely in such a way that each of 
the differences Xj — a, as* — Xi, • • • approaches xero. . 4 , 
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66. Examples. If the base AB be divided into n equal parts, each 
of length h (b —a = nh), all the rectangles have the same base h, 
and their altitudes are, respectively, ' 

/(«)> /(® /(® + 2 A), ./[a -f (n — 1 )A]. 

It only remains to find the limit of the sum 

+/(® + + 2 A) H-l-/[a -\-(n — 

where 





as the integer n increases indefinitely. This calculation becomes 
easy if we know how to find the sum of a set of values f(x) corre¬ 
sponding to a set of values of x which form an arithmetic progres¬ 
sion; such is the case if f(x) is simply an integral power of ar, or, 
again, iff(x)=sinmx ot f(x) — cosmx, etc. 

Let us reconsider, for example, the parabola x^ = 2 and let us try 
to find the area enclosed by an arc OA of this parabola, the axis of a-, 
and the straight line x = a which passes through the extremity A. 
The length being divided into n equal parts of length h {nh = a), we 
must try to find by the above the limit of the sum 

A|-A» + 4A» + ..- + (»i-l)“A“]=g[l + 4 + 9 + ...+(n-l)^]. 

The quantity inside the parenthesis is the sum of the squares of the 
first (n — 1 ) integers, that is, ?i(n — 1 ) (2 n — l)/ 6 ; and hence the 
foregoing sum is equal to 



As n increases indefinitely this sum evidently approaches the limit 
a*/ 6 j> = (l/3)(a. aY2^), or one third of the rectangle constructed 
upon the two coordinates of the point A, which is in harmony with 
the result found above. 

In other cases, as in the following example, which is due to 
Fermat, it is better to choose as points of division points whose 
abscissae are in geometric progression. 

Let us try to find the area enclosed by the curve y = the 
axis of and the two straight lines x ~ a^x = h (0 <a<b), where 
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the expouent ^ is arbitrary. In order to do so let us insert between 
a and n — 1 geometric means so as to obtain the sequence 

a, a(la)j a(l + a)*, •••, a(l + 

where the number a satisfies the condition a (1 4- «)" = h. Tak¬ 
ing this set of numbers as the abscissae of the points of division, the 
corresponding ordinates have, respectively, the following values: 

+ Aa^(l + ay^, 

and the area of the jsth rectangle is 

[a(l —a(l + + = 

Hence the sum of the areas of all the rectangles is 


+ +(1 + + -h(l + a)<--i)(^ + «]. 

If /X -f 1 is not zero, as we shall suppose first, the sum inside the 
parenthesis is equal to 

(1 + -1 ’ 


or, replacing a(l + by b, the original sum may be written in the 
form 



M + l 



a 

(1 + + i - l' 


As a approaches zero the quotient [(1 + + * — l]/a approaches 

as its limit the derivative of (1 + + ^ with respect to a for a = 0, 

that is, /u, + 1; hence the required area is 




If /X = — 1, this calculation no longer applies. The sum of the 
areas of the inscribed rectangles is equal to nAa, and we have to 
find the limit of the product ?ia where 71 and a are connected by the 
relation 

a(l -f a)* = 6. 

From this it follows that 


na = log - 


a 


a log(l -f a) 




log(l 4 - «)« 


9 
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where the symbol log denotes the Naperian logarithm. As « 
approaches zero, (!+«)*/“ approaches the number e, and the prod¬ 
uct na approaches log (6/ a). Hence the required area is equal to 

A log(*/“)• 

67. Primitive functions. The invention of the Integral Calculus 
reduced the problem of evaluating a plane area to the problem of 
finding a function whose derivative is kno7vn. Let y —f{x) be the 
equation of a curve referred to two rectangular axes, where the 
function/(x) is continuous. Let us consider the area enclosed by 
this curve, the axis of x, a fixed ordinate H/oPo, and a variable 

BiS b function of tlic 3il)sciss3i x of tlic VcU’inblc ordiuBtc 
In order to include all pos¬ 
sible cases let us agree to 
denote hj A the sum of the 
areas enclosed by the given 
curve, the x axis, and the 
straight lines MP, 

each of the portions of 
this area being affected 
by a certain sign; the 
sign -h for the portions to 
the right of M^P^ and above Ox, the sign — for the portions to the 
right of MfjP^ and below Ox, and the opposite convention for por¬ 
tions to the left of M^P^, Thus, if MP were in the position M'P', we 
would take A equal to the difference 



MqP^C - M'P'C-, 

and likewise, if MP were at M"P", A = P”D — M^P^D. 

With these conventions we shall now show that the derivative of 
the continuous function A, defined in this way, is precisely /(x). As 
in the figure, let us take two neighboring ordinates MP^ NQ^ whose 
abscissae are x and x -f- Ax. The increment of the area A^ evidently 
lies between the areas of the two rectangles which have the same 
base PQ, and whose altitudes are, respectively, the greatest and the 
least ordinates of the arc MN. Denoting the maximum ordinate by 
H and the minimum by h, we may therefore write 


AAx •< AA <C HAx, 

or, dividing by Ax, h < AA /Ax < H. As Ax approaches zero, H and 
h approach the same limit MP, or f(x), since /(a:) is continuous. 
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Hence the derivative of A is /’(x). The proof that the same result 
holds for any position of the point AI is left to the reader. 

If we already know a ^primitive function o£y‘(cc), that is, a function 
T(x) whose derivative is/(x), the difference A — J^(a:) is a constant, 
since its derivative is zero (§ 8). In order to determine this con¬ 
stant, we need only notice that the area A is zero for the abscissa 
X = a of the line MP. Hence 

A = -^(x) — 

It follows from the above reasoning, first, that the determination 
of a plane area may be reduced to the discovery of a primitive func¬ 
tion ; and, secondly (and this is of far greater importance for us), 
that every continuous function fix') is the derivative of some other 
function. This fundamental theorem is proved here by means of 
a somewhat vague geometrical concept, — that of the area under a 
plane curve. This demonstration was regarded as satisfactory for a 
long time, but it can no longer be accepted. In order to have a stable 
foundation for the Integral Calculus it is imperative that this theo¬ 
rem should be given a purely analytic demonstration which does not 
rely upon any geometrical intuition whatever. In giving the above 
geometrical proof the motive was not wholly its historical interest, 
however, for it furnishes us with the essential analytic argfument of 
the new proof. It is, in fact, the study of precisely such sums as 
(1) and sums of a slightly more general character which will be 
of preponderant importance. Before taking up this study we must 
first consider certain questions regarding the general properties of 
functions and in particular of continuous functions.* 


11. DEFINITE INTEGRALS ALLIED GEOMETRICAL CONCEPTS 


68. Upper and lower limits. An assemblage of numbers is said to 
have an upper limit (see ftn., p. 91) if there exists a number N so 
large that no member of the assemblage exceeds N, Likewise, an 
assemblage is said to have a lower limit if a number IV' exists than 
which no member of the assemblage is smaller. Thus the assem¬ 
blage of all positive integers has a lower limit, but no upper limit; 


* Among the most important works on the general notion of the definite integral 
there should be mentioned the memoir by Riemann: Vher die eine JVmo- 

tion durch eine trigonometrische Reihe darxuat^len (ITerifce, 2d ed., l^eipaig, 1882, 
p. 239; and also French translation by Laugel, p. 226); and the memoir by Darbonz, to 
which we have already referred: 5ur les foncHons diseonHnues {Annales ds Tifoolft 
Nomiaie Superieurst 2d series, Vol. IV). 
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the assemblage of all integers, positive and negative, has neitlier ; 
and the assemblage of all rational numbers between 0 and 1 has 
both a lower and an upper limit. 

Let (E) be an assemblage which has an upper limit. With 
respect to this assemblage all numbers may be divided into two 
classes. We shall say that a number a belongs to the first class if 
there are members of the assemblage (E) which are greater than a, 
and that it belongs to the second class if there is no member of the 
assemblage (E) greater than a. Since the assemblage (E) has an 
upper limit, it is clear that numbers of each class exist. If A be 
a number of the first class and B a number of the second class, it 
is evident that A<B; there exist members of the assemblage (E) 
which lie between A and By but there is no member of the assem¬ 
blage (E) which is greater than B. The number C = (.1 B)/2 

may belong to the first or to the second class. In the former case 
we should replace the interval (A, B) by the interval (C, B), in the 
latter case by the interval (.1, C). The new interval B^) is half 
the interval (A, B) and has the same properties : there exists at least 
one member of the assemblage (E) which is greater than Ai, but none 
which is greater than Ri. Operating upon (Ai, B^) in the same way 
that we operated upon (A, B), and so on indefinitely, we obtain an 
unlimited sequence of intervals (A, R), (Aj, Rj), (Ag, B^), - each 
of which is half the preceding and possesses the same property 
as (A, B) with respect to the assemblage (E), Since the numbers 
A, Ai, Aa, A„ never decrease and are always less than By they 
approach a limit X (§ 1). Likewise, since the numbers R, Rj, B^y • • • 
never increase and are always greater than A, they approach a limit 
Moreover, since the difference — A„ = (R — A ) / 2" approaches zero 
as n increases indefinitely, these limits must be equal, i.e. = X. 
Let L be this common limit; then L is called the upper limit of the 
assemblage {E'), Erom the manner in which we have obtained it, 
it is clear that X has the following two properties : 

1) No member of the assemblage (X) is greater than L. 

2) There always exists a member of the assemblage (X) which is 
greater than L — c, where c is any arbitrarily small positive number. 

For let us suppose that there were a member of the assemblage 
greater than X, say X -{- A (A > 0). Since B^ approaches X as n 
increases indefinitely, will be less than X + A after a certain 
value of n. But this is impossible since is of the second class. 
On the other hand, let c be any positive number. Then, after a 
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certain value of n, A„ will be greater than L — e; and since there are 
members of (B) greater than these numbers will also be greater 
than X — It is evident that the two properties stated above can¬ 
not apply to any other number than L. 

The upper limit may or may not belong to the assemblage (E), 
In the assemblage of all rational numbers which do not exceed 2 
for instance, the number 2 is precisely the upper limit, and it belongs 
to the assemblage. On the other hand, the assemblage of all irra¬ 
tional numbers which do not exceed 2 has the upper limit 2, but 
this upper limit is not a member of the assemblage. It should be 
particularly noted that if the upper limit Z does not belong to the 
assemblage, there are always an infinite number of members of (E) 
which are greater than X — c, no matter how small « be taken. For if 
there were only a finite number, the upper limifwould be the largest 
of these and not X. When the assemblage consists of ?i different 
numbers the upper limit is simply the largest of these n numbers. 

It may be shown in like manner that there exists a number V 
in case the assemblage has a lower limit, which has the following 
two properties; 

1) No member of the dssemhlage is less than X', 

2) There exists a member of the assemblage which is less than 
X' 4- «, where « is an arbitrary positive number,^ 

This number X' is called the lower limit of the assemblage. 

69. Oscillation. Let/(a:) be a function of x defined in the closed f 
interval (a, h) ; that is, to each value of x between a and h and to each 
of the limits a and b themselves there corresponds a uniquely deter¬ 
mined value of/(a:). The function is said to be finite in this closed 
interval if all the values which it assumes lie between two fixed 
numbers A and B. Then the assemblage of values of the function 
has an upper and a lower limit. Let M and m be the upper and 
lower limits of this assemblage, respectively; then the difference 


•Whenever all numbers can be separated into two classes A and R, according to 
any characteristic property, in such a way that any number of the class A is less than 
any number of the class X, the upper limit X of the numbers of the class A is at the 
same time the lower limit of the numbers of the class B. It is clear, first of all, that 
any number greater than X belongs to the class B. And if there were a number X'<X 
belonging to the cla.ss R, then every number greater than U would belong to the class B 
Hence every number less than X belongs to the class A, every number greater than X 
belongs to the class R, and X itself may belong to either of the two classes, 
t The word “ closed ” is used merely for emphasis. See § 2. —Trans. 
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A=:^—»» is called the oscillation of the function f{x) in the 
interval (a, h). 

These definitions lead to several remarks. In order that a func¬ 
tion be finite in a closed interval (a, b) it is not sufficient that it 
should have a finite value for every value of x. Thus the function 
defined in the closed interval (0, 1) as follows : 

/(0) = 0, f(x) = l/x for a: >0, 

has a finite value for each value of x ; but nevertheless it is not 
finite in the sense in which we have defined the word, for/(a:) > a 
if we take x<l/A, Again, a function which is finite in the closed 
interval (a, h) may take on values which differ as little as we please 
from the upper limit M or from the lower limit m and still never 
assume these values themselves. For instance, the function f{x), 
defined in the closed interval (0, 1) by the relations 

/(O) = 0, f(x) = 1 ~x for 0 < a: < 1, 
has the upper limit il/ = 1, but never reaches that limit. 

70. Properties of continuous functions. We shall now turn to the 
study of continuous functions in particular. 

Theorem A. Letfix) he a function which is continuous in the closed 
interval (a, h) and e an arbitrary positive number. Then we can 
always break up the interval (a, b') into a certain number of partial 
intervals in such a way that for any two values of the variable 
whatever, x' and x”, which belong to the same partial interval, we 
always have \fQr')—f(p^")\<^- 

Suppose that this were not true. Then let c=(a + i)/2; at 
least one of the intervals (a, c), (c, b) would have the same prop¬ 
erty as (a, b ); that is, it would be impossible to break it up into 
partial intervals which would satisfy the statement of the theorem. 
Substituting it for the given interval (a, b) and carrying out the 
reasoning as above (§ 68), we could form an infinite sequence of 
intervals (a, 6), (oi, b^, {a^, b^, • • •, each of which is half the preced¬ 
ing and has the same property as the original interval (a, h). For 
any value of n we could always find in the interval (a„, &„) two 
numbers x^ and a:" such that |/(a:')— "would be larger than «. 

Now let X be the common limit of the two sequences of nmnbers 
a, ai, 0 ^ 2 , • •• and b, bi, b^, • • •. Since the function fix) is continuous 
for x = kj we can find a number rj such that [/(a:) — /(X)|<c/2 
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whenever |x — A| is less than 17 . Let us choose n so large that both 
and b„ differ from X by less than ij. Then the interval (a„, 
will lie wholly within the interval (\ — rj, X -f- i;); and if os' and ic" 
are any two values whatever in the interval (a„, 5„), we must have 

|/(*') -/WI < ‘/2, \Ax") -/(X) I < c/2, 


and hence |/(x') —/{x") | < c. It follows that the hypothesis 
above leads to a contradiction; hence the theorem is proved. 



Corollary I. Let a, x^t • • • , J be a method of subdivision 
of the interval (a, b) into p subintervals, which satisfies the con¬ 
ditions of the theorem. In the interval (a, x^ we shall have 
l/(*) I < l/(«) I + «; and, in particular, |/(a:i) | < |/(a) | + e. Like- 
wise, in the interval {x^y x^) we shall have |/(ic) | < |/(a:i) | 
and, a fortiori, \f(x) \ < \f (a) | 4- 2 c; in particular, for x = x^, 
\f(x^ I < \ f(a) I 4- 2 c; and so forth. For the last interval we shall 
have 

\f{^) I < |/(*i.-i) I +«< l/(«)I 

Hence the absolute value of f(x) in the interval {a, h) always 
remains less than |/(a)|4“i?€- follows that every function which 
is continuous in a closed interval (a, h') is finite in that interval. 


Corollary II, Let us suppose the interval {a, 5) split up into p sub¬ 
intervals {a, x^y (xi, x^y ..., (a 7 p_i, b) such that |/(a:') —/(*'') [< c /2 
for any two values of x which belong to the same closed subintervaL 
Let ?7 be a positive number less than any of the differences x^ — a, 
aja — a?! • - •, i — x^_^. Then let us take any two numbers whatever 


77 , and let us try to find 


in the interval (a, b) for which |x' — x** 
an upper limit for \f(x') --/(x")|. If the two numbers x* and x" 
fall in the same subinterval, we shall have |/(x') —/(x")|<e/2. 
If they do not, x* and x" must lie in two consecutive intervals, 
and it is easy to see that \f(x^ ) < 2(c/2) = c. Hence cor- 

responding to any positive number c another positive nuynher 1 ; ean he 
found such that 

|/(X')-/(X")|<C, 


where x' and x" are any two numbers of the interval (a, b) for which 
|x' — x"| < 17 . This property is also expressed by saying that the 
function/*(x) is uniformly contintwtis in the interval (a, ft). 


Theokem B. a function ^(x) which is continuous tn a closed 
interval (a, ft) takes on every value between f(a) and /(ft) at least 
once for some value of x which lies between a and ft. 
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Let us first consider a particular case. Suppose that /(a) and 
f(b) have opposite signs, — that/(a) < 0 and /(/>) > 0 , for instance. 
We shall then show that there exists at least one value of x between 
a and b for which y(ic) 0 . Now_/*(x) is negative near a and posi¬ 
tive near b. Let us consider the assemblage of values of x between 
a and 6 for which /(x) is positive, and let X be the lower limit of 
this assemblage (a<k<b). By the very definition of a lower 
limit/(X-A) is negative or zero for every positive value of //. 
Hence y(X), which is the limit of /’(X — A), is also negative or zero. 
But/(X) cannot be negative. For suppose that /(X) = — w, where 

is a positive number. Since the function/(a;) is continuous for 
a; = X, a number rj can be found such that |/(x) -/(X) | < m when¬ 
ever |x — rjy and the function /’(x) would be negative for all 
values of x between X and \ rj. Hence X could not be the lower 
limit of the values of x for which/(a:) is positive. Consequently 
/(X) = 0. 

Now let N be any number between f(a) and f(b). Then the 
function =f(x) — N is continuous and has opposite signs for 
z = a and x = 6 . Hence, by the particular case just treated, it 
vanishes at least once in the interval (a, b). 

Theorem C. ^very function which is continuous in a closed inter¬ 
val (a, b) actually assumes the value of its upper and of its lower 
IxTMit at least once* 

In the first place, every continuous function, since we have 
already proved that it is finite, has an upper limit M and a lower 
limit m* Let us show, for instance, that f(x) = M for at least one 
value of X in the interval (a, b). 

Taking c = (a + ^)/2, the upper limit of /(x) is equal to M for 
at least one of the intervals (a, c), (c, h). Let us replace (a, h) 
by this new interval, repeat the process upon it, and so forth. 
Reasoning as we have already done several times, we could form 
an infinite sequence of intervals (a, b), (aj, (og, , each of 

which is half the preceding and in each of which the upper limit of 
/(x) is M. Then, if X is the common limit of the sequences a, a^, 
• • •, • • • and bybiy • • •, b„, • • •, f(h) is equal to M* For suppose that 

/(X) ^ M — hy where h is positive. We can find a positive number 
rj such that/(x) remains between /(X) + A/2 and/(X) — A/2, and 
therefore less than M — h/2 as long as x remains between X — rj 
and X + i;. Let us now choose n so great that a„ and differ from 
their common limit X by less than 77 . Then the interval (a„, b„) lies 
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wholly inside the interval (\ — 17 , X 4- 17 )) and it follows at once 
that the upper limit of f(x) in the interval (a„, J„) could not be 
equal to M. 

Combining this theorem with the preceding, we see that any func¬ 
tion which is continuous in a dosed interwal (a, 6) assumes^ at least 
once, every value between its upper and its lower limit. Moreover 
theorem A may be stated as follows : Given a function which is 
continuous in a closed interval (a, 6), it is possible to divide the inter¬ 
val into such small subregions that the oscillation of the function in 
any one of them will he less than an arbitrarily assigned positive 
number. For the oscillation of a continuous function is equal to 
the difference of the values of/(sc) for two particular values of the 
variable. 

71. The sums S and s. Let /(x) be a finite function, continuous 
or discontinuous, in the interval (a, h)y where a<. b. Let us sup¬ 
pose the interval (a, b) divided into a number of smaller partial 
intervals (a, Xi), (xi, Xg), •••, (Xp_i, Z»), where each of the numbers 
* * *) ^p -1 greater than the preceding. Let M and m be the 
limits of /(x) in the original interval, and and m,. the limits 
in the interval (x,_i, x,), and let us set 

S = A/i(Xi — a) 4- il/ 2 (x 2 — Xi)4-h Mp(b — x^.j), 

s = mi (Xi — a) 4 - 7n2(x2 — X,) 4 - \- m^ (b — Xp_i). 

To every method of division of (a, b) into smaller intervals there 
corresponds a sum 5 and a smaller sum s. It is evident that none 
of the sums S are less than m(b — a), for none of the numbers 
are less than m ; hence these sums S have a lower limit I,* Like¬ 
wise, the sums s, none of which exceed M(b — a) have an upper 
limit /'. We proceed to show that P is at most equal to I. For liis 
purpose it is evidently sufficient to show that sS-S' and where 
S, s and S', s' are the two sets of sums which correspond to any 
two given methods of subdivision of the interval (a, b). 

In the first place, let us suppose each of the subintervals (a, x{), 
(xi, X 2 ), • • • redivided into still smaller intervals by new points of 
division and let 

Vif Vit '*■> y*—1> ft 


* lt/(x) is a constant, S = s, M = m, and, in general, all the inequalities mentioned 
become equations. —Trans. 
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be the new suite thus obtained. This new method of subdivision 
is called consecutive to the first. Let 2 and o- denote the sums anal¬ 
ogous to S and 5 with respect to this new method of division of the 
interval {a, b)y and let us compare S and s with 2 and o-. Let us 
compare, for example, the portions of the two sums 5 and 2 which 
arise from the interval (a, Let M[ and m[ be the limits of 

f{x) in the interval (a, y{), and 7n' the limits in the interval 
(yi) yiji ■ ■ W limits in the interval x,). Then 

the portion of 2 which comes from (a, x^) is 

d" -^^2(2/2 y\) + ■' ■ + M^^(x-^ — Vk—i) > 

and since the numbers M[, jl/J, ■ • - , Ml cannot exceed M^, it is clear 
that the above sum is at most equal to M^ (xi — o). Likewise, the 
portion of 2 which arises from the interval (x^, x^) is at most equal 
to A/aCxg —a:i), and so on. Adding all these inequalities, we find 
that l,^Sj and it is easy to show in like manner that o- > 5. 

Let us now consider any two methods of subdivision whatever, 
and let S, s and 5', 5 ' be the corresponding sums. Superimposing 
the points of division of these two methods of subdivision, we get a 
third method of subdivision, which may be considered as consecu¬ 
tive to either of the two given methods. Let 2 and <r be the sums 
with respect to this auxiliary division. By the above we have the 
relations 

o->5, 2<5', o->s'; 

and, since 2 is not less than a, it follows that s'<S and s < S', Since 
none of the sums S are less than any of the sums s, the limit I 
cannot be less than the limit I '; that is, / ^ /'. 

72. Integrable functions. A function which is finite in an inter¬ 
val (a, b) is said to be integrable in that interval if the two sums 
5 and s approach the same limit when the number of the partial 
intervals is indefinitely increased in such a way that each of those 
partial intervals approaches zero. 

The necessary and sufficient condition that a function be integrable 
in an interval is that co7*respo7iding to any positive number c another 
number 1 ; exists such that S — $ is less than c whenever each of the 
partial intervals is less than rj. 

This condition is, first, necessairy^ for if S and s have the same 
limit 7, we can find a number ip so small that 15 — 7| and |s — 7) are 
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each less than «/2 whenever each of the partial intervals is less 
than 7 j. Then, a foHiori, 5 — s is less than €. 

Moreover the condition is sufficient^ for we may write* 

5 - 5 = 5 -/ + /-/' 4- - 5, 

and since none of the numbers S — — s can be negative, 

each of them must be less than c if their sum is to be less than c. 
But since 7 — 7' is a fixed number and c is an arbitrary positive 
number, it follows that we must have 7'= 7. Moreover 5 —7<c 
and I — s<€ whenever each of the partial intervals is less than rj, 
which is equivalent to saying that 5 and s have the same limit L 
The function f(x) is then said to be integrahle in the interval 
(a, }))y and the limit 7 is called a definite integral. It is represented 

by the symbol ^ 

1= f f(x)dx, 


which suggests its origin, and which is read. “ the definite integral 
from a to 6 of/(x)t7x.” By its very definition I always lies between 
the two sums S and s for any method of subdivision whatever. 
If any number between S and 5 be taken as an approximate value 
of 7, the error never exceeds S ~ s. 

Every continuous function is integrahle. 

The difference 5 — 5 is less than or equal to (6 —where 
01 denotes the upper limit of the oscillation of in the partial 
intervals. But 77 may be so chosen that the oscillation is less than 
a preassigned positive number in any interval less than 7 ; (§70). 
If then 77 be so chosen that the oscillation is less than c /(6 — a), 
the difference S — s will be less than €. 

Any monotonically increasing or monotonically decreasing function 
in an interval is integrahle in that interval. 


A function/(x) is said to increase monotonically in a given interval 
(a, 6 ) if for any two values x', x" in that interval/(x') ^/(x") when¬ 
ever x' > x". The function may be constant in certain portions of the 
interval, but if it is not constant it must increase with x. Dividing 
the interval (a, b) into n subintervals, each less than 17 , we may write 

S =/(xi) (xi — a) -b/Cxs) (xa — Xi) + ■ • • (fi — »»-0> 

s =/(a)(xi — a) 4-/(xi)(xa — Xi) -|-h/(x,_i )(6 — 


* For the proof that / and T exist, see § 73, which may be read before § 72. —TaAink 
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for the upper limit of f(x) in the interval (a, x,), for instance 

is precisely /(x,), the lower limit /(a); and so on for the other 
subintervals. Hence, subtracting, 

S — s = (xi — a)[/(»i) — /(a)] + (^2 — Xi)lf(x2) 

None of the differences which occur in the right-hand side of this 
equation are negative, and all of the differences x, - a x — t 
... are less than rj] consequently 

S—s< i 7 [/(a:i) —/(a) +/(xj) -/(a:,) ■] -4-/(6) — /(x„_,)], 

or 

and we need only take 


^ /(*) - /(«) 

in order to make S — s<€. The reasoning is the same for a mono- 
tonically decreasing function. 

Let us return to the general case. In the definition of the inte¬ 
gral the sums S and s may be replaced by more general expres¬ 
sions. Given any method of subdivision of the interval (a, d ): 

a, Xi, X 2 i •■*, x^, 

let * ■ * j ^ii * * * be values belonging to these intervals in order 
(a:^_i ^ S 3!;). Then the sum 


^2) - i) — 

. - «) -f-/(^2) {X2 - Xi) -t- ... +f{Q (h - 


evidently lies between the sums S and for we always have 

If the function is integrable, this new sum has the 
limit L In particular, if we suppose that coincide 

with a, Xi, respectively, the sum (2) reduces to the sum 

(1) considered above (§ 65). 

There are several propositions which result immediately from the 
definition of the integral. We have supposed that a < ^; if we now 
interchange these two limits a and b, each of the factors x^ — x,-_, 
changes sign; hence 
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It also evidently follows from the definition that 




at least if c lies between a and 6; the same formula still holds when 
b lies between a and c, for instance, provided that the function /(*) 
is integrable between a and e, for it may be written in the form 

J^/(a:)dx =.jy{x)dx -j' f(_x)dx =£f(x)dx +J^f(x)dx. 

Jf (x) 4- B^(x), where A and B are any two constants, 

we have 


J"/(x)rfx = aJ^ ^(x)dx + bJ 


and a similar formula holds for the sum of any number of functions. 

The expression in (2) may be replaced by a stiU more gen¬ 
eral expression. The interval (a, b) being divided into n sub¬ 
intervals {a, X,), ■ • •, (x._„ *.), • • •, let us associate wUh each of the 
subintervals a quantity i;., which approaches zero with the length 
g. _ of the subinterval in question. We shall say that (, 
approaches zero uniformltj if corresponding to every positive num¬ 
ber c another positive number rj can be found independent of t and 
such that 1^,1 < £ whenever X; — Xi_i is less than rj. We shall now 

proc66d to show thfl-t tli© sum 


■S' = X c (*>• - 


approaches the definite integral l^fix^dx as its limit provided 
that approaches zero uniformly. For suppose that rj is a number 
SO small that the two inequalities 


I 


are satisfied whenever each of the subintervals x,- —is less 
than ly. Then we may write 


S' —y* /(*) dx = 
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and it is clear that we shall have 



c + €(i — a) 


whenever each of the subintervals is less than Thus the theorem 
is proved.* 


vs. Daiboux-s theorem. Given any function f(x) which is finUe in an inter 
vai (a, by, the sums S and s approach their limits I and I', respectively when 
the number of subintervals increases indefinitely in such a way that each of 
them approaches zero. Let us prove this for the sum S, for instance We 
shall suppose that a <6, and that/(i) is positive in the interval (o b) which can 
be brought about by adding a suitable constant to/(a:), which, in turn, amounts 
to adding a constant to each of the sums S. Then, since the number I is the 
lower limit of all the sums S, we can find a particular method of subdivision, say 

a, Xi, Xa, • • •, Xp — 1, 6, 

for which the sum S is less than I + 6/2, where 6 is a preassigned positive num¬ 
ber. Let us now consider a division of (a, 6) into intervals less than t?, and let us 
try to find an upper limit of the corresponding sum S'. Taking first those inter 
vals which do not include any of the points and recalling the 

reasoning of § 71, it is clear that the portion of S' which comes from these inter¬ 
vals will be less than the original sum S, that is, less than 7 + e / 2. On the other 
hand, the number of intervals which include a point of the set Xi, xj, • • •, x 

cannot exceed p - 1, and hence their contribution to the sum S' cannot exceed 
(p - where 37 is the upper limit of/(x). Hence 

e/2 + (p - 1)3/77, 

and we need only choose rj less than €/23f(p - 1) in order to make S'less than 
7 + c. Hence the lower limit 7 of all the sums S is also the limit of any sequence 
of SJs which corresponds to uniformly infinitesimal subintervals. 

It may be shown in a similar manner that the sums s have the limit I'. 
If the function /(X) is any function whatever, these two limits 7 and 7' are in 
general different. In order that the function be integrable it is necessary and 
sufficient that I' = 7. 


74. First law of the mean for integrals. From now on we shall 
assume, unless something is explicitly said to the contrary, that 
the functions under the integral sign are continuous. 


• The above theorem can he extended without difficulty to double and triple inte¬ 
grals ; we shall make use of it in several places (§§ 80, 95, 97,131,144, etc.). 

The proposition is essentially only an application of a theorem of Duhamel’s 
according to which the limit of a sum of infinitesimals remains unchanged when 
each of the infinitesimals is replaced by another infinitesimal which differs from the 
given infinitesimal by an infinitesimal of higher order. (See an article by W. F. 
O^sgood, Anno/s of Afathematies, 2d series, Vol. IV. pp. 161-178 : The Integral as 
the Limit of a Sum and a Theorem of DuhameVs?) 
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Let f(x) and 4> (x) be two functions which are each continuous 
in the interval (a, b), one of which, say (x), has the same sign 
throughout the interval. And we shall suppose further, for the 

sake of definiteness, that o < 6 and (x) > 0. 

Suppose the interval (a, b) divided into subintervals, and let 
I in be values of * which belong to each of these 

smaller intervals in order. All the quantities /(^,) lie between the 
limits M and m of/(x) in the interval (a, b) : 

m </(IO < M. 

Let us multiply each of these inequalities by the factors 

respectively, which are all positive by hypothesis, and then add 
them together. The sum S/(^i) <#>(0 — *i-i) evidently lies 

between the two sums — *i-i) e.nd 

Hence, as the number of subintervals increases indefinitely, we 
have, in the limit. 


m 


C 4i{x:)dx^J f(x)<^(x)dx<Mj 


which nxay be written 


C f(x)<l,{x)dx = fij^ 


where /x lies between 7n and AL Since the function f(x) is MU- 
tinuous, it assumes the value ft for some value ( of the variable 
which lies between a and 6; and hence we may write the preening 

equation in the form 


( 3 ) 


f f(.3:)<l>(x)dx=f{() J" 


where ^ lies between a and h.* If, in particular, ^(x) —1, the 
integral dx reduces to (b — a) by the very definition of an inte¬ 
gral, and the formula becomes 


•» 


(4) 


X 


(I I • V » 


• The lower sign holds In the preceding relations only when/(ac) = 
that the formula still holds, however, and that a < | < 6 In any case. - 


h. 

-Tbahi 
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76. second Uw of the mean for integrals. There is a second formula, due to 
Bonnet, which he deduced from an important lemma of Abel’s. 

Lemma. Let ■ ■ ■, (pbe a set of monotonically decreasing positive auanti 
ties, and Up the same number of arbitrary positive or negative Quantities 

If A and B are respectively the greatest and the least of all of the surL s = u 
ai = t^ + ui,***,^ = uo + wi + *- .-f-Upj the sum ^ ^ ^ 

S =: CoUo + Cl Wi +-h Cp Mp 

toUl lie between Ato and Bcq* i.c. Ac© ^ 5 ^ Be©. 

For we have 


«o = Oo> Ui = 8i “ «o» 

whence the sum S is equal to 


^ — Sp — 


*o(eo - «l) + ai («! - ei) + • • • + Sp_, (e,_, _ + Sp€p. 

Since none of the differences - n, n _ ,, are negative, two 

limits for S are given by replacing So, Si,. •., Sp by their upper Umit A and then 
by their lower limit B, In this way we find 


5 < A (co - Cl H- Cl - ej + • - • + Cp_i - Cp + Cp) = Ac©, 

and it is likewise evident that S ^ Be©. 

Now let/(x) and <f> (a:) be two continuous functions of z, one of which, 4 > (x) 
is a positive monotonically decreasing function in the interval a<x<b. ' Then 
the integral ^ («) dx is the limit of the sum ~ 


/(a) (a) (xi - a) + /(xi) 0 (xi) (Xa - xi) + .... 

The numbers 0(a), 0(Xi). • • • form a set of monotonically decreasing positive 
numbers; hence the above sum, by the lemma, lies between A 0 (a) and B 0 (a) 

where A and B are respectively the greatest and the least among the following 
sums: 

f{a) (xi - a), 

/(«) (®i - “) + /(®i) (*s - xi), 

* 

.••I 

/(a) (xi - a) +/(x,) (Xa - xi) + ... +/(x„_i) (6 - x„-i). 

Passing to the limit, it is clear that the integral in question must lie between 
Ai 0 (a) and Bi 0 (a), where Ai and Bi denote the maximum and the minimum, 
respectively, of the integral ///(x)dx, as c varies from a to 6 . Since this inte¬ 
gral is evidently a continuous function of its upper limit c (§ 76), we may write 
the following formula: 

(®) ^/<*) 0 (®)dx = 0 (a)^V(x)dx, a^t< 6 . 

When the function 0 (x) is a monotonically decreasing function, without 
being always positive, there exists a more general formula, due to Weierstrass. 
In such a case let us set 0 (x) = 0 ( 6 ) -|- 0 (x). Then 0 (x) is a positive monoton- 
ically decreasing function. Applying the formula ( 6 ) to it, we find 

//(*)^(®)dx = [,k(o)- 0 ( 6 )] f^f(x)dx. 
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From this it is easy to derive the formula 


r/(x)^.(s)<te = r''f(x)Hb)dx + [^(a) - (>(6)]/ f{x)dx, 

4/a *'<» ® 

. -t /*& 

f /(*) = Ho)f^ /(*) /(«>CJ®. 

Similar formul® exist for the case when the function 0(x) is ln<^reasing. 

76. Return to primitive functions. We are now in a position to 
give a purely analytic proof of the fundamental existence theorem 
(§ 67). Let/(a:) be any continuous function. Then the definite integral 

F(x) =£ fit) dt, 

where the limit a is regarded as fixed, is a function of the upper 
limit X. We proceed to show that the derivative of this function 

is f(x). In the first place, we have 


X 


x + h 


or, applying the first law of the mean (4), 

F(x Fix) = hf(i ), 

where i lies between x and x h. As h approaches zero, f(f) 
approaches f{x ); hence the derivative of the function F(x) is f(x), 

which was to be proved. 

All other functions which have this same derivative are given 
by adding an arbitrary constant C to F(x), There is one such 
function, and only one, which assumes a preassigned value y*, 

X = a, namely, the function 

yo + 

When there is no reason to fear ambiguity the same letter x is 
used to denote the upper limit and the variable of integration, and 
J^f(x)dx is written in place of J^f(t)dt But it is evident that 
a definite integral depends only upon the limits of integration and 
the form of the function under the sign of integration. The letter 
which denotes the variable of integration is absolutely immaterial. 

Every function whose derivative is f{x) is called an 
integral of /(a), or a primitive function of /(*), and is represented 

by the symbol 

y(»)das, 





IV, § 76] 


ALLIED GEOMETRICAL CONCEPTS 


155 


the limits not being indicated. By the above we evidently have 


Jf(x)dx = J f(x)d 


x+ C. 


Conversely, if a function F(x) whose derivative is f(x) can be 
discovered by any method whatever, we may write 


f(x)dx = F(x) + c. 



In order to determine the constant C we need only note that the 
left-hand side vanishes for x = a. Hence C = 
fundamental formula becomes 


^(a)y and the 


(6) J f(x) dx = F(x) - F(a). 

If in this formula/(x) be replaced by F^x), it becomes 

F(x)-F(a) =£FXx)dx, 
or, applying the first law of the mean for integrals, 

F(x)-F{a) = (x-a) FXO, 

where ^ lies between a and x. This constitutes a new proof of the 
law of the mean for derivatives; but it is less general than the one 
given in section 8, for it is assumed here that the derivative F'(x) is 
continuous. 

We shall consider in the next chapter the simpler classes of func¬ 
tions whose primitives are known. Just now we will merely state 
a few of those which are apparent at once : 



A(x - aydx = A 4- C, a + 1 0; 

J ^ ^ (x~a)A- C; 

J 'cos xdx — sinx + C; ^sin xdx= ~ cos x -f C; 



^nx 

e”^dx = - 1 - Cy 


m 


m ^ 0; 
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/i 


dx 


/ dx _ 

VI^" 


+ x' 


= arc tan a; + C j 


arcsina;+ C; 


/ 


dx 


a:* -f“ 


= log(x + 


+ A)+C; = log/(*) + C-. 


The proof of the fundamental formula (6) was based upon the 


assumption that the function /(x) was continuous in the closed inter¬ 
val (a, b). If this condition be disregarded, results may be obtained 


which are paradoxical. Taking /(x) = 1/x* for instance, the for¬ 
mula (6) gives 

a h 


The left-hand side of this equality has no meaning in our present 
system imless a and b have the same sign; but the right-hand side 
has a perfectly determinate value, even when a and b have different 
signs. We shall find the explanation of this paradox later in the 
study of definite integrals taken between imaginary limits. 

Similarly, the formula (6) leads to the equation 


X 




/(*) 




If /(a) and/(^») have opposite signs,/(x) vanishes between a and 6, 
and neither side of the above equality has any meaning for us at 
present. We shall find later the signification which it is convenient 

to give them. 

Again, the formula (6) may lead to ambiguity. Thus, if 
f{x) = 1/(1+ we find 


XV 


dx 


+ X' 


= arc tan h — are tan a. 


Here the left-hand side is perfectly determinate, while the right- 
hand side has an infinite number of determinations. To avoid this 
ambiguity, let us consider the function 


F(x) 


X 


dx 

IT** 


This function F(x) is continuous in the whole int^val and v^- 
ishes with x. Let us denote by arc tan x, on the other hand, 
ATiiTln hniween — nr 12 and -b 7r/2. These two functions have 
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same derivative and they both vanish for a; = 0. It follows that 
they are equal, and we may write the equality 


" dx _ r" C" dx 

1 + *» 1 + ** l + x^~ a, 


where the value to be assigned the arctangent always lies between 
_ 7 r /2 and + •rr/2. 

In a similar manner we may derive the formula 



= arc sin b — 


arc sin a, 


where the radical is to be taken positive, where a and b each lie 
between — 1 and 4-1, and where arc sin x denotes an angle which 
lies between —7r/2 and tt/2. 


77. Indices. In general, when the primitive F(x) is multiply determinate, we 
should choose one of the initial values F{a) and follow the continuous variation 
of this branch as x varies from a to b. Let us consider, for instance, the integral 


where 



Ja 




1 +/2 




and where P and Q are two functions which are both continuous in the interval 
(a, 6) and which do not both vanish at the same time. If Q does not vanish 
between a and 6, /(x) does not become infinite, and arc tan/(x) remains between 
- jr/2 and + jr/2. But this is no longer true, in general, if the equation Q = 0 
has roots in this interval. In order to see how the formula must be modified, let 
us retain the convention that arc tan signifies an angle between — n/2 and + ;r/2, 
and let us suppose, in the first place, that Q vanishes just once between a and b 
for a value x = c. We may write the integral in the form 


^ f' (x) dx 




C— € 


+ 


r 

*'c-€ 


C + €' 



where e and t' are two very small positive numbers. Since /(x) does not become 
infinite between a and c » e, nor between c + and h, this may again be written 



fdx 

1 + P 


= arc tan/(c — e) — arc tan/(a) 


J ^e + e' 


Several cases may now present themselves. Suppose, for the sake of definite' 
ness, that/(x) becomes infinite by passing from + co to — oo. Then /(c " e) will 
be positive and very large, and arc tan/(c — «) will be very near to ;r/2; while 
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f(c + 6') will be negative and very large, and arc tan/{c + O will be very near 
- ff/2. Also, the integral will be very small in absolute value; and, 

passing to the limit, we obuin the formula 


f = tt + arc tan/(6) 


arc tan/(a). 


Similarly» it is easy to show that it would be necessary to subtract it if /(x) 
passed from - oo to + ®. In the general case we would divide the interval 
(a, 6) into subintervals in such a way that /(x) would become infinite just once 
in'each of them. Treating each of these subintervals in the above manner and 
adding the results obtained, we should find the formula 



/^(x) dx 

1 + P (X) 


= arc tan/(6) — arc tan/(a) 4- 


where K denotes the number of times that/(x) becomes infinite by passing from 
+ oD to - oo, and K' the number of times that /(x) passes from — oo to + oo. 
The number K - K' is called the index of the function/(x) between a and 6. 

When /(x) reduces to a rational function V\/V, this index may be calculated 
by elementary processes without knowing the roots of V. It is clear that we 
may suppose Vt prime to and of less degree than V, for the removal of a poly¬ 
nomial does not affect the index. Let us then consider the series of divisions 
necessary to determine the greatest common divisor of V and Vu the sign of the 
remainder being changed each time. First, we would divide V by Fi, obtaining 
a quotient Qi and a remainder - Fa. Then we would divide Fi by F*, obteining a 
quotient Qa and a remainder — Fs; and so on. Finally we should obtain a con¬ 
stant remainder - F„ + 1 . These operations give the following set of equations: 


F = FiQi - Fa, 

Fi = FaQa — Fg, 

•. . 

Fn—1 ~ F,iQm — Fn+l* 


The sequence of polynomials 

(7) F, Fi, Fa, Fr-i, Vr, Vr + u Vn, Vn+l 

has the essential characteristics of a Sturm sequence: 1) two consecutive poly¬ 
nomials of the sequence cannot vanish simultaneously, for if they did, it could 
be shown successively that this value of x would cause all the other polynomials 
to vanish, in particular F„ + i ; 2) when one of the intermediate polynomials Fi, 
Fa, • • •, F„ vanishes, the number of changes of sign in the series (7) is not altered, 
for if Fr vanishes for x = c, Fr-i and Vr+i have different signs for x = c. It 
follows that the number of changes of sign in the series (7) remains the same, 
except when x passes through a root of F = 0. If Fi/F passes from + oo to — 
this number increases by one, but it diminishes by one on the other hand U 
Yi/V passes from — ® to + ®. Hence the index is equal to the difference of 
the number of changes of sign in the series (7) for x = 6 and x ~ u. 


78. Area of a curve. We can now give a purely analytic definition 
of the area bounded by a continuous plane curve, the area of the 
rectangle only being considered known. For this pu^ose we need 
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only translate into geometrical language the results of § 72. Let 
f(x) be a function which is continuous in the closed interval (a, h), 
and let us suppose for definiteness that a < b and that f(x) > 0 in 
the interval. Let us consider, as above (Fig. 9, § 65), the portion of 
the plane bounded by the contour AMBB,,A^, composed of the seg¬ 
ment AqBo of the a: axis, the straight lines A t,, and BB^ parallel to 
the y axis, and having the abscissae a and b, and the arc of the curve 
A^fB whose equation is ij =/(x). Let us mark off on a certain 
number of points of division Pi, P 2 , • ■ •, /\, • • ■, whose absciss;e 

are Xi, Xa, •••> ^i-i> ***> through these points let us draw 

parallels to the y axis which meet the arc A MB in the points 
Qu Qif "'y " y respectively. Let us then consider, in 

particular, the portion of the plane bounded by the contour 
Qi_iQiPiPi-iQi~ij and let us mark upon the arc the highest 

and the lowest points, that is, the points which correspond to the 
maximum and to the minimum w,. of f(x) in the interval 
x,-). (In the figure the lowest point coincides with 
Let Ri be the area of the rectangle P,-_ 1 s, s.-_ , erected upon the 
base Pi-I Pi with the altitude 3/,., and let r,. be the area of the 
rectangle -P<- 1-1 erected upon the base Pi-iPi with the alti¬ 
tude Mi. Then we have 

R, = Mi(x, - Xi_i), Vi = mi(Xi - x,_i), 

and the results found above (§ 72) may now be stated as follows : 
whatever be the points of division, there exists a fixed number I 
which is always less than 'S.Ri and greater than y.i\, and the two 
sums and approach I as the number of subintervals 
increases in such away that each of them approaches zero. We shall 
call this common limit I of the two sums Si?, and S/*,- the area of 
the poHion of the plane bounded by the contour AMBB,^Af,A, Thus 
the area under consideration is defined to be equal to the definite 
integral 

This definition agrees with the ordinary notion of the area of a 
plane curve. For one of the clearest points of this rather vague 
notion is that the area bounded by the contour i^,-_ 1 -P,-Q,-w,. Q,-_ | P; _ j 
lies between the two areas Ri and r,- of the two rectangles Pi-iPii^iSi.i 
and Pi-iPc^iQi-i; hence the total area boimded by the contour 
AMBBqAqA must surely be a quantity which lies between the two 
sums SR; and Sr,-. But the definite integral I is the only fixed quan¬ 
tity which always lies between these two sums for any mode of 
subdivision of A^Bq, since it is the common limit of SP; and 
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The given area may also be defined in an infinite number of other 
ways as the limit of a sum of rectangles. Thus we have seen that 
the definite integral I is also the limit of the sum 

where f,- is any value whatever in the interval But the 

element 

(Xi — 

of this sum represents the area of a rectangle whose base is Pi^\Pi 
and whose altitude is the ordinate of any point of the arc 
It should be noticed also that the definite integral / represents 
the area, whatever be the position of the arc AMB with respect to 
the X axis, provided that we adopt the convention made in § 67, 
Every definite integral therefore represents an area; hence the calcu¬ 
lation of such an integral is called a quadrature. 

The notion of area thus having been made rigorous once for all, 
there remains no reason why it should not be used in certain 
arguments which it renders nearly intuitive. For instance, it is 
perfectly clear that the area considered above lies between the areas 
of the two rectangles which have the common base and which 

have the least and the greatest of the ordinates of the arc AMBy 
respectively, as their altitudes. It is therefore equal to the area of 
a rectangle whose base is A^B^ and whose altitude is the ordinate 
of a properly chosen point upon the arc AMBy — which is a restate¬ 
ment of the first law of the mean for integrals. 


79. The following remark is also important. Let /(ac) be a fimc- 
tion which is finite in the interval (a, h) and which is discontinuous 



Fio. 11 


in the manner described below for 
a finite number of values between 
a and h. Let us suppose that /(x) 
is continuous from c to c-h 
and that f{c -f c) approaches a cer¬ 
tain limit, which we shall denote 
by /(c 4-0), as e approaches lero 
through positive values; and like¬ 
wise let us suppose that /(a) is 


continuous between and o and that f{e — c) approaches a limit 


/(o — 0) as c approaches zero through positive values. If the two 


limits /(o 0) and f{c — 0) are different, the function /(ac) is dis¬ 

continuous for X 0 , It is usually agreed to take for /(o) the 
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value [f(p + ^^0 function/(x) has a certain 

xiuniber of points of discontinuity of this kind, it will be repre¬ 
sented graphically by several distinct arcs AC, C'D, D'B. Let o 
and d, for example, be the abscissae of the points of discontinuity. 
Then we shall write 

J ^b pc pd 

f(x) dx= /(x) dx+ f{x) Jx + I f{x) dx, 

a \J %J c %J it 

in accordance with the definitions of § 72. Geometrically, this definite 
integral represents the area bounded by the contour A CC^DD'BB^A^A. 
If the upper limit h now be replaced by the variable x, the definite 

integral 

F{x) = ^ f(x)dx 

is still a continuous function of x. In a point x where f{x) is con¬ 
tinuous we still have F\x') — f{x), For a point of discontinuity, 
sc = for example, we shall have 

X e + A 

f(x) dx = hf{c -t- Sh), 0 < d < 1, 

and the ratio [F(c + A) — F(c)]/A approaches/(c + 0) or/(c — 0) 
according as A is positive or negative. This is an example of a 
function F^x) whose derivative has two distinct values for certain 
values of the variable. 

80 . Length of a curvilinear arc. Given a curvilinear arc AB\ let us 
take a certain number of intermediate points on this arc, 

3 iid let us construct the broken line Amim^ • • • m^_^B by 
connecting each pair of consecutive points by a straight line. 

If the length of the perimeter of this broken line approaches a 
limit as the number of sides increases in such a way that each of 
them approaches zero, this limit is defined to be the length of the 
arc AB. 

Let 

^ =/(0» y = ^ = "ACO 

be the rectangular coordinates of a point of the arc AB expressed 
in terms of a parameter t, and let us suppose that as t varies from 
a to b(a<b) the functions /, <l>, and i/f are continuous and possess 
continuous first derivatives, and that the point {x, y, z) describes 
the arc AB without changing the sense of its motion. Let 

^ 3 , ^n-li ^ 
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be the values of t which correspond to the vertices of the broken 
line. Then the side is given by the formula 


c, = V(^. •“ + (y< - I/i-iY *+■ («, - 


oi% applying the law of the mean to — Xj_i, 


• • • 


= (f. - VLf'iidY + l4>'(vdT + Lfim 

where f,-, 77 ,, lie between ti_i and t^. When the interval 
is very small the radical differs very little from the expression 


+ W.-07+ 

In order to estimate the error we may write it in the form 




But we have 




and consequently 






< 1 . 


Hence, if each of the intervals be made so small that the oscillation 
of each of the functions /^(^), *A^(0 than c/3 in any 

interval, we shall have 


V/'*(f,) +...= V/' = 


where 


€i < €; 


and the perimeter of the broken line is therefore equal to 

2 (t, - t, _ 0 V/'^ («,_,) + + 2£.(<; - 

The supplementary terra —<,_i) is less in absolute value 

than €2(#,* — _|), that is, than c (6 — a). Since c may be taken as 

small as we please, provided that the intervals be taken sufBciently 
small, it follows that this term approaches zero; hence the length S 
of the arc -4B is equal to the definite integral 

(8) + + dt. 

This definition may be extended to the case where the derivatives 
f', if>\ are discontinuous in a finite number of points of the arc AB^ 
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which occurs when the curve has one or more corners. We need only 
divide the arc AB into several parts for each of which/', xf,' are 
continuous. 

It results from the formula (8) that the length of the arc 
between a fixed point A and a variable point il/, which corresponds 
to a value t of the parameter, is a function of t whose derivative is 

^ = v/'« 

whence, squaring and multiplying by we find the formula 

(9) = dx^ -h dy'^ + 

which does not involve the independent variable. It is also easily 
remembered from its geometrical meaning, for it means that dS is 
the diagonal of a rectangular parallelepiped whose adjacent edges are 

dXf dy^ diim 


Note, Applying the first law of the mean for integrals to the 
definite integral which represents the arc iV/o-A/i, whose extremities 
correspond to the values of the parameter (t^ > we find 

s = arc M„AA = (<, - t,) V/'»(e) + <#,'*(6) + f “(d), 

where 0 lies in the interval (^o» ^i)* other hand, denoting 

the chord M^Mx by c, we have 

Applying the law of the mean for derivatives to each of the differ¬ 
ences/(^i)—/(^o)* we obtain the formula 

c = (<. - to) v/'“(f)+ <#.'“(,)+ ^'“(0, 

where the three numbers ^ belong to the interval (^o, ^i). By 
the above calculation the difference of the two radicals is less than €, 
provided that the oscillation of each of the functions/'(<), ^'(^) 

is less than c/3 in the interval («o, ^i). Consequently we have 

s — c< c(ii — 4), 

or, finally, 

1 —-< ^ ^ 

If the axe MqMx is infinitesimal, approaches zero; hence c, 

and therefore also 1— c/.s, approaches zero. It follows that the ratio 
of an infinitesimal arc to its chord approaches unity as its limit. 
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Example. Let us find the length of an arc of a plane curve whose 
equation in polar coordinates is p = /(<*>)• Taking &» as independent 
variable, the curve is represented by the three equations x = p cos «, 
y = p sin o), s = 0; hence 

= dx^ 4- dy^ = (cos *i>dp — p sin cd diaf + (sin o cfp + p cos cu 
or, simplifying, 

ds^ z= dp^ + p^dfa\ 

Let us consider, for instance, the cardioid, whose equation is 

p =: R -{• R cos < 0 . 


By the preceding formula we have 

rfs* = do>^ [sin* a. + (1+ cos co)*] = 4 iJ* cos* ^ 

or, letting w vary from 0 to tt only, 


0) 


d$ = 2 R cos “ dta ; 


and the length of the arc is 


Ml 


Cl> 


4 R sin 2 I y 


where wq and wi are the polar angles which correspond to the extre; 
ities of the arc. The total length of the curve is therefore 8 R. 


81. Direction cosines. In studying the properties of a curve we are 
often led to take the arc itself as the independent variable. Let us 
choose a certain sense along the curve as positive, and denote by s 
the length of the arc AM between a certain fixed point A and a vari¬ 
able point M, the sign being taken + or — according as M lies in 
the positive or in the negative direction from A. At any point Af 
of the curve let us take the direction of the tangent which coincides 
with the direction in which the arc is increasing, and let ^9 yhQ 
the angles which this direction makes with the positive directions 
of the three rectangular axes Ox, Oy, Oz, Then we shall have the 
following relations; 


cos a _ cos _ cos y _ 


dx 


dy 


dz 


= ± 


±1 


y/dx^ + dy* 4 dz^ ^ 


To find which sign to take, suppose that the positive direction of 
the tangent makes an acute angle with the x axis; then x and s 
increase simultaneously, and the sign 4 should be taken. ^ If thb 
angle a is obtuse, cos a is negative, x decreases as s increases, 
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is negative, and the sign + should be taken again. Hence in any 
case the following formulae hold ; ^ 



cos a — 





where dx, dy, dz, ds are differentials taken with respect to the same 
independent variable, which is otherwise arbitrary. 


82. Variation of a segment of a straight line. Let MM, be a segment 
of a straight line whose extremities describe two curves C, C . On 
each of the two curves let us choose a 
point as origin and a positive sense of 
motion, and let us adopt the follow¬ 
ing notation : s, the arc AM ; Sj, the arc 
AiMi, — the two arcs being taken with 
the same sign; /, the length MMi ; $j the 
angle between MMi and the positive di¬ 
rection of the tangent MT-^ the angle 
between MiM and the positive direction 
of the tangent We proceed to 

try to find a relation between 6 , Oi and the differentials ds, ds^, dl. 

Let (x, y, z), (xi, Zi') be the coordinates of the points M, Mi, 
respectively, a, y the direction angles of MT, and a„ the 

direction angles of M^ Ti. Then we have 



Fiq. 12 


= (x - XiY + (y - yiY -f 



from which we may derive the formula 


Idl = (x-xi)(dx - dxi) + (y - yi)(dy - dyi) + {z ~ z^{dz - dzi), 

which, by means of the formulae (10) and the analogous formulse 
for Cl, may be written in the form 


dl 


lx —Xx 

= ^^__cosa 


y — y\ 


z — z 


+ 



— X 


+ ^^cos^ + :^cosyjd^ 
cos OTi + ^ cos Pi + 7 ^ y,) dSi. 


But (x ~x^)/ly (y — yx)/l, (« — «i)/^ are the direction cosines of 
MiM, and consequently the coefficient of ds is — cos 0. Likewise 
the coefficient of dsi is — cos Oi, hence the desired relation is 


(10') dl = — ds cos 0 — dsi cos 9i. 

We shall make frequent applications of this formula; one such we 
proceed to discuss immediately. 
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83. Theorems of Graves and of Chaslea. Let E and E’ be two confocal ellipses, 
and let the two tangents MA, MB to the interior ellipse E be drawn from a point 

M, which lies on the exterior ellipse S', The 
difference MA + MB — arc ANB remains con- 
stant as the point M describes the ellipse Ef, 

Let s and s' denote the arcs OA and OB, 
<r the arc O'Jtf, I and I' the distances AM and 
BM, 0 the angle between MB and the positive 
direction of the tangent MT. Since the ellipses 
are confocal the angle between MA and MT is 
equal to 7t ~~ 0. Noting that AM coincides 
with the positive direction of the tangent at j 1, 
and that BM is the negative direction of the tangent at B, we find from the 
formula (KT), successively, 

dl = — ds d<r cos 0 , 
dl' = dsi' — dff cos 0 ; 



whence, adding, 


d{l + I') =d(s' - s) = d{sxcANB), 


which proves the proposition stated above. 

The above theorem is due to an English geometrician. Graves. The following 
theorem, discovered by Chaslea, may be proved in a similar manner. Given an 
ellipse and a confocal hyperbola which meets it at N. If from a point M on that 
branch of the hyperbola which passes through N the two tangents MA and MB 
be drawn to the ellipse, the difference of the arcs NA - NB will be equal to the 
difference of the tangents MA — MB» 


III. CHANGE OF VARIABLE INTEGRATION BY PARTS 

A large number of deffnite integrals which cannot be evaluated 
directly yield to the two general processes which we shall discuss 

in this section. 

84. Change of variable. If in the definite integral dx the 

variable x be replaced by a new independent variable t by means 
of the substitution x = a new definite integral is obtained. 
Let us suppose that the function <t>(t) is continuous and possesses a 
continuous derivative between a and ft and that <^(f) proceeds from 
a to ^ without changing sense as t goes from a to ft 

The interval (a, ft having been broken up into subintervals by 

the intermediate values a, <i, fa, • • ft ti, Xx^ Xa, ' • •, ^ 

be the corresponding values of x = (^(f)< Then, by the law of the 

mean, we shall have 

Xi — x,_x = (fi — f<_i) , 

where 6 ^ lies between f^.j and f^. Let ^ corresponding 

value of X whioh lies between and x^. Then the sum 
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“ ®) +/(^2)(a^2 — -\ -l-/(f„)(6 — a:„_i) 

approaches the given definite integral as its limit. But this sum 
may also be written 

/ W.)] -«) + ••• +/[<#>(«.)] «^'(^.)(«. - + • • •, 

and in this form we see that it approaches the new definite integral 







as its limit. This establishes the equality 


( 11 ) 


f Ax)dx = f 

%J a U a 


which is called the formula for the change of variable. It is to 
be observed that the new differential under the sign of integration 
is obtained by replacing x and dx in the differential/(a;) by their 
values ^[f) and <(>Xl)dt, while the new limits of integration are the 
values of t which correspond to the old limits. By a suitable choice 
of the function <t>(t) the new integral may turn out to be easier to 
evaluate than the old, but it is impossible to lay down any definite 
rules in the matter. 

Let us take the definite integral 

r' dx 

for instance, and let us make the substitution x — a ^t. It 
becomes 


dx 1 dt 1 / 

(X _ ^ j_a IT?* = ^ ^ 

or, returning to the variable a:, 

1 / , a; — a , ^ a\ 

— ^arc tan — - -1- arc tan — I. 

Not all the hypotheses made in establishing the formula (11) were 
necessary. Thus it is not necessary that the function <^(^) should 
always move in the same sense as t varies from a to For defi¬ 
niteness let us suppose that as t increases from a to y (y < /?), <f,(t) 
steadily increases from a to c (c >- 6); then as t increases from y to 
6 .ecreases from c to b. If the function y(a:) is continuous in 
the interval (a, c), the formula may be applied to each of the inter¬ 
vals (a, c), (c, b)y which gives 
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or, adding, 


'C 

/(x)dx = 

4 


h 

/(x)dx = 


b 

pe 

f(x)dx = 



On the other hand, it is quite necessary that the function 
should be uniquely defined for all values of t* If this condition be 
disregarded, fallacies may arise. For instance, if the formula be 
applied to the integral using the transformation x = 

we should be led to write 




which is evidently incorrect, since the second integral vanishes. In 
order to apply the formula correctly we must divide the interval 

1 ) into the two intervals (— 1, 0), (0, 1). In the first of 
these we should take x = — and let t vary from 1 to 0. In the 
second half interval we should take x = and let t vary from 
0 to 1. We then find a correct result, namely 


= Vidt = [2t^X=2. 


Note. If the upper limits b and /3 be replaced by x and t in the 
formula (11), it becomes 




dx 




which shows that the transformation x = «#>(<) carries a function 
F{x), whose derivative is /(*), into a function 4>(«) whose derivative 
is /[<#>(0] follows at once from the formula for the 

derivative of a function of a function. Hence we may write, in 
general, 


X 


X 


indefixiifis 


integrals. 
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85. Integration by parts. Let u and v be two functions which, 
together with their derivatives u' and v', are continuous between a 
and b. Then we have 

d{uv) dv . du 


whence, integrating both sides of this equation, we find 



This may be written in the form 



where the symbol [F(a;)]^ denotes, in general, the difference 


F(b) - F(ay 

If we replace the limit & by a variable limit x, but keep the limit a 
constant, which amounts to passing from definite to indefinite inte¬ 
grals, this formula becomes 




Thus the calculation of the integral fudv is reduced to the cal¬ 
culation of the integral fvdu, which may be easier. Let us try, 
for example, to calculate the definite integral 

”• loga; dx, m -h 1 =7^= 0. 

Setting u = \ogx, v = + 1), the formula (12) gives 



^ logx,x”*dx 


+ 1 iQg ^“1 

L m 4-1 J 

pajm + 1 jQg ^ 

L w 4-1 


b 


a 


-^d 

^m+l 

(^4-1)^^ 



b 

x^'dx 


This formula is 
case we have 


not applicable if m 4- 1 = 0; in that 



particular 


It is possible to generalize the formula (12). Let the succes¬ 
sive derivatives of the two functions u and v be represented by 
w', u", v', v", •••, + Then the application of the 
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formula (12) to the integrals f f 

following equations: 


- 1 ) 


• • • 


leads to the 




b 

uv^^'^^'^dx = 

4i 


= -j 

a 

b 

u*v^**'>dx = 

f a 


f u"v^^~^^dx, 

a 

• ♦ • • * 

b 

u^^>v*dx = 

• • • • 

C vS'^'^dv 

= [«("),;]* — I 

, 




Multiplying these equations through by *4-1 and — 1 alternately, 
and then adding, we find the formula 


(14) 



dx = 


l) _j_ uffyin — 2) — . . . ^ 

b 


^(n + » ^ (2a:, 


which reduces the calculation of the integral fuv^^'^^^dx to the cal¬ 
culation of the integral f w^" + *>vrfa:. 

In particular this formula applies when the function under the 
integral sign is the product of a polynomial of at most the nth 
degree and the derivative of order (n + 1) of a known function v. 
For then 0, and the second member contains no integral 

signs. Suppose, for instance, that we wished to evaluate the definite 
integral 

dx, 

where f{x) is a polynomial of degree n. Setting u = /*(»), v = e“*/o)"+\ 

the formula (14) takes the following form after e"* has been taken 
out as a factor : 

(16) £e<^^f(x)dx= + + 

The same method, or, what amounts to the same thing, a series of 
integrations by parts, enables us to evaluate the definite integrals 




C0S9)ta: 


/(«) X s\xrmxf(x)dxy 


where f(x) is a polynomial. 
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86. Taylor’s series with a remainder. In the formula (14) let us 
replace M by a function F{x) which, together with its first n + 1 
derivatives, is continuous between a and b, and let us set v = (b — x)". 
Then we have ’ 


v' = -n(b -x)”-', v" = n(n-l)(b-x)”-‘, ..., 

!;<")=(_ 1)» 1.2... n, v(’‘ + » = 0, 

and, noticing that v, v', v", • • •, «;<'>->) vanish for x = b, -we obtain the 
following equation from the general formula: 

0 =(-l)" j^ra!P’(6) - nlF(a) - nlF'(a) (b - a) 

^ (®) ip — • • • — (a) (b — 

X 6 

F^''^^Kx)(b-xydx, 

% 

which leads to the equation 

E(*) = E(a) + ^P''(a) + ... 


(h ^ aY , 1 

+ (b - xydx. 

Since the factor {b - x)” keeps the same sign as x varies from a to 
b, we may apply the law of the mean to the integral on the right, 
which gives 



J {h~ xydx 



1 

71 + 1 





where | lies between a and b. Substituting this value in the preced¬ 
ing equation, we find again exactly Taylor’s formula, with Lagrange’s 
form of the remainder. 


87. Transcendental character of e. From the formula (15) we can prove a 
famous theorem due to Hermite: The number e is not a root of any algd/raic 
equation whose coefficients are all integers.* 

Setting a = 0 and w = — 1 in the formula (16), it becomes 

e-/(x)<fa = _ [e-xi;'(x)]‘, 


• The present proof is due to D. Hilbert, who drew his inspiration from the method 
used by Hermite. 
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where 

^(a:) =/(*) +/'(*) + • ■ • +/^"H*)i 

snd this again may be wiitten in the form 

(16) F{b) = ^ F(0) - e^fjr{x) e-^dx. 

Now let ua suppose that e were the root of an algebraic equation whose coeffi** 
cients are all integers: 

Co -f- Cl C -f" Cg + * • * + Cm e”* = 0. 

Then, setting 6 = 0, 1, 2, ■ - •, m, successively, in the formula (16), and adding 
the results obtained, after multiplying them respectively by Co, Ci, . c* we 
obtain the equation 

i^m 

(17) Co J’(O) + Cl F(l) + • • • + c„, f^(>n) + ^ = 0, 

i=0 ** 

where the index t takes on only the integral values 0, 1, 2, •. •, m. We proceed 
to show that such a relation is impossible if the polynomial/(x), which is up to 
the present arbitrary, be properly chosen. 

Let us choose it as follows: 

f{^) = Z -XP-J(X - 1)P(X-2)P.. .(X - TO)P, 

where p is a prime number greater than m. This polynomial is of degree 
mp + p — 1, and all of the coefficients of its successive derivatives past the pth 
are integral multiples of p, since the product of p successive integers is divisible 
by pi. Moreover /(x), together with its first (p — 1) derivatives, vanishes for 
X = 1, 2, . •., m, and it follows that F(l), F(2), * • •, F(m) are all integral mul¬ 
tiples of p. It only remains to calculate jK(0), that is, 

F{0) =/(0) +/'(0) + ... +/(p-i)(0) +/Cp)(0) +/<p + 1)(0) + .... 

In the first place,/(O) =/'(0) = ... =/Cp- 2)(0) = 0. while/tp)(0 ),/(p + 1)(0), ... 
are all integral multiples of p, as we have just shown. To find/C p- i) (0) we need 
only multiply the coefficient of xp-> in/(x) by (p - 1)!, which gives ±(1.2... tn)p. 
Hence the sum 

Co i^(0) + Cl F(l) + • • • + Cm (m) 
is equal to an integral multiple of p increased hy 

± Co(l. 2 •. • m)p. 

If p be taken greater than either m or co, the above number cannot be divisible 
by p; hence the first portion of the sum (17) will be an integer different zero. 
We shall now show that the sum 

m 

^eiefj^/(x)e-*dx 

i-0 

4 

can be made smaller than any preassigned quantity by taking p auffioiently Iftrge. 
As z varies from 0 to t each factor of/(x) is less than m; hence we have -^ 

V 
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IX 


/(x)«-*<ix 


!/(*)!< 

1 




(P-1)! 


(p- 1)! 

/»* 1 
fnmp-\-p-\ I - 

Jo (p — 1)! 


7/imp +p- 1 


from which it follows that 


2c 




*dx 




where Jbf is an upper limit of | Co | + | Cj | + • • • | Cm | • As p increases indefi¬ 

nitely the function 0(p) approaches zero, for it is the general term of a conver¬ 
gent series in which the ratio of one term to the preceding approaches zero. It 
follows that we can find a prime number p so large that the equation (17) is 
impossible; hence Hermite*s theorem is proved. 


88 . Legendre’s pol 3 momial 8 . 


Let us consider the integral 



where Pi»(x) is a polynomial of degree n and Q is a polynomial of degree less 
than n, and let us try to determine Pn(x) in such a way that the integral van¬ 
ishes for any polynomial Q. We may consider P„(a:) as the nth derivative of a 
polynomial B of degree 2n, and this polynomial B is not completely determined, 


for we may add to it an arbitrary polynomial of degree (n — 1) without changing 
its nth derivative. We may therefore set d^P/dx", where the polynomial B, 
together with its first (n — 1) derivatives, vanishes for x = a. But integrating 
by parts we find 

Q^dx = l Q 



dx» 




d'^-iB 






dx"-2 


dX"-l Ja 


and since, by hypothesis. 


B(a) = 0, B'(a) = 0, •••, B('*-J)(a) = 0, 

the expression 

Q (6) -1) (6) - Q^(6)il(”-2>(6) + *-± - 0 (6) i? (6) 

must also vanish if the integral is to vanish. 

Since the polynomial Q of degree n — 1 is to be arbitrary, the quantities 
QWf ••*8 themselves arbitrary; hence we must also have 

B{b) = 0, B'{b) =0, .. i2f"-i)(6) = 0. 


The polynomial B (x) is therefore equal, save for a constant factor, to the product 
(x — a)"(x — 6)«; and the required polynomial P„ (x) is completely determined, 
save for a constant factor, in the form 

Pn=C^Hx-a)-(x-bn. 

dx" 


If the limits a and b are — 1 and -i-1, respectively, the polynomials P„ are 
Legendre’s polynomials. Choosing the constant C with Legendre, we will set 




1 d» 

2.4.6 • • • 2 n dx" 


[(** - !)"]• 
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L 970 also agree to set Xo = 1, we shall have 


Xo = 1, Xi = z, 




6 a;8 — 3 a; 

-r ) 



In general, X„ is a polynomial of degree », all the exponents of x being even or 
odd with n. Leibniz’ formula for the nth derivative of a product of two factors 
(§ ^7) gives at once the formulae 

P») -^n(l) = l> X„(-l) = (-!)". 

By the general property established above, 

(20) j^'|'x„0(i)dz = O, 

where 4 >{x) is any polynomial of degree less than n. In particular, if m and n 
are two different integers, we shall always have 

(21) f_*'x,„X„dx = 0. 

This formula enables us to establish a very simple recurrent formula between 
three successive polynomials X„. Observing that any polynomial of degree n 
can be written as a linear function of X®, Xi, • •., X„, it is clear that we may set 

— Go X„ + 1 + Cl Xn + C 2 X„ _i *4- Cs Xn — 2 + * * * » 

where Co, Ci, C 2 , • • • are constants. In order to find Ca, for example, let us 
multiply both sides of this equation by X„- 2 » and then integrate between the 
limits - 1 and + 1. By virtue of (20) and (21), all that remains is 

and hence Cg = 0. It may be shown in the same manner that C 4 = 0, C 5 = 0,. •.. 
The coefficient Ci is zero also, since the product xX, does not contain x". Finally 
to find Co and C 2 we need only equate the coefficients of x»+i and then equate 
the two sides for x = 1. Doing this, we obtain the recurrent formula 

(22) (n + l)X, + i - (2n + l)xX„ + nX„_i = 0, 

which affords a simple means of calculating the polynomials X« successively. 
The relation (22) shows that the sequence of polynomials 


(23) Xo, Xi, Xs, X„ 

possesses the properties of a Sturm sequence. As x varies continuously from — 1 
to + 1, the number of changes of sign in this sequence is unaltered except when 
X passes through a root of X« = 0. But the formulae (10) show that there are n 
changes of sign In the sequence (28) for x = -1, and none for x = 1. Hence 
the equation X« = 0 has n real roots between — 1 and + 1, which also readily 
follows from Rollers theorem. 
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IV. GENERALIZATIONS OF THE IDEA OF AN INTEGRAL 
IMPROPER INTEGRALS LINE INTEGRALS * 


89. The integrand becomes infinite. Up to the present we have sup¬ 
posed that the integrand remained finite between the limits of inte¬ 
gration. In certain cases, however, the definition may be extended 
to functions which become infinite between the limits. Let us first 
consider the following particular case : f(x) is continuous for every 
value of X which lies between a and 6, and for x — by but it becomes 
infinite for ar = a. We will suppose for definiteness that a<b. 
Then the integral of f{x) taken between the limits a -f c and 
h {€>0) has a definite value, no matter how small c be taken. If 
this integral approaches a limit as « approaches zero, it is usual and 
natural to denote that limit by the symbol 

C f(x)dx. 


If a primitive of/(a:), say F(x)y be known, we may write 

6 

f(x)dx = F(b) — F(a + c), 



0+ € 


and it is sufficient to examine F(a -f- c) for convergence toward a 
limit as c approaches zero. We have, for example. 


Mdx M r 1 1 "1 

^ _ 1 L(6 _ a)M-i ^-1J» ^ 1 


If /4> 1, the term increases indefinitely as c approaches zero. 

But if fi is less than unity, we may write and it is 

clear that this term approaches zero with €. Hence in this case 
the definite integral approaches a limit, and we may write 


If ft = 1, we have 


^ Mdx 
(x — 


M(b — a)*”'* 



Mdx 

X — a 



} 


and the right-hand side increases indefinitely when e approaches zero. 
To sum up, the necessa'nj and sufficient condition that the given inte¬ 
gral should approach a limit is that fj. should be less than unity. 


*It is possible, if desired, to read the next chapter before reading the closing sec¬ 
tions of this chapter. 
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The straight line x = a is an asymptote of the curve whose equa¬ 
tion is 



if fjL is positive. It follows from the above that the area bounded by 
the X axis, the fixed line x = h, the curve, and its asymptote, has a 
finite value provided that yx < 1. 

If a primitive of /(x) is not known, we may compare the given 
integral with known integrals. The above integral is usually taken 
as a comparison integral, which leads to certain practical rules which 
are sufficient in many cases. In the first place, the upper limit h 
does not enter into the reasoning, since everything depends upon the 
manner in which f(x) becomes infinite for x =. a. We may therefore 
replace b by any number whatever between a and ft, which amounts 
to writing + j\ In particular, unless /(x) has an infi¬ 

nite number of roots near x — a, we may suppose that f(x) keeps 
the same sign between a and c. 

We will first prove the following lemma: 


Let <t>(x) be a function which is positive in the interval (a, ft), 
and suppose that the integral approaches a limit as c 

approaches zero. Then, if \f {x) \ <, <h (x) throughout the whole inter- 
valj the definite integral f^^^f(x')dx also approaches a limit. 


If y'(x) is positive throughout the interval (a, ft), the demonstration 
is immediate. For, since y(x) is less than <^(x), we have 




Moreover j^^^^/(x)<^x increases as c diminishes, since all of its ele¬ 
ments are positive. But the above inequality shows that it is con¬ 
stantly less than the second integral; hence it also approaches a 
limit. If /(x) were always negative between a and ft, it would 
be necessary merely to change the sign of each element Finally, 
if the function f(x) has an infinite number of roots near x = a, we 
may write down the equation 


c /(*) d* = r [/(*)+1 fix) wdx-C \f(x) I dx. 

+ t «/a+« 

The second integral on the right approaches a limit, since 
|/(x)l<^(x). Now the function/l(x)-4-|/(x)l is either positive 
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or zero between a and h, and its value cannot exceed 2 <^ (*); hence 
the integral 



a + « 


C/(^) + |/(^)|]rf:c 


also approaches a limit, and the lemma is proved. 

It follows from the above that if a functiony*(x) does not approach 
any limit whatever for x = a, but always remains less than a fixed 
number, the integral approaches a limit. Thus the integral 
nsin(l/a;)<fx has a perfectly definite value. 


Practical rule, 
the form 


Suppose that the function fix') can be written in 



where the function ^ (x) remains finite when x approaches a. 

If fu<l and the function \j;{x) remains less in absolute value than 
a fixed number M, the integral approaches a limit. Put if fx>l and 
the absolute value of ^{x) is greater than a positive number m, the 
integral approaches no limit. 

The first part of the theorem is very easy to prove, for the abso¬ 
lute value of f{x) is less than M/(x — a)**, and the integral of the 
latter function approaches a limit, since p<\. 

In order to prove the second part, let us first observe that ip (x) 
keeps the same sign near x = a, since its absolute value always 
exceeds a positive number m. We shall suppose that i/^(x)>0 
between a and b. Then we may write 



7)1 dx 
(x — d)*^^ 


and the second integral increases indefinitely as c decreases. 

These rules are sufficient for all cases in which we can find an 
exponent p such that the product (x — a)^/(x) approaches, for 
X = a, a limit K different from zero. If p is less than unity, the 
limit b may be taken so near a that the inequality 


holds inside the interval (a, &), where K is a positive number greater 
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than I K |. Hence the integral approaches a limit. On the other hand, 
if p.'^lyb may be taken so near to a that 

I 

^ (x- aY 

inside the interval (a, 6), where Z is a positive number less than \ K\. 
Moreover the function /(x), being continuous, keeps the same sign; 
hence the integral ^ dx increases indefinitely in absolute 
value.* 

Examples, Lety’(x) = P/Q be a rational function. If a is a root 
of order m of the denominator, the product (x — a)”*y(x) approaches 
a limit different from zero for x = a. Since m is at least equal to 
unity, it is clear that the integral /(a:) increases beyond all 
limit as c approaches zero. But if we consider the function 



where P and R are two polynomials and Rix) is prime to its deriv¬ 
ative, the product (x — a)'/®/(a:) approaches a limit for a: = a if a 
is a root of R{x), and the integral itself approaches a limit. Thus 
the integral 

® dx 

l + € Vl — X^ 

approaches *rr/2 as c approaches zero. 

Again, consider the integral J^Mog a: c?x. The product a5^^*log« 
has the limit zero. Starting with a sufficiently small value of «, we 
may therefore write logx < ATx”*/*, where iVf is a positive number 
chosen at random. Hence the integral approaches a limit. 

Everything which has been stated for the lower limit a may be 
repeated without modification for the upper limit h. If the function 
f (x) is infinite for x := i, we would define the integral rfx to be 

the limit of the integral J^*’~*y*(x)c?x as c' approaches zero. If/(x) 
is infinite at each limit, we would define (®) the limit of 
the integral as c and both approach zero independ¬ 

ently of each other. Let c be any number between a and 6. Then 
we may write 

*The first part of the proposition may also be stated as follows: the integral has 
a limit if an exponent ^ can be found (0 < m < 1) such that the product (a 
approaches a limit A as x approaches Oi — the case where A = 0 not being ez^nded. 
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f(x)dx, 


and each of the integrals on the right should approach a limit in 
this case. 

Finally, if f(x) becomes infinite for a value c between a and b, 
we would define the integral f^f(x)clx as the sum of the limits of 
the two integrals J^^^f(^x)dxy and we would proceed 

in a similar manner if any number of discontinuities whatever lay 
between a and b. 

It should be noted that the fundamental formula (6), which was 
established under the assumption that /(x) was continuous between 
a and bj still holds when /(x) becomes infinite between these limits, 
provided that the primitive function F(x) remains continuous. For 
the sake of definiteness let us suppose that the function/(x) becomes 
infinite for just one value c between a and b. Then we have 


f(x) dx = lim j /(x) dx + lim f f(x) dx ; 

a e'sOvo e»0^c+€ 

and if F(x) is a primitive of/(x), this may be written as follows : 



dx = lim F(c — c') — F(a) + F(b) — lim F(c -f «). 

c'ssO c=0 


Since the function F(x) is supposed continuous for x = c, F(c 4- c) 
and F(c — e') have the same limit F(c), and the formula again 


becomes 



dx = F(b) — F(a). 


The following example is illustrative: 


If the primitive function F(x) itself becomes infinite between a and 
hj the formula ceases to hold, for the integral on the left has as yet 
no meaning in that case. 

The formulae for change of variable and for integration by parts 
may be extended to the new kinds of integrals in a similar manner 
by considering them as the limits of ordinary integrals. 


90. Infinite limits of integration. Let/(x) be a function of x which 
is continuous for all values of x greater than a certain number a. 
Then the integral where l> a, has a definite value, no 
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h.ow large I be taken. If this integral approaches a limit 
as I increases indefinitely, that limit is represented by the symbol 





f(x) dx. 

If a primitive of f(x) be known, it is easy to decide whether the 
integral approaches a limit. For instance, in the example 



i 


dx 


1 X 


arc tan I 


the right-hand side approaches 7r/2 as I increases indefinitely, and 
this is expressed by writing the equation 



+ « 


dx 


1 + X 


TT 

2 


Likewise, if a is positive and ft — 1 is different from zero, we have 



k dx 
x^ 


= _ L\ 


If fjL is greater than unity, the right-hand side approaches a limit as 
I increases indefinitely, and we may write 



+ 30 


k dx 


k 


x' 




-i 


On the other hand, if /t is less than one, the integral increases indefi¬ 
nitely with L The same is true for ft = 1, for the integral then 
results in a logarithm. 

When no primitive of f(x) is known, we again proceed by com¬ 
parison, noting that the lower limit a may be taken as large as we 
please. Our work will be based upon the following lemma: 


Let (x) he a function which is positive for x > a, and suppose that 
the integral JJ <f> (x) dx approaches a limit. Then the integral fjf(x) dx 
also approaches a limit provided that |y‘(x) | S ^ (®) for all values of 
X greater than a. 


The proof of this proposition is exactly 
If the function/‘(x) can be put into the form 


that given above. 






/(*) 




, si;' - 2! 




•r- 



where the function ^(as) remains finite when x is infinitOi thejpll^^ 
ing theorems can be demonstrated, but we shall mexeljr i 
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If the absolute value of ip{x) is less than a fixed number M and 
H is greater than uniti/, the integral approaches a limit. 

If the absolute value of 4 , (x) is greater than a positive number m 
and p is less than or equal to unity, the integral approaches no limit. 

For instance, the integral 

J r ^ cos ax , 

approaches a limit, for the integrand may be written 

cos ax 1 cos ax 
1+x^ a:* ^ 3 ^^ 


and the coefficient of 1 /x^ is less than unity in absolute value. 

The above rule is sufficient whenever we can find a positive num¬ 
ber /i for which the product x^f{x) approaches a limit different from 
zero as x becomes infinite. The integral approaches a limit if ^ is 
greater than unity, but it approaches no limit if ^ is less than or 
equal to unity.* 

For example, the necessary and sufficient condition that the inte¬ 
gral of a rational fraction approach a limit when the upper limit 
increases indefinitely is that the degree of the denominator should 
exceed that of the numerator by at least two units. Finally, if we 
take 



where P and R are two polynomials of degree and r, respectively, 
the product x^^^-^f{x) approaches a limit different from zero when 
X becomes infinite. The necessary and sufficient condition that the 
integral approach a limit is that jo be less than r /2 — 1 . 


91. The rules stated above are not always sufficient for determin¬ 
ing whether or not an integral approaches a limit. In the example 
f(x) =(sina:)/£c, for instance, the product x*^f(x) approaches zero if 
/t is less than one, and can take on values greater than any given 
number if p. is greater than one. If /t == 1, it oscillates between -f 1 
and — 1. None of the above rules apply, but the integral does ap¬ 
proach a limit. Let us consider the slightly more general integral 


• The integral also approaches a limit if the product f (*) (where /* > 1) approaches 
zero as z becomes infinite. 
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sinx 


iZfl?, or^O. 


The integrand changes sign for x = kir. 
study the alternating series 

(24) 


We are therefore led to 


4 • 


tto — 4“ -1- (— 

where the notation used is the following: 


= 



^ sin a: , 
e”****- ax, 

X 



01= — 


(n + l>»r 



9w 


sin a; 

X 


dXf 


ntr 


Sin a? 

X 


dx 


Substituting y + titt for x, the general term a, may be written 



— ay — nan 


Sin y 
y + TITT 


rfy. 


It is evident that the integrand decreases as n increases, and hence 
1 <a„. Moreover the general term is less than J^*(l/n 7 r) dy, 


n+l 


that is, than 1/n. Hence the above series is convergent, since the 
absolute values of the terms decrease as we proceed in the series, 
and the general term approaches zero. If the upper limit I lies 
between nir and (n -f-1) tt, we shall have 



i 


,-«x 51IL2 dx= S^± ea„, 

X n n7 


o<e<i, 


where denotes the sum of the first n terms of the series (24). As 
I increases indefinitely, n does the same, approaches zero, and the 
integral approaches the sum S of the series (24). 

In a similar manner it may be shown that the integrals 





sin x^dx, 





cos x^dXf 


which occur in the theory of diffraction, each have finite values. 
The curve y = sin a:*, for example, has the undulating form of a sine 
curve, but the undula tions becom e sharper and sharper as we go out, 
since the difference \/(n -f 1) w* — y/t^ of two oonseoutive roots of 
sin x^ approaches zero as n increases indefinitely. 

RemarA;. This last example gives rise to an interesting remark. Aseinoresaes 
indefinitely sin x* oscillates between — 1 and + X. Henoe an Integnd may 
approach a limit even If the integrand does not approach lero, tha t is, even It 
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the X axis is not an asymptote to the curve y = /(x). The following is an example 
of the same kind in which the function /(i) does not change sign. The function 



X 

1 + sin^x 


remains positive when x is positive, and it does not approach zero, since 
/(/cTT) = hie. In order to show that the integral approaches a limit, let us con¬ 
sider, as above, the series 


where 


4- fli + ■ • • + a„ + 





(n + iyw 


xdx 


nw 


1 + x^sin^z 


As X varies from nie to (n + 1) jr, x® is constantly greater than n® and we may 
write 


a„ < (n -H 1) 



(n+ l)ir 


dx 


nw 


1 + n®;r®sih*x 


A primitive function of the new integrand is 


—==== arc tan ( Vl-j- n® it^ tan x), 
vl+n®?r® 


and as x varies from njr to (n + 1) ir^ tanx becomes infinite just once, passing 

from + <o to — ao. Hence the new integral is equal (§ 77) to le/ VI + n® and 

we have ’ 

a.<< (!L±i). 

Vl + n®;r® n^Tt 

It follows that the series SOn is convergent, and hence the inteCTal f' f(x\ dx 
approaches a limit. ' 

On the other hand, it is evident that the integral cannot approach any limit 

II/(a:) approaches a limit h different from zero when x becomes infinite. Tor 

beyond a certain value of x, /(x) will be greater than | h/2 \ in absolute value 
and will not change sign. 

The preceding developments bear a close analogy to the treatment of infinite 

series. The intimate connection which exists between these two theories is 

brought out by a theorem of Cauchy’s which will be considered later (Chapter 

VIII). We shall then also find new criteria which will enable us to determine 

whether or not an integral approaches a limit in more general cases than those 
treated above. 


92. The function r(a^. The definite integral 
(25) r(o) = x“-*c-*<ix 

Jo 

has a determinate value provided that a is positive. 
For, let us consider the two integrals 

^ x»-»e-*dx, 



184 


DEFINITE INTEGRALS 


[IV, § 93 


where e is a very small positive number and I is a very large positive number. 
The second integral always approaches a limit, for past a sufficiently large value 
of X we have that is, + As for the first integral, the 

product srX-'^/ix) approaches the limit 1 as a: approaches zero, and the necessary 
and sufficient condition that the integral approach a limit is that 1 - a bo less 
than unity, that is, that a be positive. Let us suppose this condition satisfied. 
Then the sum of these two limits is the function r(a), which is also called Euler^a 
Megral of the second kind. This function r(a) becomes infinite as a approaches 
zero, it is positive when a is positive, and it becomes infinite with a. It has 
a minimum for a = 1.4616321 • •, and the corresponding value of r(a) is 
0.8866032 • • - 

Let us suppose that a > 1, and integrate by parts, considering e~=^dx as the 
differential of - e-*. This gives 

r(a) = - [xo-+ (a - 

but the product vanishes at both limits, since a > 1, and there remains 

only the formula 

(26) r(a) = (a - 1) T{a - 1). 

The repeated application of this formula reduces the calculation of r(a) to 
the case in which the argument a lies between 0 and 1. Moreover it is easy to 
determine the value of r(a) when a is an integer. For, in the first place, 

r(l)= = -[e-*]+* =1, 

4/0 

and the foregoing formula therefore gives, for a = 2, 3, • • •, n • • •, 

r(2) = r(i) = 1, r(3) = 2r(2) = 1.2; 

and, in general, if n is a positive integer, 

(27) r(n) = 1.2.3 • • ■ (n — 1) = (n — 1)1. 


93. Line integrals. Let AJ5 be an arc of a continuous plane curve, 
and let P (x, y) be a continuous function of the two variables x and 
y along AB^ where x and y denote the coordinates of a point of AB 
with respect to a set of axes in its plane. On the arc AB let us 
take a certain number of points of division ?7ti, ‘ ^**j' '*> whose 

coordinates are (xi, t/i), (xa, ya)> '**> (^i> yO* "‘j then upon each 
of the arcs let us choose another point n,- ly,) at random. 

Finally, let us consider the sum 


(28) 


Vi) “ 1 “ ■ ■ 

+ vd (*i “ “1“ 


extended over all these partial intervals. When the number of points 
of division is increased indefinitely in such a way that each of the 
differences approaches zero, the above sum approaches a 
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limit wliich is called the line integral of P(x, y) extended over the 
arc AB, and which is represented by the symbol 



In order to establish the existence of this limit, let us first sup¬ 
pose that a line parallel to the y axis cannot meet the arc AB in 
more than one point. Let a and h be the abscissae of the points A 
and B, respectively, and let y = <^(x) be the equation of the curve AB. 
Then <^(a:) is a continuous function of x in the interval (a, b), by 
hypothesis, and if we replace y by <^(x) in the function P{x, y), the 

resulting function «>(x) = P[x, </,{x)] is also continuous. Hence we 
have 

P{ii, vd = p[ii, = Hi.h 

and the preceding sum may therefore be written in the form 


'*’(^ 1 ) (*i -a)+ 4>(^,) (xj - X,) + ■ • ■ + *(^,) (x, 


*i- 1 ) + 


It follows that this sum approaches as its limit the ordinary definite 
integral 



^(x^dx 




x)2dx, 


and we have finally the formula 


4>{x)']dx. 


If a line parallel to the y axis can meet the arc AR in more than 


one point, we should divide the arc 
into several portions, each of which 
is met in but one point by any line 
parallel to the y axis. If the given 
arc is of the form ACDB (Fig. 14), 
for instance, where C and D are 
points at which the abscissa has an 
extremum, each of the arcs A C, C/), 
DB satisfies the above condition, and 
we may write 



But it should be noticed that in the calculation of the three integrals 
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on the right-hand side the variable y in the function P(a:, y) 
must be replaced by three different functions of the variable 

respectively. 

Curvilinear integrals of the form Q(x, y)dy may be defined 
in a similar manner. It is clear that these integrals reduce at once 
to ordinary definite integrals, but their usefulness justifies their 
introduction. We may also remaik that ^the arc AB may be com¬ 
posed of portions of different curves, such as straight lines, arcs of 
circles, and so on. 

A case which occurs frequently in practice is that in which the 
coordinates of a point of the curve AB are given as functions of a 
variable parameter 

where <^(i) and together with their derivatives </»'(«) and 

are continuous functions of t. We shall suppose that as t varies 

% 

from a to p the point (a:, y) describes the arc AB without changing 
the sense of its motion. Let the interval (a, P) be divided into a 
certain number of subintervals, and let and be two consecu¬ 
tive values of t to which correspond, upon the arc AB, two points 
and m,. whose coordinates are y.-i) and (a:.-, y<), respec¬ 

tively. Then we have 

where ^.-lies between and To this value $i there corresponds 
a point (^^, 77 i) of the arc hence we may write 

i;,) (X, - fio,)-] <i>xed (t, - 


or, passing to the limit, 


f P(x, y)d^ = CpW), i/r(0] 

Jab Ja 

An analogous formula for ^Q,dy may be obtained in a similar manner. 
Adding the two, we find the formula 


r Pdx-^Qdy^{ iP<t>Xt)+Qil,Xt)2dt, 

Jab Ja 


(29) 


which is the formula for change of variable in line integrals. Of 
course, if the arc AP is composed of several portions of different 
curves, the functions and will not have the same form 
along the whole of A B, and the formula should be applied in that 
case to each portion separately, 


. .< 

t 
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94. Area of a closed curve. We have already defined the area of a 
portion of the plane bounded by an arc AJ/B, a straight line which 
does not cut that arc, and the two perpendiculars AAq, BBq let fall 
from the points A and B upon the straight line (§§ 65, 78, Fig. 9). 
Let us now consider a continuous closed curve of any shape, by 
which we shall understand the locus described by a point Af whose 
coordinates are continuous functions x =f(t), y = of a param¬ 
eter t which assume the same values for two values and T of 
the parameter L The functions f(f) and may have several 

distinct forms between the limits and T; such will be the case, 
for instance, if the closed contour C be composed of portions of 
several distinct curves. Let m._^^ m,, * •., M^_ 

denote points upon the curve C corresponding, respectively, to the 
values •**) ^„_i, T of the parameter, which 

increase from to to 7\ Connecting these points in order by straight 
lines, we obtain a polygon inscribed in the curve. The limit 
approached by the area of this polygon, as the number of sides is 
indefinitely increased in such a way that each of them approaches 
zero, is called the area of the closed curve C* This definition is 
seen to agree with that given in the particular case treated above. 
For if the polygon AoAQ^Q^ . ■ • bBoAo (Fig. 9) be broken up into 
small trapezoids by lines parallel to AAq, the area of one of these 
trapezoids is i) [/(a:,)0]/^, or (a:, - x,_,) 

where lies between and x... Hence the area of the whole 

polygon, in this special case, approaches the definite integral 
ff(x) dx. 

Let us now consider a closed curve C which is cut in at most two 
points by any line parallel to a certain fixed direction. Let us 
choose as the axis of y a line parallel to this direction, and as the 
axis of a: a line perpendicular to it, in such a way that the entire 
curve C lies in the quadrant xOy (Fig. 15). 

The points of the contour C project into a segment ab of the axis 
Ox, and any line parallel to the axis of y meets the contour C in at 
most two points, and Let y^ = if/i^x) and yj = ^ 2 (^) be the 
equations of the two arcs Am^B and Am^B, respectively, and let 
us suppose for simplicity that the points A and B of the curve C 
which project into a and b are taken as two of the vertices of the 


• It is supposed, of course, that the curve under consideration has no double point 

Md that the sides of the polygon have been chosen so small that the polygon itself 
has no double point. jb'' 
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polygon. The area of the inscribed polygon is equal to the differ¬ 
ence between the areas of the two polygons formed by the lines Aa, 
ab, bB with the broken lines inscribed in the two arcs Am^B and 
ArriiB, respectively. Passing to the limit, it is clear that the area 
of the curve C is equal to the difference between the two areas 
bounded by the contours Am^BbaA and Am^BbaA^ respectively, that 

is, to the difference between 
the corresponding definite in¬ 
tegrals 



J \l/^(x)dx — I 

a %Ja 


These two integrals represent 
the curvilinear integral ^ydx 
taken first along Am^B and 
then along AmxB. If we 
agree to say that the contour 
C is described in the positive 
sense when an observer standing upon the plane and walking around 
the curve in that sense has the enclosed area constantly on his left 
hand (the axes being taken as usual, as in the figure), then the above 
result may be expressed as follows: the area O enclosed by the 
contour C is given by the formula 


(30) 



O = — I ydxy 


iC) 


where the line integral is to be taken along the closed contour C in 
the positive sense. Since this integral is unaltered when the origin 
is moved in any way, the axes remaining parallel to their original 
positions, this same formula holds whatever be 
the position of the contour C with respect to 
the coordinate axes. 

Let us now consider a contour C of any form 
whatever. We shall suppose that it is possible 
to draw a finite nximber of lines connecting 
pairs of points on C in such a way that the 
resulting subcontours are each met in at most 
two points by any line parallel to the y axis. 

Such is the case for the region bounded by the 
contour C in Fig. 16, which we may divide into three subregi<^ 
bounded by the contours a^nba, cUmdequy odpe, by means of the 
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transversals ab and cd. Applying the preceding formula to each 
of these subregions an^ adding the results thus obtained, the line 
integrals which arise from the auxiliary lines ab and vd cancel each 
other, and the area bounded by the closed curve C is still given by 
the line integral —jydx taken along the contour C in the positive 
sense. 

Similarly, it may be shown that this same area is given by the 
formula 


(31) 


n = I xdy\ 
JiC) 


and finally, combining these two formulae, we have 


(32) 


O = ^ / xdy — ydx, 

^ J(.C) 


whei*e the integrals are always taken in the positive sense. This 
last formula is evidently independent of the choice of axes. 

If, for instance, an ellipse be given in the form 


its area is 


X = a cos tj y = b sin ty 


1 r" 

Q = — J ab(coB^t 4- sin^i) dt = irah 


95. Area of a curve in polar coordinates. Let us try to find the 
area enclosed by the contour OAMBO (Fig. 17), which is composed 
of the two straight lines OA, OR, and the arc AMBy which is 
met in at most one 
point by any radius 
vector. Let us take 
O as the pole and a 
straight line Ox as / 
the initial line, and i 

' I 

let f> = /(<!>) be the \ 
equation of the arc 
AMB. 

Inscribing a polygon in the arc AMB, with A and R as two of 
the vertices, the area to be evaluated is the limit of the sum of such 
triangles as OMMK But the area of the triangle OMM' is 



2 p(p + Ap) sin A<u = * 
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where c approaches zero with Aw. It is easy to show that all the 
quantities analogous to e are less than any preassigned number rj 
provided that the angles Aw are taken sufficiently small, and that 
we may therefore neglect the term cAw in evaluating the limit. 
Hence the area sought is the limit of the sum Aw/2, that is, it 
is equal to the definite integral 



where wi and w^ are the angles which the straight lines OA and OB 
make with the line Ox. 

An area bounded by a contour of any form is the algebraic sum 
of a certain number of areas bounded by curves like the above. If 
we wish to find the area of a closed contour surrounding the point 
Oj which is cut in at most two points by any line through O, for 
example, we need only let w vary from 0 to 27r. The area of a con¬ 
vex closed contour not surrounding O (Fig. 17) is equal to the dif¬ 
ference of the two sectors OAMBO and OANBO, each of which may 
be calculated by the preceding method. In any case the area is 
represented by the line integral 



taken over the curve C in the positive sense. This formula does 
not differ essentially from the previous one. For if we pass from 
rectangular to polar coordinates we have 


-c == p cos w, y = p sin Q), 
dx = cos wdp — p sin w dta, dy = sin w -h p cos cd 

xdy -- ydx = p®rfw. 


Finally, let us consider an arc AMB whose equation in oblique 
coordinates is y —f(x). In order to find the area bounded by this 
arc AMBy the x axis, and the two lines AA^,, BBq, which are parallel 
to the y axis, let us imagine a polygon inscribed in the arc AMB^ and 
let UB break up the area of this polygon into small trapezoids by 
lines parallel to the y axis. The area of one of these trapezoids is 


>) +/(«!<) 
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which may be written in the form sin where i 

lies in the interval a;^). Hence the area in question is equal 

to the definite integral 


sin 0 I /(x) dx, 

where Xq and X denote the abscissae 
of the points A and B, respectively. 

It may be shown as in the similar 
case above that the area bounded by 
any closed contoiir C whatever is given 
by the formula 



I xdy — 7ydx, 

JiC) 

Note. Given a closed curve C (Fig. 15), let us draw at any point 
M the portion of the normal which extends toward the exterior, 
and let a, be the angles which this direction makes with the axes 
of X and y, respectively, counted from 0 to tt. Along the arc ArriiB 
the angle p is obtuse and dx = — ds cos p. Hence we may write 


I ydx = I ycospds. 

Along Bm^A the angle p is acute, but dx is negative along Bm^A 
in the line integral. If we agree to consider ds always as positive, 
we shall still have dx — — ds cos p. Hence the area of the closed 
curve may be represented by the integral 



y cos pds, 


where the angle p is defined as above, and where ds is essentially 
positive. This formula is applicable, as in the previous case, to a 
contour 'of any form whatever, and it is also obvious that the same 
area is given by the formula 



X cos a ds. 


These statements are absolutely independent of the choice of axes. 


96. Value of the integral/x dy - y dx. It is natural to inquire what will 
be represented by the integral J zdy — ydx^ taken over any curve whatever, 
closed or unclosed. 
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Let US consider, for example, the two closed curves OA OBO and 
ApBqCrAsBtCuA (Fig. 19) which have one and three double points, resi)ec- 
tively. It is clear that we may replace either of these ciurves by a combination 
of two closed curves without double points. Thus the closed contour OAOBO 

is equivalent to a combination of the 
two contours OAO and OBO, The 
integral taken over the whole contour 
is equal to the area of the portion 
OAO less the area of the portion 
OBO, Likewise, the other contour 
may be replaced by the two closed 
curves ApBqCrA and AsBtCuA^ and 
the integral taken over the whole con> 
tour is equal to the sum of the areas of ApBaA, BtCqB^ and ArCuA, plus twice 
the area of the portion AsBqCuA. This reasoning is, moreover, general. Any 
closed contour with any number of double points determines a certain number 
of partial areas <rt, V 2 , • • <rp, of each of which it forms all the boundaries. 
The integral taken over the whole contour is equal to a sum of the form 

wiivi + tn2^2 4" ' *' *i* 

where mj, Tna, • • •, rrip are positive or negative integers which may be found by 
the following rule: Given two adjacent areas v, v', separated hy an arc ab of the 
contour C, imagine an observer walking on the plane along the contour in the sense 
determined by the arrows; then the co^cient of the area at his left is one greater 
than that of the area at his right. Giving the area outside the contour the coeffi> 
cient zero, the coefficients of all the other portions may be determined successively. 

If the given arc AB is not closed, we may transform it into a closed curve by 
joining its extremities to the origin, and the preceding formula is applicable to 
this new region, for the integral Jxdy •• ydz taken over the radii vectores OA 
and OB evidently vanishes. 




V. FUNCTIONS DEFINED BY DEFINITE INTEGRALS 


97, Differentiation under the integral sign. We frequently have to 
deal with integrals in which the function to be integrated depends 
not only upon the variable of integration but also upon one or more 
other variables which we consider as parameters. Let /(ar, or) be a 
continuous function of the two variables x and a when x varies from 
Xffto X and a varies between certain limits a© and ai. We proceed 
to study the function of the variable a which is defined by the 
definite integral 

F(a) = 



where a is supposed to have a definite value between and and 
where the limits x^ and X are independent of or. 
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We have then 


(33) F{a + Aa) - F(a) = f [/(x, a + Aa) -/(x, a)] dx. 

Since the function/(a:, a) is continuous, this integrand may be made 
less than any preassigned number € by taking Aa sufficiently small. 
Hence the increment Ai^(a) will be less than (.\X — Xq\ in absolute 
value, which shows that the function F(a) is continuous. 

If the function /(a:, a) has a derivative with respect to a, let us 

write 


f(Xy a + Aa) ~f(x, a) = Aa [/« (x, a) + c], 


where « approaches zero with Aa. Dividing both sides of (33) by 
Aa, we find 


F(a + Aa) — F(a) 
Aa 




and if rj be the upper limit of the absolute values of c, the absolute 
value of the last integral will be less than r)\X — Xfj\. Passing to 
the limit, we obtain the formula 



In order to render the above reasoning perfectly rigorous we must 
show that it is possible to choose Aa so small that the quantity c 
will be less than any preassigned number t; for all values of x between 
the given limits and X. This condition will certainly be satisfied 
if the derivative /„(x, a) itself is continuous. Por we have from 
the law of the mean 


/(x, a + Aa) ~/(x, a) = Aa/^ (x, a + ^Aa), 0 < ^ < 1, 

and hence 

€ =fa{Xy a + ^Aa)—/«(x, a). 

If the function is continuous, this difference c will be less than rj 
for any values of x and a, provided that |Aa| is less than a properly 
chosen positive number h (see Chapter VI, § 120). 

Let us now suppose that the limits X and x„ are themselves func¬ 
tions of a. If AX and Ax,, denote the increments which correspond 
to an increment Aa, we shall have 
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F(a + Aar) — F(a) 


=/ V(*. 

jr+ 

J r*b+^ 


a + Aar) —/(x, ay\dx 


f(x^ a + Aar) dx 


/(x, oc -f- Aa) dx ; 


or, appl 3 ring the first law of the mean for integrals to each of the 
last two integrals and dividing by Aar, 


F{oc + Aa) — i^(ar) 
Aa 


=I 


/(x, g + Aa) —/(x, 

Aa 


dx 


aa: 


+ a4-Aa) 


Axo 




As Aa approaches zero the first of these integrals approaches the 
limit found above, and passing to the limit we find the formula 

which is the general formula for differentiation under the integral 
sign. 

Since a line integral may always be reduced to a sum of ordinary 
definite integrals, it is evident that the preceding formula may be 

extended to line integrals. Let us consider, for instance, the line 
integral 

a)dx Q(x, y, a)dg 

taken over a curve AB which is independent of a. It is evident that 
we shall have 

^'(«) = / y, <^)dx + Q.(x, y, a)dyy 

Uab 

where the integral is to be extended over the same curve. On the 
other hand, the reasoning presupposes that the limits are finite and 
that the function to be integrated does not beocmie infinite between 
the limits of integration. We shall take up later (Chapter VIII, 
S 175) the oases in which these oonditiona are not natinfied, 


IV, § 98] 


FUNCTIONS DEFINED BY INTEGRALS 


195 


The formula (35) is frequently used to evaluate certain definite 
integrals by reducing them to others which are more easily calcu¬ 
lated. Thus, if a is positive, we have 



dx 


a 



arc tan f 
Va 


whence, applying the formula (34) n — 1 times, we find 


(-l)"-il.2.. 



1 ) 



dx 


x^ -h a) 


d»-^ / 1 


arc tan 



98. Examples of discontinuity. If the conditions imposed are not satisfied for 
all values between the limits of integration, it may happen that the definite inte¬ 
gral defines a discontinuous function of the parameter. Let us consider, for 
example, the definite integral 



sin a dx 
1 — 2x cos a + 


This integral always has a finite value, for the roots of the denominator are 
imaginary except when a = /c;r, in which case it is evident that F(cr) = 0. Sup¬ 
posing that sin a ;i£ 0 and making the substitution x = cos a + t sin a, the indefi¬ 
nite integral becomes 



sin a dx 
2x cos a -t- 



dt 


1 + 


arc tanf. 


Hence the definite integral F{a) has the value 


arc tan 


( 1 — cos a\ 
sin a J 


arc tan 


( — 1 — cos a\ 
sin a ) 


where the angles are to be taken between — Tt/2 and 7r/2. 


But 


1 — cos a 

-X 

sin a 


— 1 — cos a 
sin a 



and hence the difference of these angles is ± n/2. In order to determine the 
sign uniquely we need only notice that the sign of the integral is the same as 
that of sin a. Hence F{a) — ± n/2 according as sin a is positive or negative. 
It follows that the function F{a) is discontinuous for all values of a of the form 
kie. This result does not contradict the above reasoning in the least, however. 
For when x varies from — 1 to +1 and a varies from — € to -I- c, for example, 
the function under the integral sign assumes an indeterminate form for the sets 
of values a = 0, x = — 1 and a = 0, x = +1 which belong to the region in ques¬ 
tion for any value of e. 

It wotild be easy to give numerous examples of this nature. Again, consider 
the integral 
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Making the substitution mx = y, we find 



where the sign to be taken is the sign of m, since the limits of the transformed 
integral are the same as those of the given integral if m is positive, but should 
be interchanged if m is negative. We have seen that the integral in the second 
member is a positive number N (§ 91). Hence the given integral is equal to ± if 
according as m is positive or negative. If m = 0, the value of the integral is 
zero. It is evident that the integral is discontinuous for m = 0, 


VI. APPROXIMATE EVALUATION OF DEFINITE INTEGRALS 


99. Introduction. When no primitive of /(a?) is known we may- 
resort to certain methods for finding an approximate value of the 
definite integral The theorem of the mean for integrals 

furnishes two limits between which the value of the integral must 
lie, and by a similar process we may obtain an infinite number of 
others. Let us suppose that <f(x) < for all values of x 
between a and b (a < b). Then we shall also have 




'X 



If the functions <f>(x) and are the derivatives of two known 
functions, this formula gives two limits between which the value of 
the integral must lie. Let us consider, for example, the integral 



Now Vl— x* = Vl — x^ Vl 4- x\ and the factor VT+ x^ lies 
between 1 and V2 for all values of x between zero and unity. 
Hence the given integral lies between the two integrals 



x 



that is, between 7r/2 and 7r/(2V2). Two even closer limits may 
be found by noticing that (1-f-is greater than l^x^/2, 
which results from the expansion of (1 + by means of Taylor’s 
series with a remainder carried to two terms. Hence the integral 
I is greater than the expression 


dxc 1 

Jo Vi — a:* 2 J^ 


x^dx 


Vl 


X 
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The second of these integrals has the value 7r/4 (§ 105); hence I 
lies between ir 12 and 3 tt/S. 

It is evident that the preceding methods merely lead to a rough 
idea of the exact value of the integral. In order to obtain closer 
approximations we may break up the interval (a, h) into smaller 
subintervals, to each of which the theorem of the mean for inte¬ 
grals may be applied. For definiteness let us suppose that the 
function fix') constantly increases as x increases from a to h. Let 
us divide the interval (a, h) into n equal parts — a = nh). Then, 
by the very definition of an integral, 
two sums 

s^h\fia) +/i) (n —1)A]|, 

.5 = 4^ fia -f- h) -f- f{a -}- 2h) -f- • • ■ (« + fih) ^. 

If we take {S s)/2 as an approximate value of the integral, the 
error cannot exceed \S — s\ /2 =\l(b ~ a) /2 w] [/(^») —/(a)] |. The 
value of (5 5)/2 may be written in the form 


X between the 




Observing that |/(a + -f-/[a + (i +1) 4]|A/2 is the area of 

the trapezoid whose height is h and whose bases are/(a -f ih) and 
f(a + ih + A), we may say that the whole method amounts to 
replacing the area under the curve y = f(x) between two neighbor¬ 
ing ordinates by the area of the trapezoid whose bases are the two 
ordinates. This method is quite practical when a high degree of 
approximation is not necessary. 

Let us consider, for example, the integral 

dx 

Taking n = 4, we find as the approximate value of the integral 

l/l 16 4 16 1\ 

4(2 + 17 + 6+ M + 4j= 0-78279 • • 

and the error is less than 1/16 = .0625.* This gives an approxi¬ 
mate value of TT which is correct to one decimal place, — 3.1311 • ■ 

• Found from the formula [S — st/2. In fact, the error is about .002G0, the exact 
value being ;r/4. — Trans. 
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If the function f(x) does not increase (or decrease) constantly ,as 
X increases from a to 6, we may break up the interval into sub- 
intervals for each of which that condition is satisfied. 

100. Interpolation. Another method of obtaining an approximate 
value of the integral j^f{x)dx is the following. Let us determine 
a parabolic curve of order w, 

y = = a© + H-1" 

which passes through (n-\- 1) points Bq, Bi, B^ of the curve 
y =/(x) between the two points whose abscissae are a and b. 
These points having been chosen in any manner, an approximate 
value of the given integral is furnished by the integral 
which is easily calculated. 

Let (xo, yo), (aJi, yi), * * *, (a5„, y«) he the coordinates of the (n +1) 
points Bo, -Si, B,^. The polynomial <^(x) is determined by 
Lagrange’s interpolation formula in the form 

+ yi -X"! H-h y< A,- h -h y„A„, 

where the coefficient of y,- is a polynomial of degree n, 




• • 


(x - x,..0 (x — x,.n) ■ • • (x - x„) 


(Xi — Xo) ■ (Xi — Xi_ ,) (x. — Xi + i) • • • (pSi — x„) 

which vanishes for the given values Xo, ajj, • • •, x„, except for x 
and which is equal to unity when x = Xj. Hence we have 


= x 


49 


J ^b n p 

il,(x) dx = '^ Vi I 


• . * 


X- = 


The numbers Xf are of the form 

Xo = a-h 0o(^ — a)f Xi = a + — a), 

where 0 < < - * * < S1- Setting x = a + (^ — <i)t, the ap¬ 

proximate value of the given integral takes the form 


a -h O^b - a), 


(36) 


(b — a)(Aoyo 4- Aiyi H-+ A^y»)i 


where Kf is given by the formula 




— ^o) ••• (t — ^i-l) — ^i + l) (t~^ OJ) 


dt. 


(0, -Oo)-- {0, - i) {$, - - 9.) 

If we divide the main interval (a, b) into subintervals whose 
ratios are the same constants for any given function/(x) whatever, 
the numbers 9o, $i, • * *, 9^, and hence also the numbers iTj, are inde¬ 
pendent of f(x). Having calculated these coefficients once 
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it only remains to replace yo> Vn •••, Vn l>y their respective values 
in the formula (36). 

If the curve f{x) whose area is to be evaluated is given graph¬ 
ically, it is convenient to divide the interval (a, b) into equal parts, 
and it is only necessary to measure certain equidistant ordinates of 
this curve. Thus, dividing it into halves, we should take Oq = 0 , 

= 1 / 2 , 02 = 1 , which gives the following formula for the approxi¬ 
mate value of the integral: 

^ == (yo -f- 4yi + ya). 

Likewise, for n = 3 we find the formula 

and for n = 4 

^ “ QQ (JVo + ^ 2 yi + 12 y 2 + 32y3 -f- 7y^. 

The preceding method is due to Cotes. The following method, 
due to Simpson, is slightly different. Let the interval (a, b) be 
divided into 2n equal parts, and let yo, yi, ya, ■ yan be the ordi¬ 
nates of the corresponding points of division. Applying Cotes’ 
formula to the area which lies between two ordinates whose indices 
are consecutive even numbers, such as yo and ya, ya and y 4 , etc., we 
find an approximate value of the given area in the form 

^ C(yo + 4yi + ya) + (ya + dyg -f y4) -f-. •. 

+ (y 2 n -2 + 4y2„_ 1 -f yan)] , 

whence, njton simplification, we find Simpson’s formula : 

^ ~ [yo -I- yan H- 2 (ya -H y* +- 1 - y-m-a) 

+ 4 (yi + yg H-+ yg^ _i)]. 

101. Gauss’ method. In Gauss’ method other values are assigned 
the quantities 0^. The argument is as follows: Suppose that we 
can find polynomials of increasing degree which differ less and less 
froni the given integrand f(x) in the interval (a, b). Suppose, 
for instance, that we can write 

f(x) = oTo 4- -h ajtx^ -I --f 4 7i^„(x), 

where the remainder is less than a fixed number c,^ for all 
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values of x between a and b.* The coefficients cr^ will be in gen¬ 
eral unknown, but they do not occur in the calculation, as we shall 
see. Let Xo, Xi, •, x„^i be values of x between a and b, and let 
be a polynomial of degree n — 1 which assumes the same 
values as does f(x} for these values of x. Then Lagrange’s inter¬ 
polation formula shows that this polynomial may be written in the 
form 

2 / 1-1 

= X "*■ -^ ^2n(^n-0 ^n-l(x), 

m= 0 

where <f>^ and are at most polynomials of degree w — 1. It is 
clear that the polynomial depends only upon the choice of 

a:i, •, On the other hand, this polynomial must 

assume the same values as does a;”' for x = Xq, x = Xi, • • a; = x^_^. 
For, supposing that all the a’s except and also R^(x) vanish, 
f(x) reduces to a^x"' and <f>{x) reduces to a^<f>,^(x). Hence the 
difference x"' — ^„,(x) must be divisible by the product 


P„ (x) = (x — Xo) (x — Xi) ■ •. (x — x„.,). 

It follows that x"* — <t>^(x)== P„Qn_„(x)f where Qm_„(x) is a poly¬ 
nomial of degree w — w, if m > ti ; and that x" — <f>^ (x) = 0 if w < n — 1, 
The error made in replacing f^f(x)dx by f^<l»{x)dx is evidently 
given by the formula 

Sn —1 ^b 

( 37 ) Var,„ I [x”* - <#i^(x)] c?x + / R^^{x)dx 

n — I r%b 


- X ^ ■ 

1=0 


The terms which depend upon the coefficients aQ, aj, • • •, vanish 
identically, and hence the error depends only upon the coefficients 
*^n+i> •'*? ^ 2 n-i remainder R^(x), But this remain¬ 

der is very small, in general, with respect to the coefficients 
<^nt ^n + i» '*•> ^ 2 n-i' HcDce the chances are good for obtaining a 
high degree of approximation if we can dispose of the quantities 
• ••> ^n -1 such a way that the terms which depend upon 
^ni ^n + u • • *1 « 2 n-i ^^so vanish identically. For this purpose it is 
necessary and sufficient that the n integrals 

' P„Qndx, I P„Qidx, I P,Q,_idaj 

a %/a t/a 


* This Is a property of any function which is continuous in the interval (o, t)i 
according to a theorem due to Weieratrass (see Chapter IX, $ 199). 


IV, §102] 


APPROXIMATE EVALUATION 


201 


should vanish, where Q,- is a polynomial of degree i. We have 
already seen (§ 88) that this condition is satisfied if we take of 
the form 

^n = ~ ay (x - 

It is therefore sufficient to take for Xi, • • •, x„_i the n roots of 
the equation = 0, and these roots all lie between a and b. 

We may assume that a = — 1 and b = -{-1, since all other cases 
may be reduced to this by the substitution x = (b-{-a)/2-^t(b~a) /2. 
In the special case the values of Xq, Xi, • •x„_i are the roots of 
Legendre’s polynomial The values of these roots and the 

values of for the formula (36), up to n = 5, are to be found to 
seven and eight places of decimals in Bertrand’s Traiti de Calcul 
integral (p. 342). 

Thus the error in Gauss’ method is 

r (*) dx — (a:,.) C % (x) dx, 

I'sb J a 

where the functions %(x) are independent of the given integrand. 
In order to obtain a limit of error it is sufficient to find a limit of 
that is, to know the degree of approximation with which 
the function /(x) can be represented as a polynomial of degree 

2n — 1 in the interval (a, b). But it is not necessary to know 
this polynomial itself. 

Another process for obtaining an approximate numerical value of 
a given definite integral is to develop the function/(x) in series and 
integrate the series term by term. We shall see later (Chapter VIII) 
under what conditions this process is justifiable and the degree of 
approximation which it gives. 

102. Amsler’s pUnimeter. A great many machines have been invented to 
measure mechanically the area bounded by a closed plane curve.* One of the 
most ingenious of these is Amsler’s planimeter, whose theory affords an interest¬ 
ing application of line integrals. 

Let us consider the areas Ai and Aj bounded by the curves described by two 
points ji-i and A 2 of a rigid straight line which moves in a plane in any manner 
and finally returns to its original position. Let (xj, yi) and (xg, 2 / 2 ) be the coor¬ 
dinates of the points Ai and A 2 , respectively, with respect to a set of rectangu¬ 
lar axes. Let I be the distance A 1 A. 2 , and 0 the angle which A 1 A 2 makes with 

*A description of these instruments is to be found in a work by Abdank- 

Abakanowicz: Xcs int^graphes, la courbe integrate et sea applications (Gautbier- 
Villars, 1886). 
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' ho positive X axis. In order to define the motion of the line analytically, xi, yi, 
<!. ' ^ must be supposed to be periodic functions of a certain variable parameter t 
Wiuchresumethesamevalues when f is increased by T. We havexs^^xi + f co 80 , 
Vz — Vx + l sin and hence 


x^dyz — yadx2 = xidyt — yidx\ + H^dB 

4- l{QOsedyx — sin ddxi + xi cos^d^ + y\%\u.6dd). 

The areas Ai and A 2 of the curves described by the points Ai and under the 
general conventions made above (§ 96), have the following values: 



i J' Zxdyx — Vidxx, 


A 2 = i y*Xfldya — VadXi. 


Hence, integrating each side of the equation just found, we obtain the equation 

cos^dyi — sinddxi J (xi costf + yi 

where the limits of each of the integrals correspond to the values to and to + T 
of the variable t. It is evident that Jd6 — 2Kn, where E* is an integer which 
depends upon the way in which the straight line moves. On the other hand, 
integration by parts leads to the formulae 






cos^d^ 


= Xi sin d — y*8in ^ dxi, 


J'yisin^cW = — ^icos9 +y*C08ddyi. 


But Xi sin e and y^ cos 0 have the same values for f = <0 and f = f© + T, Hence 
the preceding equation may be wi'itten in the form 



Ai 4* KitV^ 4 * 


cos $ dyx — sin 9 dxi . 


Now let 5 be the length of the arc described by 1 counted positive In a certain 
sense from any fixed point as origin, and let a be the angle which the positive 
direction of the tangent makes with the positive x axis. Then we shall have 

cos^dyi — sin^dxi = (sin a cosfi — sin 9 cos a) ds = sinFds, 

where Y is the angle which the positive direction of the tangent makes with the 
positive direction AxA% of the straight line taken as in Trigonometry. The 
preceding equation, therefore, takes the form 


(38) Aa = Ai + JTffP 4- sinFda, 

Similarly, the area of the curve described by any third point A% of the atndght 
line is given by the formula 


(39) A, = A, + KnV* + vj sinFeb, 

where V is the distance A\At^ Eliminating the unknown quantity /winFdt 
between these two equations, we find the formula 

r 


J'Aa - J A, = (r - 1 ) Ai + 
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(40) Ai (23) + Ag (31) -f A, (12) + -^Tr (12) (23) (31) = 0, 

where (ik) denotes the distance between the points Ai and (t, Jk = 1, 2, 3) 
taken with its proper sign. As an application of this formula, let us consider 
a straight line A 1 A 2 of length (a + 6), whose extremities Ai and A 2 describe the 
same closed convex curve C. The point At, which divides the line into seg¬ 
ments of length a and 6, describes a closed curve C' which lies wholly inside C. 
In this case we have 

A 2 =Ai, (i2) = a-|-6, (23) = -6, (31) = - a, .^=1; 

whence, dividing by a -|- 6, 

Ai — Aj = Ttab, 

But Ai — As is the area between the two curves C and C'. Hence this area is 
independent of the form of the curve C. This theorem is due to Holditch. 

If, instead of eliminating /sinPds between the equations (88) and (39), we 
eliminate Ai, we find the formula 



As = Aa + “ i«) + {I' - 


l) f BinV<U. 


Amsler’s planimeter affords an application of this formula. Let AiAtAt be a 
rigid rod joined at A 2 with another rod OA 2 . The point O being fixed, the point 
As, to which is attached a sharp pointer, is made to describe the curve whose area 


is sought. The point A 2 then 
describes an arc of a circle or 
an entire circumference, accord¬ 
ing to the nature of the motion. 

In any case the quantities As, K, 

I, I' are all known, and the area 
As can be calculated if the in¬ 
tegral / sin Vds, which is to be 
taken over the curve Ci described 
by the point Ax, can be evaluated. 
This end Ax carries a graduated ^ 
circular cylinder whose axis coin¬ 
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cides with the axis of the rod Ax As, and which can turn about this axis. 

Let ^ consider a small displacement of the rod which carries AxAiAs into 
the position AiA^A's. Let Q be the intersection of these straight lines. About 
Q as center draw the circular arc Aia; and drop the perpendicular AfPfrom 
Ai upon AxA 2 . We may imagine the motion of the rod to consist of a sliding 
along its own direction until Ax comes to ct, followed by a rotation about Q which 
brings a to Ai. In the first part of this process the cylinder would slide, with¬ 
out turning, along one of its generators. In the second part the rotation of 
the cylinder is measured by the arc aAi. The two ratios aAi/AiP and 
AfP/arcAiAf approach 1 and sin F, respectively, as the arc AiAi approaches 
zero. Hence exAi = As (sin F + e), where e approachea zero with As. It follows 
that the total rotation of the cylinder is proportional to the limit of the sum 
SAs (sin F + «)» that is, to the integral sin F ds. Hence the measurement of 
this rotation is sufficient for the determination of the given area. 
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EXERCISES 

1. Show that the sum 1/n + l/(n + 1) + * —I- l/2n approaches log 2 as n 
increases indefinitely. 

[Show that this sum approaches the definite integral [1/(1 + a!)]<la 5 as its 
limit.] 

2. As in the preceding exercise, find the limits of each of the sums 


n 

+ 

71 


• + 

n^* + l 

+ 22 

1 

+ 

1 


•-I- 

Vn* — 1 

Vn* - 2* 


_ n _ 

nil + (n - i)a’ 

1 

Vnii - (n - l)a’ 


by connecting them with certain definite integrals. In general, the limit of 
the sum 

n 

5) ")» 

j=o 

/ 

as n becomes infinite, is equal to a certain definite integral whenever ^(i, n) is 
a homogeneous function of degree — 1 in i and n. 

3. Show that the value of the definite integral log sin x dx is 
- (?r/2) log 2. 

[This may be proved by starting with the known trigonometric formula 

. ;r . 2;r . (n — 1) n 

sin — sm — • • • sin ^- - — = -— 

n n n 


or else by use of the following almost self-evident equalities: 


« ll 

y® logsinxdx = log cosxdx 


-if. 


* ^sin 2x\ - 

Idx. 


log 


2 / 


] 


4. By the aid of the preceding example evaluate the definite integral 




6. Show that the value of the definite integral 



t 


log(l + x) 
l + x* 


is (;r/8)log2. 

[Set X = tan ^ and break up the transformed integral into three parts.] 


6*. Evaluate the definite integral 


y log(l —2aooBX+ 


[POXBBOK.] 
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[Dividing the interval from 0 to into n equal parts and applying a well-known 
formula of trigonometry, we are led to seek the limit of the expression 


7C 

n 


log ^ 


g 1 

a + 1 




as n becomes infinite. If g lies between — 1 and + 1» this limit is zero. If 
g2 > 1, it is It log g2. Compare § 140.] 

7. Show that the value of the definite integral 



sinxdx 


Vl — 2g cosx - 1 - g* 


where a is positive, is 2 if g ^ 1, and is 2/g if g > 1. 


8*. Show that a necessary and sufficient condition that f{x) should be intc- 
grable in an interval (a, b) is that, corresponding to any preassigned number e, 
a subdivision of the interval can be found such that the difierence S — « of the 
corresponding sums S and s is less than c. 


9. Let/(jc) and ^(x) be two functions which are continuous in the interval (a, 5), 
and let (a, xi, Xs, • • •, 6) be a method of subdivision of that interval. If fi, v,- 
are any two values of x in the interval (xv-i, x,), the sum S/(fi) ^( 17 ,) (x* — Xi-i) 
approaches the definite integral f{^) dx as its limit. 

10. Let/(x) be a function which is continuous and positive in the interval (a, 6). 
Show that the product of the two definite integrals 



is a minimum when the function is a constant. 


11. Let the symbol Ip denote the index of a function (§ 77) between Xo 
and xi. Show that the following formula holds; 


r-zw + / 


m 



where c = -f* 1 if f{xo) > 0 and /(xj) < 0, c = - 1 if /(xo) < 0 and /(xi) > 0, and 
e = 0 if /(Xo) and /(xi) have the same sign. 

[Apply the last formula in the second paragraph of § 77 to each of the func¬ 
tions/(x) and l//(x).] 

12*. Let U and V be two polynomials of degree n and n — 1, respectively, 
which are prime to each other. Show that the index of the rational fraction 
V/U between the limits — 00 and -|- 00 is equal to the difference between the 
number of imaginary roots of the equation U -}- iY = 0 in which the coefficient 
of i is positive and the number in which the coefficient of i is negative. 

[Hermite, Bulletin de la Sociit^ malMmatique^ Vol. VII, p. 128.] 

13*. Derive the second theorem of the mean for integrals by integration by 
parts. 
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[Let/(®) and <p{x) be two functions each of which is continuous in the inter¬ 
val (a, fe) and the first of which, /(z), constantly increases (or decreases) and 
has a continuous derivative. Introducing the auxiliary function 


4*(z) = f tf,{x)dx 

^ «/ a 

and integrating by parts, we find the equation 

f^/{z)<p{x)dxz=f{b)^{b) - ff'(z)^{x)dx. 

Since/'(z) always has the same sign, it only remains to apply the first theorem 
of the mean for integrals to the new integral.] 

14. Show directly that the definite integral Jxdy-ydx extended over a 
closed contour goes over into an integral of the same form when the axes are 
replaced by any other set of rectangular axes which have the same aspect. 

16. Given the formula 


evaluate the integrals 


X 6 1 

cos Xz dz = - (sin \h — sin Xa), 


x>p + isinXa:da:, J'WcosXxtie. 


16 Let us associate the points (x, y) aud (x', y') upon any two given curves 

C and C', respectively, at which the tangents are parallel. The point whose 

coordinates are xi = pa: + qx', pi = py + qy', where p and q are given constants. 

describes a new curve C\. Show that the following relation holds between the 
corresponding arcs of the three curves: 


si = ± ps i 55'. 

17. Show that corresponding arcs of the two curves 

^ jz = ~ f{t) + (x' = tif'if) ^f^t) - 

\y + 0(t), jy' =/'(t) + 

have the same length whatever be the functions f(t) and 0 (t). 

18. From a point 3f of a plane let us draw the normals 3fPi, .... Jtfp to 

n given curves Ci, O 3 , • •C„ which lie in the same plane, and let k be "the 

^stance JtfP,. The locus of the points M, for which a relation of the form 

F{lu - -yin) = 0 holds between the n distances Z,*, is a curve V, If lengths 

proiwrtional to bF/bU be laid off upon the lines JfP,-, respectively, according to 

a definite convention as to sign, show that the resultant of these n vectors gives 

the direction of the normal to r at the point Jf. GeneraUze the theorem for 
surfaces in snace. 


19. Let C be any closed curve, and let us select two points p and p'npon the 

to at a point m, on either side of m, making mp = mp\ Supposing 

that tlm d^tance mp varies according to any arbitrary law as m describes the 

o^e C, show that the points p and p' desoribe ourves of equal area. Dtsouss 
the special case where mp is constant. 
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20. Given any closed convex curve, let us draw a parallel curve by laying oft 
a constant length I upon the normals to the given curve. Show that the area 
between the two curves is equal to it TtP + si, where s is the length of the given 
curve. 

21. Let C be any closed curve. Show that the locus of the points A, for 
which the corresponding pedal has a constant area, is a circle whose coj^er is 
fixed. 

[Take the equation of the curve C in the tangential form 

X cost + y sin t = /(t)*] 

22. Let C be any closed curve, Ci its pedal with respect to a point A, and Ca 
the locus of the foot of a perpendicular let fall from A upon a normal to C. 
Show that the areas of these three curves satisfy the relation A = Ai — A2. 

[By a property of the pedal (§ 36), if p and w are the polar coordinates of a point 
on Cl, the coordinates of the corresponding point of C 2 are p' and w 4* 7r/2, and 
those of the corresponding point of C are r = V p'^ 4* p'^ and 0 = w 4- arc tan p'/p. ] 


23. If a curve C rolls without slipping on a straight line, every point A which 
is rigidly connected to the curve C describes a curve which is called a roulette. 
Show that the area between an arc of the roulette and its base is twice the area 
of the corresponding portion of the pedal of the point A with respect to C. Also 
show that the length of an arc of the roulette is equal to the length of the corre¬ 


sponding arc of the pedal. 


[Steiner.] 


[In order to prove these theorems analytically, let X and Y be the co5rdi- 
nates of the point A with respect to a moving system of axes formed of the 
tangent and normal at a point M on C. Let s be the length of the arc OM 
counted from a fixed point O on C, and let w be the angle between the tangents 
at O and M. First establish the formulae 


ds 4* d X — Y du ), d Y 4* X dw — 0, 


and then deduce the theorems from them.] 

24*. The error made in Gauss' method of quadrature may be expressed in 
the form ^ 

^ 2 r 1.2.3.. n -y 

1 . 2 . .. 2n 2n 4- 1 Ll . 2 • ■ • (2n - 1) J ’ 

where ( lies between - 1 and 4-1. [Mansion, Comptes rendus, 1886.] 
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INDEFINITE INTEGRALS 

We shall review in this chapter the general classes of elemen¬ 
tary functions whose integrals can be expressed in terms of ele¬ 
mentary functions. Under the term elementary functions we shall 
include the rational and irrational algebraic functions, the exponen¬ 
tial function and the logarithm, the trigonometric functions and 
their inverses, and all those functions which can be formed by a 
finite number of combinations of those already named. When the 
indefinite integral of a function fix) cannot be expressed in terms 
of these functions, it constitutes a new transcendental function. 
The study of these transcendental functions and their classification 
is one of the most important problems of the Integral Calculus. 


L INTEGRATION OF RATIONAL FUNCTIONS 


103. General method. Every rational function /(x) is the sum of 
an integral function Eix) and a rational fraction ^(a:)/Q(x), where 
J^(x) is prime to and of less degree than Q(x). If the real and 
imaginary roots of the equation Q(x) be known, the rational frac¬ 
tion may be decomposed into a sum of simple fractions of one or the 
other of the two types 

A Mx-\-N 

(x^ a)"** [(x — a)^ + 

The fractions of the first type correspond to the real roots, those 
of the second type to pairs of imaginary roots. The integral of 
the integral function E(x) can be written down at once. The inte¬ 
grals of the fractions of the first type are given by the formulse 



__ A _ 

(m — 1) (x — a)”*“ ^ * 

= A log (x — a), 


if w > 1; 


if m — 1. 


For the sake of simplicity we have omitted the arbitrary constant C, 
which belongs on the right-hand side. It merely remains to examine 
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the simple fractions which arise from pairs of imaginary roots. 
In order to simplify the corresponding integrals, let us make the 
substitution 

a: = a -f pt, dx = pdt. 

The integral in question then becomes 


r M 

J [C^- 


Mx N 


lix - ay + 


dx 




Ma -I- jV + Mfit 


(1 + t^y 


dty 


and there remain two kinds of integrals: 



tdt 


(1 + <») 


C dt 

J a + i 


2\n 


y 


Since tdt is half the differential of 1 + t^, the first of these inte 
grals is given, if w- > 1, by the formula 



t dt 




2n- 2 


(1 4- O' 


2(71-1) ( 1+0 


2\n - 1 


2(n-l)[(x-a)" + ^]"-> 


or, if n = 1, by the formula 



= I log (1 + «») = 1 log 




The only integrals which remain are those of the type 



dt 


(1 + o 


If n = 1, the value of this integral is 



arc tan t = arc tan 



If n is greater than unity, the calculation of the integral may be 
reduced to the calculation of an integral of the same form, in which 
the exponent of (1 + O decreased by imity. Denoting the inte¬ 
gral in question by we may write 




1 _|_ ^2 _ ^2 
(1 + O" 



dt r dt 

(1 + 0 "-' (1 + 




From the last of these integrals, taking 


tdt _ 1_ 

(1 + t‘‘Y’ ^ ~ 2(n - 1) (1 + <*)"■* 


u= ty dv = 
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dt 


and integrating by parts, we find the formula 

t^dt t If 

+ 2(n - 1)(1+<»)»-■ +2(n-l)J 

Substituting this value in the equation for /„, that equation becomes 



271 — 3 
2n-2 


/n-l + 


t 


2(n- 

Repeated applications of this formula finally lead to the integral 
Ii = arc tan Retracing our steps, we find the formula 



(2n - 3) (27 j - 5) .. ■ 3.1 
(271 —2)(27t —4)...4.2 


arc tan t -f- Ji(t), 


where R (i) is a rational function of t which is easily calculated. 
We will merely observe that the denominator is (1 -f- that 

the numerator is of degree less than 27i — 2 (see § 97, p. 192). 

It follows that the integral of a rational function consists of 
terms which are themselves rational, and transcendental terms of 
one of the following forms: 

log(x — a), log [(a: — a)^ H-arc tan - 

P 

Let us consider, for example, the integral [ 1 /(a;* — 1)] dx. The 
denominator has two real roots -f- 1 and — 1, and two im^inary 
roots + i and — i. We may therefore write 




Cx 4- 

l + x« ' 


In order to determine A, multiply both sides by x — 1 and then set 
X = 1. This gives A =1/4, and similarly R = — 1/4. The iden¬ 
tity assumed may therefore be written in the form 


X 


-i__L_) = 

4 — 1 4\x — 1 x + 1/ 


Cx + D 

!+*» ' 


or, simplifying the left-hand side, 

-1 


Cx + 


2 (1 -f. X'") 1 4- a:* 

It follows that C = 0 and i> = — 1/2, and we have, finally^ 

1111 


which gives 


x*-l 4(x-l) 4 (x4-1) 2(x»4-1) 


r dx ^ 1 

J x^-l~ I 


log 


X — 


a: 4- 


V 2 


arc tanx. 
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Note. The preceding method, though absolutely general, is not 
always the simplest. The work may often be shortened by using 
a suitable device. Ijet us consider, for example, the integral 



If n > 1, we may either break up the integrand into partial frac¬ 
tions by means of the roots + 1 and — 1, or we may use a reduction 
formula similar to that for /„. But the most elegant method is to 
make the substitution x = (1 + a:)/(I — s), which gives 




4a; 

( 1 ^’ 



2 dz 



^ r (i 



Developing (1 — a;)*"-* by the binomial theorem, it only remains 
to integrate terms of the form Aa;**, where may be positive or 
negative. 


104. Hermite’s method. We have heretofore supposed that the 
fraction to be integrated was broken up into partial fractions, which 
presumes a knowledge of the roots of the denominator. The fol¬ 
lowing method, due to Hermite, enables us to find the algebraic 
part of the integral without knowing these roots, and it involves 
only elementary operations, that is to say, additions, multiplications, 
and divisions of polynomials. 

JjBt f(x')/F(x) be the rational fraction which is to be integrated. 
We may assume that f(x) and F(pc) are prime to each other, and 
we may suppose, according to the theory of equal roots, that the 
polynomial F(x') is written in the form 


F(x) = 


where Xi, ATj, •• •, X^ are polynomials none of which have multiple 
roots and no two of which have any common factor. We may now 
break up the given fraction into partial fractions whose denomina¬ 
tors are Aj, A|, •••, AJ; 


fix) _Ai A, 
F(x) X, XI 



> 


where is a polynomial prime to A,-. For, by the theory of high¬ 
est common divisor, if A and V are any two polynomials which are 



212 


INDEFINITE INTEGRALS 


- [V, § 104 

prime to each other, and Z any third polynomial, two other poly¬ 
nomials A and B may always be found such that 

BKA- AY ^ Z, 

Let us set X = Y= XI”- X^, and Z =/(x). Then this identity 
becomes 

BX,A'AXI.-.X^=f(x), 

or, dividing by B(x), 

fix') _A B 
Fix) X^'^Xl-.-Xl 

It also follows from the preceding identity that if /{x) is prime to 
Fix), A is prime to Xj and B is prime to X| ■ • • XJ. Kepeating the 
process upon the fraction 

B 


and so on, we finally reach the form given above. 

It is therefore sufiicient to show how to obtain the rational part 
of an integral of the form 

Adx 

where is a polynomial which is prime to its derivative. Then, 
by the theorem mentioned above, we can find two polynomials R 
and C such that 

B<l>{x) + C<t>Xx) = A , 

and hence the preceding integral may be written in the form 





B<f> -f- C<f> 


-dx=f^ 



<l>*dx 


If n is greater than unity, taking 

14 = C, V = 

and integrating by parts, we get 


-1 


(«-1)<^ 


ft —I 





(n - l)<f> 




whence, substituting in the preceding equation, we find the formula 



A dx 

~r' 


(n -1) 


_ , r Aidx 

J <A-‘ 
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where is a new polynomial. If n > 2, we may apply the same 
process to the new integral, and so on : the process may always be 
continued until the exponent of in the denominator is equal to 
one, and we shall then have an expression of the form 

where is a rational function of Xj and is a polynomial whose 
degree we may always suppose to be less than that of </>, but which 
is not necessarily prime to To integrate the latter form we must 
know the roots of <^, but the evaluation of this integral will intro¬ 
duce no new rational terms, for the decomposition of the fraction 
leads only to terras of the two types 

A Mx -f N 

X — a (x — a)^ 

each of which has an integral which is a transcendental function. 

This method enables us, in particular, to determine whether the 
integral of a given rational fimction is itself a rational function. 
The necessary and sufficient condition that this should be true is 
that each of the polynomials like tj/ should vanish when the process 
has been carried out as far as possible. 


It will be noticed that the method used in obtaining the reduction formula 
for I„ is essentially only a special case of the preceding method. Let us now 
consider the more general integral 



dx 


{Ax^ -h 2Bx 4- C)” ’ 


A 5^0, AC 7^0. 


From the identity 

A{Ax^ + 2Bx -f C) - (^x + B)2 = AC~ 
it is evident that we may write 

dx 



(^x2 ^ 2Bx + C) 


r 

" AC-B^J 


dx 


{Ax^ -I- 2Bx + 

4- B)dx 


AC 


r(^x4-B)-^ 


2Bx 4- Cy* 


Integrating the last integral by parts, we find 



+ B) t_ dx = - + ^ 


(.4x2 ^ 2Bx 4- C)» 


4 - 


2(n- l)(^x2 4- 2Bx 4- 0)^“^ 
A I' dx 


2n 




(.4x8 4- 2Bx 4- C)"-! 
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whence the preceding relation becomes 



dx 


(Az2 + 2B* + C) 


Ax + B 

2 (n - 1 )(AC - B 2 )(Ax 2 + 2 B* + C) 
2 n -3 A r 

^ in-i AC-B^J 


i»» —I 


<Zx 


(Ax* + 2 Bx + C)" - 



Continuing the same process, we are led eventually to the integral 

_dx_ 

Ax* + 2 Bx + C' 

which is a logarithm if B* — AC>0, and an arctangent if B* — AC<0. 
As another example, consider the integral 

5 x» + 3 x-l 
(X* + 3 x -f 1 )* 


From the identity 



6 x» -t- 3 x - 1 = 6 x(x* -h 1 ) - (x» + 3 x + 1 ) 


it is evident that we may write 



6 x« -f 3 x - 1 


dx 


= r_6x(xM:i)_^ _ r_ 

J (x» + 3 x 4 -l)» J {X 


dx 


(x« 4 - 3 x + 1)8 

Integrating the first integral on the right by parts, we find 


8 + 3x + 1)* 



6 (x* + 1 ) dx 

(x 8 + 3 x + 1 )® 


— X 

(x 8 4- 3 x 4 - 1 )* 



_ dx 

(x 8 + 3 x 4 - 



whence the value of the given integral is seen to be 



6x8 ^335 — 1 

(x® 4 - 3 x 4 - 1 )® 



— X 

(x 8 4 - 3 x 4 - 1 )*’ 


Note. In applying Hermite’s method it becomes necessary to solve the fol« 
lowing problem: given three polynomials A, B, C, of degrees m, n, p, reipectivety, 
tioo of which^ A and B, are prime to each other^find two other polynomials u and v 
such that the reliUion Au + Bv = C is identically satisfied. 

In order to determine two polynomials u and t> of the least possible degree 
which solve the problem, let us first suppose that p is at most equal to m 4* n -- 1. 
Then we may take for u and v two polynomials of degrees n — 1 and m — 1, 
respectively. The m 4- n unknown coefficients are then given by the system of 
m + n linear non-homogeneous equations found by equating the coefficients* 
For the determinant of these equations cannot vanish, since, if it did, we could 
find two polynomials u and v of degrees n — 1 and m — 1 or less which satisfy 
the identity Au 4- Be = 0, and this can be true only when A and B have a 
common factor. 

If the degree of C is equal to or greater than m 4- n, we may divide C by AB 
and obtain a remainder (f whose degree is less than m 4* n* Then C = ABQ 4- O', 
and, making the substitution u — BQ = Ui, the relation Au + Be = C reduces to 
Aui 4- Be = Cf.' This is a problem under the first case. 
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105. Integrals of the type /r(x, + 2Bx + c) dx. After the 

integrals of rational functions it is natural to consider the inte¬ 
grals of irrational functions. We shall commence with the case in 
which the integrand is a rational function of x and the square root 
of a polynomial of the second degree. In this case a simple substitu¬ 
tion eliminates the radical and reduces the integral to the preceding 
case. This substitution is self-evident in case the expression under 
the radical is of the first degree, say ax -h b. If we set ax-\~b=z 
the integral becomes 

J R{x, Vax + b)dx = J^ 

and the integrand of the transformed integral is a rational function. 

If the expression under the radical is of the second degree and 
has two real roots a and by we may write 

^A(x -a)(x- b) = (x-b) 
and the substitution 



actually removes the radical. 

If the expression under the radical sign has imaginary roots, the 

above process would introduce imaginaries. In order to get to the 

bottom of the matter, let i/ denote the radical V^a:* + 2Bx + C. 

Then x and y are the coordinates of a point of the curve whose 
equation is 



'i/ = Ax’^ -j- 2Bx -j- Cy 


and It IS evident that the whole problem amounts to expressing the 

coordinates of a point upon a conic by means of rational functions 

of a parameter. It can be seen geometrically that this is possible. 
For, if a secant 

y — ft = t(x ~ a) 

be drawn through any point (a, /J) on the conic, the coordinates of 

the second point of intersection of the secant with the conic are 

given by equations of the first degree, and are therefore rational 
functions of t. 

If the trinomial Ax^ -h 2 Bx C has imaginary roots, the coeffi- 
cient ^ must be positive, for if it is not, the trinomial will be 
negative for all real values of x. In this case the conic (1) is an 
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hyperbola. A straight 
this hyperbola, 


line parallel to one of the asymptotes of 




cuts the hyperbola in a point whose coordinates are 




X = 


VI 


— > 


y 


VI 




VI 


If A < 0, the conic is an ellipse, and the trinomial Ax^ + 2Bx + C 
must have two real roots a and b, or else the trinomial is negative 
for all real values of x. The change of variable given above is pre¬ 
cisely that which we should obtain by cutting this conic by the 
moving secant 

y = t{x — a). 

As an example let us take the integral 



dx 


(x^ + k) ^x^ + k 


The auxiliary conic y® = -h A: is an hyperbola, and the straight line 
x-\-y = t, which is parallel to one of the asymptotes, cuts the hyper* 
bola in a point whose coordinates are 

^ = = 1(^ + 7)* 

Making the substitution indicated by these equations, we find 


dt /t^ 4- /A r „ r _?_ 

or, returning to the variable Xf 

/ dx __ X —^x^ -\-k _ X _ 

+ A:)* A:Vx®-fA: ky/x^-\-k k 

where the right-hand side is determined save for a constant term. 
In general, if -4C — is not zero, we have the formula 



dx 


Ax -b B 


{Ax^ -f 2Bx + C)* AC - V^x* -b 2Bx + C 

In some cases it is easier to evaluate the integral directly without 
removing the radical. Consider, for example, the integral 

dx 



VAx* -b 2Bx + C 
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If the coefficient A is positive, the integral may be written 



"y/Adx 


•s/a^x^ -f 2ABx + 


=/ 


VJd 


X 


V(Aa: + By+AC — 


or setting Ax B = t, 


Returning to the variable x, we have the formula 

S^Ax-^ T2BX + c = ^^ ^ + ^)- 

If the coefficient of x* is negative, the integral may be written in 
the form 


/ ^ __ f* _ ^J~Adx 

V^ Aa:=* -I- 2Bx 4 - C J Va C + B’^ ~~ {Ax — By ^ > 0* 

The quantity AC is necessarily positive. Hence, making the 
substitution 

Ax — Bz=t VTcmT^, 

the given integral becomes 


1 r dt 1 

Hence the formula in this case is 

r dx 1 . Ax — R 

/ /- - ■■■ —— 7 = arc sin— 7 ===* 

J V— Ax^ -h 2Bx + C V? c B^ 

It is easy to show that the argument of the arcsine varies from 1 

to + 1 as a: varies between the two roots of the trinomial. 

In the intermediate case when A = 0 and B ^ 0, the integral is 
algebraic; 

r dx 1 ,- 

I - = — ^2Bx + C, 

J ^2Bx + C B ^ 

Integrals of the type 



dx 


(* — a) V^a:“ + 2Bx + C 
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s educe to the preceding type by means of the substitution a; = a +1 /y. 
We find, in fact, the formula 


f - 

J (x — a) 


dx 


'w Ax^ -f- 2Bx 4- C 




dy 


y* 4- 2B^y 4- Cj 


where 


A^ = Aa^-^2Ba + Cy By^Aa-^B, Ci = ^. 


It should be noticed that this integral is algebraic if and only if 
the quantity a is a root of the trinomial under th e radica l. 

Let us now consider the integrals of the type /Va:^ 4- A dx. Inte¬ 
grating by parts, we find 


J* 4- -4 6?x = a? Vx“ H- A “ J' 


dx 


Vx 


On the other hand we have 



x^ dx 


Vx^ 4- /I 


=J' Vx^ A dx 


Adx 


Vx* 4- -d 


= f Vx* 4- A dx ~~ A log (x 4- Vx* 4“ -d) 


From these two relations it is easy to obtain the formulae 


(2) J' Va;* + Adx= | Va;“ + A + ^ log (* + V** + ^), 


(3) / 


X*6?X 


^ Vx* 4-^ — ^ log (x 4- Vx* 4- 


Vx* 4* -d 


The following formulae may be derived in like manner: 


(4) / 


Va* — x^dx = 


X y-r-r . a* 

2 Va» — x*4-7r 


. X 

^ arc sin-> 
2 a 


/ X* (ix 


X 


X /-5 - 5 , a* 

— 2 + “ 


^ arc sin — 
2 a 


106. Area of tho hyperboU. The preceding integrals occur In the evaloation 
of the area of a sector of an ellipse or an hyperbola* l^t us oonidderi tor 
example, the hyperbola 


X* y*_- 

o* 6* * 






IJV 
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and let us try to And the area of a segment AMP bounded by the arc AM^ the 
X axis, and the ordinate MP, This area is equal to the definite integral 


that is, by the formula ( 2 ), 



Vx* — dx, 


1 6 
2 a 


X Vx* — — a 2 log 


( 


X -f vx8 — 


a 




But MP — y = ( 6 /a) Vx^ — a’-*, and the term (6/2a)x Vx^ — a® is precisely the 
area of the triangle 03fP. Hence the area S of the sector OAM^ bounded by 
the arc AM and the radii vectores OA 
and OJf, is 


S = 


-06 log 


X + V x^ — 


= - 06 log 


( 

G * I) • 




This formula enables us to express 
the coordinates x and 2 ^ of a point M 
of the hyperbola in terms of the area S. 
In fact, from the above and from the 
equation of the hyperbola, it is easy to 
show that 


or 




xy — 
a 6 


+ e I, 



X y 

-- = e 

a 6 


y = - f — c <** I 


The functions which occur on the right-hand side are called the hyperbolic 
cosine and sine: 


cosh X = 


+ e- 


sinhx = 


— e~ 


The above equations may therefore be written in the form 


X = a cosh 


25 
ab * 


y = b sinh 


5? 

ab 


These hyperbolic functions possess properties analogous to those of the trigo¬ 
nometric functions.* It is easy to deduce, for instance, the following formula : 

cosh^x — sinh^x = 1 , 

cosh (x -I- y) = cosh x cosh y + sinh x sinh y, 
sinh (x -|- y) = sinh x cosh y + sinh y cosh x. 


^ • A table of the lo^rithras of these functions for positive values of the argument 
18 to be found in Houers Recueil des formtUes numeriques. 
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It may be shown in like manner that the coordinates of a point on an ellipse 
may be expressed in terms of the area of the corresponding sector, as follows: 


25 

X = a cos — I 

ab 


y = b sin 


25 


ab 


In the case of a circle of unit radius, and in the case of an equilateral hyperbola 
whose semiaxis is one, these formulse become, respectively, 

y = sin 25; 


X = cos 25, 


X = cosh 25, 


y = sinh 25. 


It is evident that the hyperbolic functions bear the same relations to the equi¬ 
lateral hyperbola as do the trigonometric functions to the circle. 


107. Rectification of the parabola, l^t us try to find the length of the arc of 
a parabola 2py = x^ between the vertex O and any point 2i. The general 
formula gives 


arc 03f 


or, applying the formula (2), 


arc Obf = 


X Vx* 


2p 


flog( 


X + vx* + p® 


P 



The algebraic term in this result is precisely the length MT of the tangent, 
for we know that OT = x/2, and hence 


= + ^ = ^ + ^ = 

^ ^ 4 4p» 4 4pa 


If we draw the straight line connecting T to the focus F*, the angle MTF will 

be a right angle. Hence we 



have 




whence we may deduce a curi¬ 
ous property of the parabola. 

Suppose that the parabola 
rolls without slipping on the x 
axis, and let us try to find the 
locus of the focus, which is sup¬ 
posed rigidly connected to the 
parabola. When the parabola 
The point T has come into ja 


is tangent at li' to the x axis, s: arc Oilf. 
position T' such that M'T' = 3fT, and the focus f is at a point F*' which is 
found by laying off T'F' = TF on a line parallel to the y axis. The oobrdi- 
nates X and T of the point F' are then 


X= arc 03f - .af r = £ log 





. t -. 


r= Vp* + x*, 

2 


9- W' 


.'•1 


<5 
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and the equation of the locos is given by eliminating x between these two equa> 
tions. From the first we find 

X + Vx^ + j>2 = pep i 


to which we may add the equation 


2T 


X — Vx* -f p* = — pc p ’ 

since the product of the two left-hand sides is equal to ^ p*. Subtracting these 
two equations, we find 

/ 2X _?£\ 

Vx* + p2 = ^/ cp+c 


and the desired equation of the locus is 


=f( 


2T _2T 

CP -f C P 


) = 


p , 2X 
— cosh- 


This curve, which is called the catenary, is quite easy to construct. Its form 
is somewhat similar to that of the parabola. 


108. Unicursal curves. Let us now consider, in general, the inte¬ 
grals of algebraic functions. Let 

(6) F(x, y) = 0 

be the equation of an algebraic curve, and let R(Xf y) be a rational 
function of and y. If we suppose y replaced by one of the roots 
of the equation (6) in H(x, y), the result is a function of the single 
variable Xy and the integral 



is called an Abelian integral with respect to the curve (6). When 
the given curve and the function R(Xy y) are arbitrary these inte¬ 
grals are transcendental functions. But in the particular case where 
the curve is unicursal, i.e. when the coordinates of a point on the 
curve can be expressed as rational functions of a variable param¬ 
eter t, the Abelian integrals attached to the curve can be reduced at 
once to integrals of rational functions. For, let 


® = /(«). y = <!>(*) 

be the equations of the curve in terms of the parameter t Taking 
t as the new independent variable, the integral becomes 

r R(x, y)dx = f 


and the new integrand is evidently rational. 
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It is shown in treatises on Analytic Geometry* that every uni¬ 
double points, and, 
conversely, that every curve of degree n which has this number of 
double points is unicursal. I shall merely recall the process for 
obtaining the expressions for the coordinates in terms of the param¬ 
eter. Given a curve C„ of degree n, which has 8 = (n — l)(w — 2)/2 
double points, let us pass a one-parameter family of curves of degree 
n — 2 through these 8 double points and through n — 3 ordinary points 
on C„. These points actually determine such a family, for 


cursal curve of degree n has (n — 1)(72. — 2)/2 


(n_l)(n-2) . , ^ 

2 ^ 1 , 


whereas {n — 2)(n +1)/2 points are necessary to determine uniquely 
a curve of order n — 2. Let P{x, y) + tQ{x, y) = 0 be the equation 
of this family, where t is an arbitrary parameter. Each curve of the 
family meets the curve in n(n — 2) points, of which a certain num¬ 
ber are independent of t, namely the re — 3 ordinary points chosen 
above and the 8 double points, each of which counts as two points of 
intersection. But we have 


re-3 + 28 = re-3-f(re- l)(re - 2) = re(re - 2) -1, 

and there remains just one point of intersection which varies with t 
The coordinates of this point are the solutions of certain linear equar 
tions whose coefficients are integral polynomials in and hence they 
are themselves rational functions of t. Instead of the preceding we 
might have employed a family of curves of degree re — 1 through the 
(re —l)(re--2)/2 double points and 2re —3 ordinary points chosen at 
pleasure on 

If re = 2, (re — l)(re — 2)/2 = 0, — every curve of the second 
degree is therefore unicursal, as we have seen above. If n = 3, 
(re — l)(re — 2)/2 = 1, — the unicursal curves of the third degree 
are those which have one double point. Taking the double point 
as origin, the equation of the cubic is of the form 


<^» («, y) + (*, y) = 0 , 

where and are homogeneous polynomials of the degree of their 
indices. A secant y ~tx through the double point meets the oubio 
in a single variable point whose oodrdinates are 


x s= — 


^a(l* 0 


y = - 


(1, t) 


•See, e.g., Niewenglowski, Coure de O^om^trie ancUytigua, Vol. U, pp, 9&hU8. 
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A unicursal curve of the fourth degree has three double points. 
In order to find the coordinates of a point on it, we should pass a 
family of conics through the three double points and through another 
point chosen at pleasure on the curve. Every conic of this family 
would meet the quartic in just one point which varies with the 
parameter. The equation which gives the abscissae of the points of 
intersection^ for instance, would reduce to an equation of the first 
degree when the factors corresponding to the double points had 
been removed, and would give a; as a rational function of the 
parameter. We should proceed to find y in a similar manner. 
As an example let us consider the lemniscate 

(x^ -f- = a^(x^ — y“), 

which has a double point at the origin and two others at the imagi¬ 
nary circular points. A circle through the origin tangent to one of 
the branches of the lemniscate, 

X* + y’ = t(x — y), 

meets the curve in a single variable point. Combining these two 
equations, we find 

t^{x — yY = a^{x^ — y2), 

or, dividing by x — y, 

— y) = a^(y + x). 

This last equation represents a straight line through the origin which 
cuts the circle in a point not the origin, whose coordinates are 

a^t(t^ -h a*) a^t(t^ — a*) 

X — —^ y — — 

^4 _|_ a* ^ t* a* 


These results may be obtained more easily by the following 
process, which is at once applicable to any unicursal curve of the 
fourth degree one of whose double points is known. The secant 
y = Xx cuts the lemniscate in two points whose coordinates are 



± a Vl — A* 

l-fX* ' 



The expression under the radical is of the second degree. Hence, 
by § 105, the substitution (1 — A)/(l + A) = (a/tY removes the radi¬ 
cal. It is easy to show that this substitution leads to the expressions 
lust found. 
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Note. When a plane curve has singular points of higher order, it 
can be shown that each of them is equivalent to a certain number of 
isolated double points. In order that a curve be unicursal, it is suffi¬ 
cient that its singular points should be equivalent to {n — l)(?t — 2)/2 
isolated double points. For example, a curve of order n which has 
a multiple point of order n — 1 is unicursal, for a secant through 
the multiple point meets the curve in only one variable point, 

109. Integrals of binomial differentials. Among the other integrals 
in which the radicals can be removed may be mentioned the follow¬ 
ing types; 




where R denotes a rational function and where the exponents 
a, a", are commensurable numbers. For the first type it is 
sufficient to set ax b = i^. In the second type the substitution 
ax b = leaves merely a square root of an expression of the 
second degree, which can then be removed by a second substitution. 
Finally, in the third type we may set x = t^, where D is a common 
denominator of the fractions a, a', a", • • ■. 

In connection with the third type we may consider a class of 
differentials of the form 


x”*(aaf* -I- bydx, 


which are called binomial differentials. Let us suppose that the 
three exponents m, n, p are commensurable. If p is an integer, the 
expression may be made rational by means of the substitution 
x = as we have just seen. In order to discover further cases 
of integrability, let us try the substitution ox" -f- i = «, This gives 



The transformed integral is of the same form as the original, and 
the exponent which takes the place of ^ is (m + 1)/n — 1. Henoe 
the integration can be performed if (m l)/n is an integer. 
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On the other hand, the integral may be written in the form 

x^ + >'p(a -f bx~”ydx, 

whence it is clear that another case of integrability is that in which 
(^m-i-np+ l)/n = (ml)/n + p is an integer. To sum up, the 
integration can be performed whenever one of the three nuynhers 
Pj (m +l)/n, (tm. -f- l)/n 4- is an integer. In no other case can the 
integral be expressed by means of a finite number of elementary 
functional symbols when n, and p are rational. 

In these cases it is convenient to reduce the integral to a simpler 
form in which only two exponents occur. Setting ax" = bt, we find 



lyP /a\::i±I r 

(ax^b)^ dx = — (-) " ft " (l-{-t)^dt. 

^ ' n \a/ J ^ ' 

Neglecting the constant factor and setting g = (m + l)/n — 1, we 
are led to the integral 

^^(1 + t)^dt. 





The cases of integrability are those in which one of the three num¬ 
bers p, g, p 9 ^ integer. If p is an integer and q = r/s, we 
should set < = If ^ is an integer and jy = r/s, we should set 
1+^ = Finally, if jt> + ^ is an integer, the integral may be 
written in the form 



and the substitution 1 H- ^ = iu% where p = r/s, removes the radical. 
As an example consider the integral 


X® dx. 

Here m = 1, = 3, p = 1/3, and {m + \)/n Hence this 

is an integrable case. Setting x® = ty the integral becomes 



and a second substitution 1 ^ ^ remoTes the radical. 
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I 

II. ELLIPTIC AND HYPERELLIPTIC INTEGRALS 


110. Reduction of inte^als. Let be an integral polynomial 
of degree p which is prime to its derivative. The integral 



where R denotes a rational function of x and the radical y = V P(x), 
cannot be expressed in'terms of elementary functions, in general 
when p is greater than 2. Such integrals, which are particular 
cases of general Abelian integrals, can be split up into portions which 
result in algebraic and logarithmic functions and a certain number 


of other integrals which give rise to new transcendental functions 
which cannot be expressed by means of a finite number of elemen¬ 


tary functional symbols. We proceed to consider this reduction. 

The rational function R(x, y) is the quotient of two integral 
polynomials in x and y. Replacing any even power of y, such as 
y^^, by [P(a:)]», and any odd power, such as y^^+S by y [P(a:)]» we 
may evidently suppose the numerator and denominator of this frac¬ 


tion to be of the first degree in 



R{xy y) = 


C^Dy 


where A, R, C, D are integral polynomials in x. Multiplying the 
numerator and the denominator each by C — Dy, and replacing y* 
by P{x)^ we may write this in the form 


^ y) = 



where G, and K are polynomials. The integral is now broken 
up into two parts, of which the first / F/K dx is the integral of a 
rational function. For this reason we shall consider only the second 
integral f Gy/K dx, which may also be written in the form 

/ Mdx 
J^->/P(x) 

where M and AT are integral polynomials in x. The rational frac¬ 
tion M/N may be decomposed into an integral part E(x) and a 
sum of partial fractions 


N 


=-E(*)+^+ 
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where each of the polynomials A', is prime to its derivative. We 
shall therefore have to consider two types of integrals, 


m 



x'^dx 

^P{x) 


J 


•(x) 


If the degree of P(x) is p, all the integrals viaij he expressed 
in terms of the first p — ^ of them^ Pi) • • •> ^p- 2 i certain 

algebraic expressions. 

For, let us write 

P(a:) = a^x^ + -f * • 

It follows that 


dx 


(x™ Vp(x)) = Vp(x) + 


x”'P\x') 


2 Vp(x) 

_ 2mx”'~^P(x) + x”'P'(x) 

2 VP(x) 

The numerator of this expression is of degree m + /? 


1, and its 


highest term is (2m p) aoX^'*'^'‘K Integrating both sides of the 
above equation, we find 

2x”Vp^=(2m+p)a„y„^^., + -.-, 

where the terms not written down contain integrals of the type 
y whose indices are less than m -h p — 1- Setting m = 0, 1, 2, • • •, 
successively, we can calculate the integrals Pp_i, Pp, * succes¬ 
sively in terms of algebraic expressions and the p — 1 integrals 

Fo) Fi, • * •, Fp_3. 

With respect to the integrals of the second type we shall distin¬ 
guish the two cases where X is or is not prime to P(x). 

1) If X is prime to P(x), the integral reduces to the sum of 
an algebraic termy a number of integrals of the type P^t) ® 
integral 

B dx 



X -s/p{x) 

where B is a polynomial whose degree is less than that of X, 

Since X is prime to its derivative X^ and also to P(x), A" is prime 
to PA'. Hence two polynomials A and p can be found such that 
XA" + yxA'P = A, and the integral in question breaks up into 
two parts: 

Adx C \dx . i g- 



a*Vp^ 


rf 


■y/p{ 


= +f- 

x) J 



dx. 


X 
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The first part is a sum of integrals of the type Y. In the second 
integral, when to > 1, let us integrate by parts, taking 


which gives 



- 1 



VpX'dx 

X" 




2^'P 4- itP’ 
2^»-i VjP(a:) 


dx. 


The new integral obtained is of the same form as the first, except 
that the exponent of X is diminished by one. Repeating this 
process as often as possible, i.e. as long as the exponent of X is 
greater than unity, we finally obtain a result of the form 



A dx 


X^^P{x) 


dVp 

H-> 

Xn-l 




where B, C, D are all polynomials, and where the degree of B may 
always be supposed to be less than that of X. 


2) If X and P have a common divisor D, we shall have X = YD, 
p =: SD, where the polynomials D, S, and Y are all prime to each 
other. Hence two polynomials X and /x may be found such that 
A = AD" 4- ftF", and the integral may be written in the form 





The first of the new integrals is of the type just considered. 
second integral, 



The 


where D is a factor of P, reduces to the sum of an algehraic t&em 
and a number of integrals of the type F. 


For, since If is prime to the product D'5, we can find two poly¬ 
nomials \i and pi such that pi D* S Hence we may write 



Replacing P by DS, let us write the second of these integrals in the 
form 
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and then integrate it by parts, taking 


which gives 




-1 1 



(n — 





2/j.l S + fjij S' 



This is again a reduction formula; but in this case, since the expo¬ 
nent n — 1/2 is fractional, the reduction may be performed even 

when D occurs only to the first power in the denominator, and we 
finally obtain an expression of the form 


_ K Vp CHdx 

rrVp D" ^ ’ 

where H and K are polynomials. 

To sum up our results, we see that the integral 

r M dx 

J jvVp 


can always be reduced to a sum of algebraic terms and a number of 
integrals of the two types 



where m is less than or equal to ^ - 2, where X is prime to its 
derivative X' and also to P, and where the degree of Xi is less than 
that of X, This reduction involves only the operations of addition, 
multiplication, and division of polynomials. 

If the roots of the equation A' = 0 are known, each of the rational 
fractions X^JX can be broken up into a sum of partial fractions of 
the two forms 



y 



Bx C 


where A, B, and C are constants. This leads to the two new types 


I dx r (Bx + C)dx 

J (x - a) Vp(x) ’ J [(a: - af + yS"] Vp(x) ’ 

which reduce to a single type, namely the first of these, if we agree 
to allow a to have imaginary values. Integrals of this sort are 
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called integrals of the third kind. Integrals of the type are 
called integrals of the first kind when m is less than ^>/2 — 1, and 
are called integrals of the second kind when m is equal to or greater 
than — 1. Integrals of the first kind have a characteristic 
property, — they remain finite when the upper limit increases 
indefinitely, and also when the upper Umit is a root of P(x) 
(§§ 89, 90); but the essential distinction between the integrals of 
the second and third kinds must be accepted provisionally at this 
time without proof. The real distinction between them will be 

pointed out later. 

Note, Up to the present we have made no assumption about the 
degree p of the polynomial P(x). If p is an odd number, it may 
always be increased by unity. For, suppose that P{x) is a poly- 

nomial of degree 2^ 1 ■ 

p(x) = H-h 

Then let us set a: = a + 1/y, where a is not a root of P(x). This 
gives 

^ 1 1 _Pi(y) 

P{x) = P{a) + P\a) - + - 1)! ’ 


where P\(^) is a polynomial of degree 2q, Hence we have 


and any integral of a rational function of a: and Vp(x ) is tr ans- 
formed into an integral of a rational function of y and VPi (y). 

Conversely, if the degree of the polynomial P(x) under the radi¬ 
cal is an even number 2q, it may be reduced by unity provided a 
root of P(pc) is known. For, if a is a root of let us set 

* = a + 1/y. This gives 


P{x) = P'(a) - H-+ 

y 


pv‘'>\a) 1 _ Pi(y) 

(2y)! y*» y*« ’ 


where Pi(y) is of degree 2q - 1, and we shall have 


Vp(x) = 


^ -Pi (y) - 



Hence the integran d of th e transformed integral will contain no 
other radical than VPi (y). 
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111. Casa of integration in algebraic terms. We have just seen that an integral 
of the form 

f VF(x)]dx 


can always be reduced by means of elementary operations to the sum of an inte¬ 
gral of a rational fraction, an algebraic expression of the form G VP^/X, and 
a number of integrals of the first, second, and third kinds. Since we can also 
find by elementary operations the rational part of the integral of a rational 
fraction, it is evident that the given integral can always be reduced to the form 


f J2[a;, VP(£)]da: = p[x, \/P(5)] -J- T, 


where P is a rational function of x and VP( 2 :), and where 7 is a sum of inte¬ 
grals of the three kinds and an integral / Xi /Xdx, X being prime to its deriva¬ 
tive and of higher degree than Xi. Liouville showed that if the given integral 
is integrable in algebraic terms, it is equal to P[x, VP(^3. We should there¬ 
fore have, identically, 

R[x. Vp^)] = £\Fix, 

and hence T = 0. 

Hence we can discover by means of multiplications and divisions of polynomials 
whether a given integral is integrable in algebraic tenns or not, and in case it is, 
the same process gives the value of the integral. 


112. EUiptic integrals. If the polynomial P{x) is of the second 
degree, the integration of a rational function of x and P{x) can be 
reduced, by the general process just studied, to the calculation of the 
integrals 

^ dx ^ _rfx_ 

J Vp(x) J (jc ~ a) VP(a;) 

which we know how to evaluate directly (§ 105). 

The next simplest case is that of elliptic integrals, for which P(x) 
is of the third or fourth degree. Either of these cases can be 
reduced to the other, as we have seen just above. Let P{x) be a 
polynomial of the fourth degree whose coefficients are all real and 
whose linear factors are all distinct. We proceed to show that 
a I'eal substitution can always be found which carries P(pc) into a 
polynomial each of whose terms is of even degree. 

Let a, by Cy d be the four roots of P{x). Then there exists an 
involutory relation of the form 


(7) 


Lx*x*' + M(x' + -h iV" = 0, 
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which is satisfied by a;' = a, x" — b, and by x' = c, ac" = d. Pop the 
coefficients L, M, N need merely satisfy the two relations 

Ldb -f- il /(ti “h ft) “b ^ =0, 

Led M(c d)-\- N = 

which are evidently satisfied if we take 

— d, M = cd ~ ab, N ab (c d) — cd (a b). 

Let a and be the two double points of this involution, i.e. the 
roots of the equation 

+ 2Mu + iV'= 0. 

These roots will both be real if 


(cd — aft)“— (a + ft — c — d)\ab (c d) — cd(a -j- ft)] >0, 
that is, if 

(8) {a — c) (a — d) (ft — c) (ft — d) > 0. 

The roots of P(x) can always be arranged in such a way that this 
condition is satisfied. If all four roots are real, we need merely 
choose a and ft as the two largest. Then each factor in (8) is positive. 
If only two of the roots are real, we should choose a and ft as the real 
roots, and c and d as the two conjugate imaginary roots. Then the 
two factors a — c and a — d are conjugate imaginary, and so are the 
other two, ft — c and b — d. Finally, if all four roots are imaginary, 
we may take a and ft as one pair and c and d as the other pair of 
conjugate imaginary roots. In this case also the factors in (8) are 
conjugate imaginary by pairs. It should also be noticed that these 
methods of selection make the corresponding values of X, AT, N real. 

The equation (7) may now be written in the form 



If we set (x — oc)/(x — )3) = y, or x = (^y — a)/(y — 1), we find 



where Pi(y) is a new polynomial of the fourth degree with real 
coefficients whose roots are 


a — a ft — a o — or d — a 

b-p' 0-/3’ d-/3’ 


It is evident from (9) that these four roots satisfy the equation 
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y' + y" = 0 by pairs ; lienee the polynomial /^(y) contains no term 
of odd degree. 

If the four roots a, h, c, d satisfy the equation a + 6 = c -f- rf, we 
shall have X = 0, and one of tlie double points of the involution lies 
at infinity. Setting a = — N/2M, the equation (7) takes the form 

a:' — a x" — a = 0, 

and we need merely set x = a + y in order to obtain a polynomial 
which contains no term of odd degree. 

We may therefore suppose P{x) reduced to the canonical form 

P{x)= AqX^ -i- AiX* H- Ag. 

It follows that any elliptic integral, neglecting an algebraic term 
and an integral of a rational function, may be reduced to the sura 
of integrals of the forms 


C dx 

J VAoX*H-^i 


x^A-A 


f ___ x^dx 

J VAqX^A-Aix'^A-A^ J VAoX^+AiX'^+As 


and integrals of the form 



dx 


The integral 


(x — a) ^AfjX* A- AiX^ 4- A 


%/ 


dx 


'J A^x* + AiX^ + A 


is the elliptic integral of the Jirst kind. If we consider x, on the 
other hand, as a function of u, this inverse function is called an 
elliptic function. The second of the above integrals reduces to an 
elementary integral by means of the substitution x^ = u. The third 
integral 

X® dx 



"V + AiX^ -f- A 


is Legendre’s integral of the second kind. Finally, we have the 
identity 


f-^ 

J (x — a 


The integral 


dx 


—== r_ 

) Vp(x) j (x® — a 


dx 


)Vp(x) 


+ 



dx 


x^ — a®) Vp(x) 



dx 


(x* + A)“v AqX^ A- AiX^ -|- A 


is Legendre’s integral of the third kind. 
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These elliptic integrals were so named because they were first 
met with in the problem of rectifying the ellipse. Let 

X = a cos <j>, y = h sin <f> 

be the coordinates of a point of an ellipse. Then we shall hare 

ds^ = dx^ d^ = (tt* sin“<^ -|- cos®^) 
or, setting aP- — e^aP^ 

d$ = a Vl — e® cos“«^ d<f >. 

Hence the integral which gives an arc of the ellipse, after the sub- 
stitution cos <f> = t, takes the form 


s = 





dt = 







= dt. 


It follows that the arc of an ellipse is equal to the sum of an inte 
gral of the first kind and an integral of the second kind. 

Again, consider the lemniscate defined by the equations 


+ a* 


y 




An easy calcidation gives the element of length in the form 


2a* 


ds^ = dx^ -f dif = ~—- dt\ 

V 4" O' 


Hence the arc of the lemniscate is given by an elliptic integral of 
the first kind.* 


113. Paeud ^lUp tic integrals. It sometimes happens that an integral of the 
form fF[Xt VP(x)] dx, where P(x) is a polynomial of the third or fourth 
degree, can be expressed in terms of algebraic functions and a sum of a finite 
number of logarithms of algebraic functions. Such integrals are called pseudo- 
elliptic. This happens in the following general case. Let 

Lx'x" + jVf (a:' + X") + N = 0 

be an involutory relation which establishes a correspondence between ftoo pairs of 

the four roots of the guartic equation P(x) = 0. Jf the function fix) be such that 
the relation 


(H) 


/(*) +/ 



±^) = 0 
+ M/ 


^ +JV 
Lx 


is idcnticaHy satisfied, the integral /[/(x)/VP^]dx is pseudo-ettij 


.a J 


-* uiHsa curves discovered by Sexret 

(Cours de Calcut dijf'erentiei et intilffral, Vol. II, p. 264). ^ ^ 
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Let oc and /3 be the double points of the involution. As we have already 
seen, the equation (10) may be written in the form 




x" - a 

X" - ^ 



Let us now make the substitution (x — a)/(x — /3) = y. This gives 


dx 


_ {a - j3) dy _ Px{y) 

_ n.\2 ’ ^ ^ _ y)4 ’ 


and consequently 


(1 - vY 

dx _{cc~ ^)dy 

VP{^~ VPTaT) 


where Pi (y) is a polynomial of the fourth degree which contains no odd powers 
of y (§ 112). On the other hand, the rational fraction /(x) goes over into a 
rational fraction ^(y), which satisfies the identity <t>{y) + 0(~ y) = 0. For if 
two values of x correspond by means of (12), they are transformed into two 
values of y, say y' and y", which satisfy the equation y' -f y'' = 0. It is evident 
that 4>{y) is of the form y^(y^), where ^ is a rational function of y^. Hence 
the integral under discussion takes the form 



yyp{y^)dy 


y/A.(}y^ + Aiy* 4- A 2 


and we need merely set y* = z in order to reduce it to an elementary integral. 
Thus the proposition is proved, and it merely remains actually to carry out 
the reduction. 

The theorem remains true when the polynomial P(x) is of the third degree, 
provided that we think of one of its roots as infinite. The demonstration is 
exactly similar to the preceding. 

If, for example, the equation P(x) = 0 is a reciprocal equation, one of the 
involutory relations which interchanges the roots by pairs is x'x" = 1. Hence, 
if /(x) be a rational function which satisfies the relation /(x) + /(1/x) = 0, 
the integral / [/(a:)/VP(^ ] dx is pseudo-elliptic, and the two substitutions 
(x — l)/(x + 1) = y, y^ = 2 , performed in order, transform it into an elementary 
Integral. 

Again, suppose that P(x) is a polynomial of the third degree. 


P(x) = x(x — 1) 



Let us set a = oo, & = 0, c = 1, d = There exist three involutory rela¬ 

tions which interchange these roots by pairs: 



X =: -» 

JC2 (1 _ X") 



1- fc2x"'’ 


Hence, if /(x) be a rational function which satisfies one of the identities 
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the integral 



/{x)dx 




is pseudo^Uiptic. From this others may be derived. For instance, if we set 
X = z®, the preceding integral becomes 



2 /(z2) dz 


V(1 - ««)(! - k^z^) 


whence it follows that this new integral is also pseudo-elliptic if f(z^) satisfies 
one of the identities 

The first of these cases was noticed by Euler.* 


IIL INTEGRATION OF TRANSCENDENTAL FUNCTIONS 


114. Integration of rational functions of sin x and cos x. It is well 

known that sinx and cos a: may be expressed rationally in terms 

of tan x/2 — t. Hence this change of variable reduces an integral 
of the form 



Xy Gosx)dx 


to the integral of a rational function of t. For we have 


X = 2 arc tan f, dx = 


2dt 


2t 

sin X = - - - > 

1 + 


cosx ~ 


and the given integral becomes 




1- 2dt C , 

l+t>) *(*)*> 


where is a rational function. For example, 


1-f* 



* See Hermite*s lithographed Cours, 4th ed., pp. 25-28. 
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The integral /[1/cos reduces to the preceding by means of the 
substitution x = 7r/2 — y, which gives 

(5 - l)= (j + l)- 

The preceding method has the advantage of generality, but it is 
often possible to find a simpler substitution which is equally suc¬ 
cessful. Thus, if the function/(sin x, cos x) has the period tt, it is 
a rational function of tan r,. F(tan x). The substitution tan x = t 
therefore reduces the integral to rhs form 

F(tan *) dx = • 

As an example let us consider the integral 

dx 

A cos’^ X + B sin x cos x + C sin'* x + d’ 

where A, B, C, D are any constants. The integrand evidently has the 
period tt ; and, setting tan x = t, we find 

1 t 

cos® X = X cos X = ’ sin® x = 




' Hence the given integral becomes 



dt 


A A- Bt A- Ct^ + 


The form of the result will depend upon the nature of the roots 
. of the denominator. Taking certain three of the coefficients zero, 
we find the formulse 



dx 


cos^ X 


= tan X, 


dx 



dx 


sin-* X 


sin X cos X 


= — cot X. 


= log tan X, 


When the integrand is of the form J2(sin x) cosx, or of the form 
R(cosx)sinx, the proper change of variable is apparent. In the 
first case we should set sin x = t ; in the second case, cos x = t. 

It is sometimes advantageous to make a first substitution in order 
to simplify the integral before proceeding with the general method. 
For example, let us consider the integral 



dx 


a cos X -{- 6 sin x ^ 
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where a, b, c are any three constants. If p is a positive number 
and <f> an angle determined by the equations 


we shall have 


a = p cos <t>f b = p sin 


p = 4 - b^, cos <l> = 


Va* 4- b^ 


sin = 


+ 


and the given integral may be written in the form 


/ 


__ 

P cos (x — C 


^ f _^ 

J P cos y 


4- c 


where a: — ^ = y. Let us now apply the general method/ setting 
tany/2=:^. Then the integral becomes 


/ 


2dt _ 

P c (c — p)t^ 


and the rest of the calculation presents no difficulty. Two different 
forms will be found for the result, according as p* — c® = 4- 6* ^ c* 

is positive or negative. 

The integral 

/ m cos X n sin a: 4- p , 

t T • CM5 

a cos a; 4- o sin 05 4- c 

may be reduced to the preceding. For, let w = a cos a: 4- ft sin a: 4 - c, 
and let us determine three constants A, y, and v such that the equation 

m cos a5 4- sin a: 4- jo = Aw 4- u-h v 

dx 

is identically satisfied. The equations which determine these num¬ 
bers are 

m = Aa 4- n = \b — p,a, = Ao 4“ v, 

the first two of which determine A and p. The three constants hav¬ 
ing been selected in this way, the given integral may be written in 
the form 


^ Am + /n I 


du 

dx 


4-V 


dx = \x p log tt 4- V /- 

J a coax 


dx _ 

4-Esinas 4-0 


BxampU. Let us tiy to evaluate the definite integral 




dx 

0008S 


where |«|<t. 
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Considering it first as an indefinite integral, we find successively 

/ dx dt _ 2 r du 

1 + e cos a; J 1 + e + (1 - c) Vl — J 1 + w*’ 

by means of the successive substitutions tanx/2 = t, t = u V(1 + c)/(l — c). 
Hence the indefinite integral is equal to 

2 ^ / fl^e ^ x\ 

. arc tan ( \ - tan - ) • 

vr^e2 \ \ 1 + c 2/ 

As X varies from 0 to tt, V(1 — fi)/(l + e) tanx/2 increases from 0 to + oo, and 
the arctangent varies from 0 to 7r/2. Hence the given definite integral is equal 

to ?r/V(l — 


115. Reduction formulae. There are also certain classes of integrals 
for which reduction formulse exist. For instance, the formula for 
the derivative of tan"“^a: may be written 

(tan"“'a;) = (n — 1) tan^'^x (1 •+■ tan^x), 
ax 


whence we find 



tan"x 


tan^-^x r 

dx =- 1 -I tan" 

n —1 J 


*x dx. 


The exponent of tan x in the integrand is diminished by two units. 
Repeated applications of this formula lead to one or the other of 

the two integrals 


dx = X, 



tan X c?x = — log cos x. 


The analogous formula for integrals of the type /cot"x<fx is 


/ _ cot"”^x r 

cot" xdx = -——J- j cot" 


-3 


xdx. 


In general, consider the integral 


J sin^x cos”xd!x, 

where -m and n are any positive or negative integers. When one of 
these integers is odd it is best to use the change of variable given 
above. If, for instance, n = 2p + 1, we should set sin x = which 

reduces the integral to the form /f”* (1 — ^ dt. 

Let us, therefore, restrict ourselves to the case where m and n are 

both eyen, that is, to integrals of the type 




sm^^x cos*"x dXf 
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which may be written in the form 



X cos®" 35 sin 


Taking cos®"a: sinicrfx as the differential of [—1/(271+1)] 008®**+^x, 
an integration by parts gives 


J = — si 


sin®”* “^35 


cos®"‘*‘'a5 2w 




which may be written in the form 


(A) . = - 


m, n 


gij^2m-l^ COS®"'*'^a5 


2 (m + n) 


+ 


2m — 1 
2 (m + n) 


T 


This formula enables us to diminish the exponent m without alter¬ 
ing the second exponent. If m is negative, an analogous formula 
may be obtained by solving the equation (A) with respect to 1 , 

and replaciug m by 1 — m: 


(B) I = 

^ ^ —m, n 


sin'“®"*a: cos®"'^*a: 
1 — 2m 


2(n — m +1) j 
1—2m -‘i-m, 


The following analogous formulae, which are easily derived, enable 
us to reduce the exponent of cos x : 


(C) 

II 

sin®”“^^x cos®””^35 

+ 

27^-1 


2 (m + n) 

2 (m + n) 

(D) 

1 

II 

sin®"*+*x cos*~®"x 

+ 

2(m + l-«) 

/ 

m, -n + l 

1- 2n 

1- 2n 


Repeated applications of these formulae reduce each of the num¬ 
bers m and n to zero. The only case in which we should be unable to 
proceed is that in which we obtain an integral where m + n = 0. 
But such an integral is of one of the types for which reduction for¬ 
mulae were derived at the beginning of this article. 


116 . Wallis’ formulae. There exist reduction formulae whether the exponente 

m and n are even or odd. 

As an example let us try to evaluate the definite integral 

y 

/« = / * sin^x dx, 

a/O 

where m is a positive integer. An integration by parts gives 

W ^ W 

^“8in«->xsinxdx = — [cosx8in-»"ix]“ + (m — 1) J'*sin'»-*oo8>X(fc, 
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whence, noting that cosx sin"*“ *x vanishes at both limits, we find the formula 

n 

/„ = (m - l)J^^sin”*-2x(l - sm2x)dx = (m - /„), 

which leads to the recurrent formula 


(13) 


T T 

A m — m — 2 • 

m 


Repeated applications of this formula reduce the given integral to 7o = 7t/2 
if m is even, or to li = 1 if m is odd. In the former case, taking m = 2p and 
replacing m successively by 2, 4, 6, • ■ -, 2p, we find 


/a = - -To. 


/4 = T /a, 

4 


7 - - 1 


2p 


or, multiplying these equations together, 

^ _ 1.3.5 ... (2p - 1) ;r 

2.4.6 - • - 2p 2 

Similarly, we find the formula 

— 2 • 4 • 6 • • • 2p 


lap +1 = 


1.3.5 ■ .. (2p + 1) 


A curious result due to Wallis may be deduced from these formulae. It Is 
evident that the value of Im diminishes as m increases, for sin^' + 'x is less than 

sin^x. Hence 

T'ap +1 ^ ^2p ^2p— 1» 

and if we replace Jap + i. J^ap-i by their values from the formulae above, we 

find the new inequalities 

i7p>->Hp — 

^ 2 ^ 2p + 1 


where we have set, for brevity. 


if 

^ 13 3 6 


2p — 2 2p 
2p — 1 2p — 1 


It is evident that the ratio 7t/2Hp approaches the limit one as p increases indefi¬ 
nitely. It follows that 7t/2 is the limit of the product Bp as the number of 
factors increases indefinitely. The law of formation of the successive factors is 

apparent. 


117. The integral f cos (ax 4-b) cos (a'x b') •••dx. Let us consider 
a product of any number of factors of the form cos {ax + b), where 
a and b are constants, and where the same factor may occur several 

times. The formula 

cos u cos V = 


cos (u v) , cos (u — V 
2 2 
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enables us to replace the product of two factors of this sort by the 
sum of two cosines of linear functions of x ; hence also the product 
of n factors by the sum of two products of w — 1 factors each. 
Repeated applications of this formula finally reduce the given inte¬ 
gral to a sum of the form %H cos(Aa: + J5), each term of which is 
immediately integrable. If A is not zero, we have 

J cos(.4x 4- B)cUc = + -S) + c, 

while, in the particular case when A = 0, /cos B dx = x cos R -f c. 
This transformation applies in the special case of products of 
the form 

cos” a; sin^x, 


For this product may 


and, applying the preceding process, we are led to a sum of sines and 
cosines of multiples of the angle, each term of which is immediately 
integrable. 

As an example let us try to calculate the area of the curve 


where m and n are both positive integers, 
be written 


cos”x cos' 


(I-4 



which we may suppose given in the parametric form x = a cos*d, 
y = b sin*^, where B varies from 0 to 27r for the whole curve. The 
formula for the area of a closed curve, 


gives 


A = i r x(fy — ydx, 

^JiC} 



8» 


Zdb 


sin^d cos^0d9. 


But we have the formula 


(sin $ cos fi)* = j sin*2d = | (1 — cos 4^ 


Hence the area of the given curve is 


Sab 

16 


[» - 


Sirab 

8 
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It is now easy to deduce the following formulae 


J* sin^x dx — 


sin*a: dx = 


sin^ 5c dx — 



1 — cos 2x 


dx 


X sin 2x 





3 sin X — sin 3a; 


dx 


3 cos X cos Sx 

4- — ^ + C, 



3 — 4 cos 2x + cos 4x 

8 




12 


Sx sin 2a: . sin 4a: 


-F 


32 


H-C, 



cos*x dx = 


J* cos* xdx = 
J* cos^o: dx = 



1 + cos 2a; 


dx 



3 cos X + cos Sx 


dx 



3 4-4 cos 2a: 4- cos 4a: 

8 


dx = 


X . sin 2a: 

2 ~r~ 

3 sin X . sin Sx 

Sx , sin2x , sin4x . ^ 
¥+-4- + -^ + ^’ 


A general law may be noticed in these formulae. The integrals 
— J*® sin"x rfx and ^(^) = cos"xdx have the period 27r 
when n is odd. On the other hand, when n is even, these integrals 
increase by a positive constant when x increases by 27r. It is evi¬ 
dent a priori that these statements hold in general. For we have 

J ^2fr ✓>2jr + x 

sin"xc?x-|- I sin^xdx, 

0 Jin 

or 

X 2ir px p2it 

sin"xrfx-|- J sm”xdx = F(x) J sin^xdx, 

since sin x has the period 27r. If n is even, it is evident that the 
integral /®"sin"xc?x is a positive quantity. If n is odd, the same 
integral vanishes, since sin (a: + w) = — sin x. 

M>te. On account of the great variety of transformations appli¬ 
cable to trigonometric functions it is often convenient to introduce 
them in the calculation of other integrals. Consider, for example, 
the integral / [1/(1 4-Setting x = tan <^, this integral 
becomes /cos ^ = sin </> 4- C. Hence, returning to the variable x, 



dx 


X 


vTT 


X 


(1 + ®*)’ 

which is the result already found in § 106. 


+ C, 
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118. The integral/R(x)^*dx. Let us now consider an integral 
of the form / H{x)e'^'dXf where R(x) is a rational function of x. 
Let us suppose the function R(x) broken up, as we have done 
several times, into a sum of the form 


R{x)=E{x)+j^^ + j^^+..- + 



where E{x)y A^, Xi, are polynomials, and is 

prime to its derivative. The given integral is then equal to the 
sum of the integral / E(x)e*^=^dxj which we learned to integi-ate in 
§ 85 by a suite of integrations by parts, and a number of integrals 
of the form 



A e*^*dx 


There exists a reduction formula for the case when n is greater 
than unity. For, since X is prime to its derivative, we can determine 
two polynomials X and yx which satisfy the identity A =\x A- tt.X\ 
Hence we have 



Ae^'^dx 

A" 





X 


n —1 


+ 



jjLX'e 

A" 




dx, 


and an integration by parts gives the formula 



X*dx 

A" 


fxe 


ia>X 


71-1 A"-^ 





(/x' + Ma>) 


A 


n — 1 


dx. 


Uniting these two formulae, the integral under consideration is 
reduced to an integral of the same type, where the exponent n is 
reduced by unity. Repeated applications of this process lead to 
the integral 



where the polynomial B may always be supposed to be prime to 
and of less degree than A. The reduction formula cannot be applied 
to this integral, but if the roots of A be known, it can always be 
reduced to a single new type of transcendental function. For 
definiteness suppose that all the roots are real. Then the integral 
in question can be broken up into several integrals of the form 
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neglecting a constant factor, the substitutions a: = a 4 * y/w, u = «»' 
enable us to write this integral in either of the following forms : 



dy 


y 


r du 

J logu 


The latter integral / [1/log w] dti is a transcendental function which 

is called the integral logarithm. 


Miscellaneous 



e^f(smxj cosx)dx, 



where is an xntegral function of sin x and cos x. Any term of 
this integral is of the form 


goi sin”*x cos"x c?x, 


where m and n are positive integers. We have seen above that the 
product sin"*a; cos”x may be replaced by a sum of sines and cosines 
of multiples of x. Hence it only remains to study the following 
two types: 

^ e®* cos hx dx , ^sin bx dx. 

Integrating each of these by parts, we find the formulae 



cos bx dx = 


c" sin bx 


-ij 



sin bx dx = — 


cos bx 


-h 



6 “ sin bx dx , 


e"* cos bx dx . 


Hence the values of the integrals under consideration are 



e®* cos bx dx = 



e®* sin bx dx = 


(a cos bx b sin bx) 
a^-\-h^ 

e°^(a sin bx — b cos hx) 

a^ 


Among the integrals which may be reduced to the preceding 
types we may mention the following cases: 


J /(log a;) 

/a.) 


x"* dx , 


arc sinx dx, 


J /(arc si 

/a*) 


sin x) dx, 


arc tanx dx, 
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where f denotes any integral function. In the first two cases we 
should tal£:e log x or arc sin- x as the new variable. In the last 
two we should integrate by parts, taking f{^ dx as the differential 
of another polynomial F{x\ which would lead to types of integrals 
already considered. 


EXERCISES 


1. Evaluate the indefinite integrals of each of the following functions: 


(X* -f- 1)* X(X« +1)8 


aj4 _ x* — 3x2 _ X 
(X3 + 1)8 


1 + Vl + X 

1 -V^ ’ 


Z 


1 +^ 


1 + X + Vl + x2 1—vT+x* + Vx + 1 + V^^ + 1)’ cosax 


xe*coax, 


n 

X 2 


Va + x" + 2 


p 

x« tanx. 


2. Find the area of the loop of the folium of Descartes: 

x® + y8 _ 3axy = 0. 

3. Evaluate the integral /ycZx, where x and y satisfy one of the following 
identities: 

(x2 - a2)2 — ay2(2y + 3a) = 0, y2(a - x) = x®, y(x2 + y 2 ) — a(ya _x*). 

4. Derive the formulae 

• 1 / . nv j sin"xcosnx . ^ 

8m«-»xcos(n + l)x(ix = -;;;-1-C, 


/ 

J'sinn-'x sin (n + l)x(ix = 

J co8"-ixcos(n + l)x(ix = 
J cos"-'xsin(» + l)x(ix = — 


n 

sln» X sin nx 
n 

COS’* X sin nx 
n 

cos" X cos TlX 
n 


+ C, 


4* C, 


+ c . 


6. Evaluate each of the following pseudo-elliptic integrals 


[Eulsr.] 




(1 + x2) dx 


*®)vT 


u r 

J 


(l-x2)dx 


(l + x«)Vl + x* 


6. Reduce the following integrals to elliptic integrals: 

_ R(x)dx _ 

Va(l + X®) + 6x(l + X*) + cx2(l + x2) + dx** 


R(x)dx 




Va(l + x®) + 6x*{l + X*) + cx* 


where ii(x) denotes a rational function. 
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7*. Let a, 6, c, d be the roots of an equation of the fourth degree P(x) = 0. 
Then there exist three involutory relations of the form 



MiX" + Nj . , ^ , 

LiX" + Mi' *- 1 . 2 , 3 , 


which interchange the roots by pairs, 
identity 


3 

/(®) + %f( - 

t^i \ 


If the rational function f{x) 

MjX + Ni \ _ ^ 

LiX + 3ff/ 


satisfies the 


the integral /[/(x)/v'P(x)] dx is pseudo-elliptic (see BvUetin de la SociiU mam- 
matiquei Vol. XV, p. 106). 


8. The rectification of a curve of the type y = Ax>^ leads to an integral of 
a binomial differential. Discuss the cases of integrability. 

9. If a > 1, show that 

dx n 

Xi (a -x)Vr^ z 2 1* 

Hence deduce the formula 


x^^dx 

I VT- xa 


1 .3.6 • • • (2n — 1) 

2.4.6--.2n ^ 


10. If AC — R2 > 0, show that 



dx 

2Rx + C)» 


1.3.5»« ■ ( 2n — 3) A^^^ 

^ 4.0 • • - (2n - 2) ^ (AC - P 2 )n + i* 


[Apply the reduction formula of § 104.] 


11. Evaluate the definite integral 



sin^xdx 
+ 2a cosx + a* 


12. Derive the following formulae : 



+ 1 


dx 


Vl — 2ax + Vl — 2/9x + ^ 



a^> 0 . 



_ (1 — ax)(l -- ffx) dx _ 

(I - 2arx + a^){\ - 2/3x + Vl - x* 


£ 2 — a/3 
2 1 - a/3* 


13*. Derive the formula 


x”*-i(ix _ 7t 
1 + X" 

n sin 

where m and n are positive integers (m<n). 
partial fractions.] 



THTt * 

n 

[Break up the integrand into 
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14. From the preceding exercise deduce the formula 



+ * 


jpa-ldx 

1 + X 


‘K 


am ait 


0<a<l. 


16, Setting Ip,q = deduce the following reduction fomnUe 

(J> + 5 + I) ^P, 9 = ^ ^ 9 * 

(p — l)I-p,q = + + 1)'”^ — (2 + g — 

and two analogous formulae for reducing the exponent q. 


16. Derive formulae of reduction for the Integrals 


7- = 


z^dx 


■VAz^ 4 - 2Bz + C 


'in 


-fir- 


dx 


a)"* vAx» + 2Bz + C 


17*. Derive a reduction formula for the integral 


x"<fcc 

0 vr^ 


Hence deduce a formula analogous to that of Wallis for the definite integral 


dx 


18. Has the definite integral 


dx 

Jq l+x*8in3x 


a finite value 9 


19. Show that the area of a sector of an ellipse bounded by the focal 
and a radius vector through the focus is 






d<i) 


(1 + e cos w)* 


where p denotes the parameter 6V<* and e the eccentricit y. Applying t he gen¬ 
eral method, make the substitutions tan w/2 = f, t = u V(1 + e)7^l — e) succes* 
sively, and show that the area in question is 


= ab ^ 


arc tan 


u — e- --) 

1 + ttV 


Also show that this expression may be written in the form 

A = ^(0 - esin0), 

where is the eccentric anomaly. See p. 400. 

20. Find the curves for which the distance or the area of the txiang}e 
MNT^ is constant (Fig. 3, p. 31). Construct the two branches of the curve. 

[Licence, Paris, 1880 1 Toulouse, 1888.] 
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21*. Setting 


pj8» + l ^1 

= - . -— / (1 — COS aw d*, 

2.4.6 • • • 2n ' * 


deriTe the recurrent formula 


■^n + l — {2n +1) -An — 
From this deduce the formulae 



dAn 

dx 


A2p = UipBinx + Fapcos*, 

-4.2P + 1 = I^ 2 p + i sinx + Fap + i coax, 


where ITapt I^ 2 pi t^ 2 p + ii Fap + i are polynomials with integral coefficients, and 
where Z7ap and C^ 2 p + i contain no odd powers of x. It is readily shown that 
these formulae hold when n = 1, and the general case follows from the above 
recurrent formula. 

The formula for A 2 p enables us to show that is incommensurable. For if 
we assume that icy4 = 6/a, and then replace x by ff/2 in A^p^ we obtain a 
relation of the form 



where Hi is an integer. Such an equation, however, is impossible, for the right- 
hand side approaches zero as p increases indefinitely. 



CHAPTER VI 



DOUBLE INTEGRALS 

L DOUBLE INTEGRALS METHODS OF EVALUATION 

GREEN'S THEOREM 

120. Continuous functions of two variables. Let z = f(x, y) be a 
function of the two independent variables x and y which is contin¬ 
uous inside a region A of the plane which is bounded by a closed 
contour C, and also upon the contour itself. A number of proposi¬ 
tions analogous to those proved in § 70 for a continuous function 
of a single variable can be shown to hold for this function. For 
instance, given any positive number c, the region A can he divided into 
subregions in such a way that the difference between the values of z at 
any two points (x^ i/), in the same subregion is less than c. 

We shall always proceed by means of successive subdivisions as 
follows: Suppose the region A divided into subregions by drawing 

parallels to the two axes at equal dis¬ 
tances 8 from each other. The corre¬ 
sponding subdivisions of A are either 
squai*es of side 8 lying entirely inside C, 
or else portions of squares bounded in 
part by an arc of C, Then, if the prop¬ 
osition were untrue for the whole region 
A , it would also be untrue for at least 
one of the subdivisions, say A^. Sub¬ 
dividing the subregion in the same 
manner and continuing the process indefinitely, we would obtain a 
sequence of squares or portions of squares A, Ai, for 

which the proposition would be untrue. The region A^ lies between 
the two lines x = and x = which are parallel to the y axis, 

and the two lines y = y = which are parallel to the x axis. 

As n increases indefinitely and approach a common limit X, 
and and d^ approach a common limit /a, for the numbers a„, 
for example, never decrease and always remain less than a fixed 
number. It follows that all the points of A^ approach a limiting 
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point (\, /a) which lies within or upon the contour C. The rest of 
the reasoning is similar to that in § 70; if the theorem stated were 
untrue, the function f(x, y) could be shown to be discontinuous at 
the point (A, /x), which is contrary to hypothesis. 

Corollary. Suppose that the parallel lines have been chosen 
so near together that the difference of any two values of z in any 
one subregion is less than e/2, and let -q be the distance between 
the successive parallels. Let (Xy y) and (a;', y') be two points inside 
or upon the contour C, the distance between which is less than q. 
These two points will lie either in the same subregion or else in 
two different subregions which have one vertex in common. In 
either case the absolute value of the difference 

y) -A^', y') 

cannot exceed 2c/2 = c. Hence, given any positive number c, another 
positive number q can he found such that 

\A^y y) -/(*'. y") 1 <« 

whenever the distance between the two points (x, y) and y'), which 
lie in A or on the contour C, is less than q. In other words, any func¬ 
tion which is continuous in A and on its boundary C is uniformly 
continuous. 

From the preceding theorem it can be shown, as in § 70, that every 
function which is continuous in A (inclusive of its boundary) is neces¬ 
sarily in A. If M be the upper limit and m the lower limit of 

the function in A, the difference M — m is called the oscillation. The 
method of successive subdivisions also enables us to show that the 
function actually attains each of the values m and M at least once 
inside or upon the contour C. Let a be a point for which z = m 
and h a point for which z = My and let us join a and 6 by a broken 
line which lies entirely inside C. As the point (x, y) describes this 
line, « is a continuous function of the distance of the point (x, y) 
from the point a. Hence z assumes every value /x between m and 
M at least once upon this line (§ 70). Since a and b can be joined 
by an infinite number of different broken lines, it follows that the 
function y(x, y) assumes every value between m and M at an infinite 
number of points which lie inside of C. 

A finite region A of the plane is said to be less than I in all its 
dimensions if a circle of radius I can be found which entirely 
encloses A. A variable region of the plane is said to be infinitesimal 
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in all its dimensions if a circle whose radius is arbitrarily preas* 
signed can be found which eventually contains the region entirely 
within it. For example, a square whose side approaches zero or an 
ellipse both of whose axes approach zero is infinitesimal in all its 
dimensions. On the other hand, a rectangle of which only one side 
approaches zero or an ellipse only one of whose axes approaches zero 
is not infinitesimal in all its dimensions. 

121. Double integrals. Let the region A of the plane be divided 
into subregions ai, aa, - - - , in any manner, and let w,- be the area of 
the subregion Oi, and and mi the limits of f(x, y) in a,.. Consider 

the two sums 

n * 

S 5 =2^ CDiW;, 

i=l 

each of which has a definite value for any particular subdivision 
of A. None of the sums S are less than mil* where Cl is the area of 
the region A of the plane, and where m is the lower limit of f(x, y) 
in the region A ; hence these sums have a lower limit /. Likewise, 
none of the sums s are greater than MCI, where M is the upper limit 
of f(x, y) in the region A ; hence these sums have an upper limit T*. 
Moreover it can be shown, as in § 71, that any of the sums 5 is 
greater than or equal to any one of the sums s; hence it follows 

that 

i>r. 

If the function /(x, y) is continuous, the sums S and s approach 
a common limit as each of the subregions approaches zero in all its 
dimensions. For, suppose that 17 is a positive number such that the 
oscillation of the function is less than c in any portion of A which 
is less in all its dimensions than rj. If each of the subregions^ Ui, 
a,, • • •, be less in all its dimensions than yj, each of the differences 
Mi — m; will be less than «, and hence the difference S — s will be 
less than cl), where O denotes the total area of A, But we have 

- 5= 5- /+ /- 

where none of the quantities 5 —/,/—/',/' — 5 can be negative. 
Hence, in particular, / — /* < cO ; and since c is an arbitrary posi¬ 
tive number, it follows that / = /*, Moreover each of the numbers ' 
5 — I and / — 5 can be made less than any preassigned number by 

• If /{*, y) is a constant *, = m = iff = fn,* = *, and Sss 9= mO ^ Aid* 

Tbans. 
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a proper choice of e. Hence the sums S and s have a common limit 
/, which is called the double integral of the function/(x, y) extended 
over the region A. It is denoted by the symbol 

f = / / /(a:, y)dxdy, 

J JiA'i 


and the region A is called the^eW of integration. 

If {iif Vi) inside or on the boundary of the sub- 

region fli, it is evident that the sum T;,)a), lies between the two 

sums S and s or is equal to one of them. It therefore also 
approaches the double integral as its limit whatever be the method 
of choice of the point tj,). 

The first theorem of the mean may be extended without difficulty 
to double integrals. Let /(x, y) be a function which is continuous 
in A, and let y) be another function which is continuous and 
which has the same sign throughout A. For definiteness we shall 
suppose that y) is positive in If M and m are the limits of 
/(x, y) in A, it is evident that* 


Adding all these inequalities and passing to the limit, we find the 
formula 



y)dxdy = g. 




J 


where g. lies between M and m. Since the function /(x, y) assumes 
the value ^ at a point (f, rf) inside of the contour C, we may write 

this in the form 





which constitutes the law of the mean for double integrals. If 

for example, the integral on the right, //rfx dy, extended 
over the region A^ is evidently equal to the area O of that region. 
In this case the formula (1) becomes 




xdy = 0/(^, v)' 


• If /(*. y) is a constant k, we shall have M = m = A, and these inequalities become 
equations. The following formula holds, however, with — Trans. 
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122. Volume. To the analytic notion of a double integral corre- 
spends the important geometric notion of volume. Let f{x, y) be 
a function which is continuous inside and upon a closed contour C. 
We shall further suppose for definiteness that this function is posi¬ 
tive. Let S' be the portion of the surface represented by the equa¬ 
tion z —f{x, y) which is bounded by a curve T whose projection 
upon the xij plane is the contour C. We shall denote by B the por¬ 
tion of space bounded by the xy plane, the surface S, and the cylinder 
whose right section is C. The region A of the xy plane which is 
bounded by the contour C being subdivided in any manner, let a, be 
one of the subregions bounded by a contour c,, and a,,, the area of 
this subregion. The cylinder whose right section is the curve c^ cuts 
out of the surface N a portion s,. bounded by a curve y,.. Let jo. and 
Pi be the points of whose distances from the xy plane are a mini¬ 
mum and a maximum, respectively. If planes be drawn through 
these two points parallel to the xy plape, two right cylinders are 
obtained which have the same base <o,., and whose altitudes are the 
limits Mi and m.. of the function/(x, y) inside the contour e.-, respec¬ 
tively. The volumes F,- and v.- of these cylinders are, respectively, 
WiMi and oj.-to,.* The sums S and s considered above therefore repre^ 
sent, respectively, the sums 2F.. and 2y.- of these two types of cylin¬ 
ders. We shall call the common limit of these two sums the volume 
of the portion E of space. It may be noted, as was done in the case 

of area (§ 78), that this definition agrees with the ordinary concep- 
tion of what is meant by volume. 

If the surface S lies partly beneath the xy plane, the double integral 

will still represent a volume if we agree to attach the sign_to the 

volumes of portions of space below the xy plane. It appears then that 
every double integral represents an algebraic sum of volumes, just as 
a simple integral represents an algebraic sum of areas. The limits of 
integration in the case of a simple integral are replaced in the case of a 
double integral by the contour which encloses the field of integration. 


123. Evaluation of doable integrals. The evaluation of a double 
integral can be reduced to the successive evaluations of two simple 
integrals. Let us first consider the case where the field of integration 


By the wolume of a right cylinder we shall understand the limit approached by 
e volume of a right prism of the same height, whose base is a polygon inscribed in 

rThfJ a ‘•'e si**®® this polygon approaclies zero. 

[This definition is not necessary for U>e argument, but is useful in showing that the 

definition of volume in general agrees with our ordinary conceptions. — Trams.] 
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is a rectangle R bounded by the straight lines x — Xq, x — 
y = y = Y, where x„ < -Y and y<, < 1'. Suppose this rectangle 

to be subdivided by parallels to the two axes x = a:,, y = 
(i=l 2 ■ ■ ■ 71 • /.- = 1, 2, • • •, 77 i). The area of the small rectangle 

Rn. bounded by the lines x — Xi_it x = a*,-, y = y = yk 

(Xf — x._,)(yt — y-t-i)* 

Hence the double integral is the limit of the sum 

n m 

(3) -s = - yt-i)’ 

t=l /L'=l 

where t;^) is any point 

inside or upon one of the 
sides of Rik‘ 

We shall employ the inde¬ 
termination of the points 
-nik) ill order to simplify 
the calculation. Let us re¬ 
mark first of all that if fix) 
is a continuous function in 
the interval (a, ^), and if the interval (jiy be subdivided in any 

manner, a value can be found in each subinterval (x,_i, x,) such 
that 

(4) J f(x)dx=f(ii)(xi~a) +/(^ 2)(^2 —^i)-i-l-/(Q(^ — ac„_i) • 

For we need merely apply the law of the mean for integrals to each of 
the subintervals (a, Xj), (xi, Xg), • • *, b) to find these values of 

Now the portion of the sum 5 which arises from the row of rec¬ 
tangles between the lines x = x.-.i and x = x,- is 

(Xi — x,_i)[/(^n7 ViOOji — +/(^.*2, Vi2)(l/2 - yi) H-• 

-\-fi(ikf Vik){l/k 1/k-O +■■■]- 

Let us take = ' *' = ^^d then choose rjn, T/.-g, 

in such a way that the sum 

’/iOCyi - yo) +/(a:,--u Vi2)(y^ — 2 ^ 1 ) h— 

is equal to the integral y)dyy where the integral is to be 

evaluated under the assumption that x,-_| is a constant. If we pro¬ 
ceed in the same way for each of the rows of rectangles bounded by 
two consecutive parallels to the y axis, we finally find the equation 

(5) 5 = ^(Xo)(Xi—Xo)-b4»(xi)(x2 —Xi)-|-—x.._j)-i-» 
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where we have set for brevity 

<P(x) = 





This function 4>(a;), defined by a definite integral, where x is con- 
sidered as a parameter, is a continuous function of x. As all the 
intervals approach zero, the formula (5) shows that s 

approaches the definite integral 

X 

4»(x) dx . 

s 

Hence the double integral in question is given by the formula 



( 6 ) 


rr y)dxdry= f dx f /(*, y)dy 

^ diR) %/xq 


In other words, in order to evaluate the double integral, the function 
f(xy y) should first he Integrated between the limits 3/0 and F, regards 
ing X as a constant and y as a variable; and then the resulting func- 
tiouy which is a function of x ahonty should be integrated again between 
the limits Xq and X, 

If we proceed in tNe reverse order, i.e. first evaluate the portion 
of 5 which comes from a row of rectangles which lie between two 
consecutive parallels to the x axis, we find the analogous formula 

y)dxdy dy ^ /(x, y^dx. 

A comparison of these two formulae gives the new formula 

r dx f f(x, g)dy= f dy f /(x, y)rfx, 

which is called the formula for integration under the integral sign. 
An essential presupposition in the proof is that the limits x®, A, y®, Y 
are constants, and that the function f(x, y) is continuous throughout 
the field of integration. 

Example, Let z = xyfa. Then the general formula gives 





* (y*-J^)«fa = £(A*-«J)(y-y5). 


2a 
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In general, if the function /(*, y) is the product of a function of * 
alone by a function of y alone, we shall have 


C f <f>(x) \l/(y) dx dy = f tlt(x)dx x C 


The two integrals on the right are absolutely independent of each 
other. 

Franklin* has deduced from this remark a very simple demonstration of cer¬ 
tain interesting theorems of Tchebycheff. Let 4>(x) 

^Wch are conttauous in an interval (a. b), where a < 6. Then the double mtegral 

ffwx) - ^(y)] LH^) - Hvndxdy 

extended over the square bounded by the lines x = a, x = b,y = a, y = b ia equal 
to the difference ^ 

2(6 - a) ^* 4 >ix)Hx)dx - 2 f^<t>(x)dx x Hx)dx. 

But all the elements of the above double integral have the same sign if the two 
lunctions ^(x) and always increase or decrease simultaneously, or if one of 
them always increases when the other decreases. In the first case ‘he two func¬ 
tions 4 >{x)-<t>(y) and Hx) - nv) always have the same sign, whereas they have 

opposite signs in the second case. Hence we shall have 

(h-a) j\(x)<p{x)dx> j\(x)dx x f^Hx)dx 

whenever the two functions ^.(x) and ,;-(x) both increase or both decrease through¬ 
out the interval (a, 6). On the other hand, we shall have 

(6 - a) f'’ 4 >(x)^(x)dx<fy(x)dx x fy(x)dx 

whenever one of the functions increases and the other decreases throughout the 

'"^Thrsign of the double integral is aUo definitely determined in case y,{x) =Hx), 
for then the integrand becomes a perfect square. In this case we shall have 


(6 _ a) f\<p(x)ydx ^ [X 


whatever be the function 0(x), where the sign of equality can hold only when 

A(x)~is a constant, ^ ^ , 

The solution of an interesting problem of the calculus of variations may be 

deduced from this result. Let P and Q be two fixed points in a plane whose 

coordinates are (a, A) and (6, B), respectively. Let y -/(®) ^ equation of 
any curve joining these two points, where/(x), together with its first derivative 


^Amencan Journal of Mathematicst Vol. Vll, p. 77. 
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/'(x), is supposed to be continuous in the interval (a, 6). The problem is to 
find that one of the curves y—/(®) for which the integral is a 

minimum. But by the formula just found, replacing 0(z) by y' and noting 
that /(a) = A and /(b) = B by hypothesis, we have 

(6 - a) - A)K 

The minimum value of the integral is therefore (B — A)^/(b — a), and that value 
is actually assumed when y^ is a constant, i.e. when the curve joining the two 
fixed points reduces to the straight line PQ. 

124. Let US now pass to the case where the field of integration is 
bounded by a contour of any form whatever. We shall first suppose 
that this contour is met in at most two points by any parallel to the 
y axis. We may then suppose that it is composed of two straight 

lines X = a and x — b (a < b) 
and two arcs of curves APB 
and A'QB' whose equations are 
Fi = and re¬ 

spectively, where the functions 
<l>i and are continuous be¬ 
tween a and b. It may happen 
that the points A and A* coin¬ 
cide, or that B and B' coin¬ 
cide, or both. This occurs, for 
instance, if the contour is a convex curve like an ellipse. Let us 
again subdivide the field of integration Jt by means of parallels to 
the axes. Then we shall have two classes of subregions : regular if 
they are rectangles which lie wholly within the contour, irregular 
if they are portions of rectangles bounded in part by arcs of the 
contour. Then it remains to find the limit of the sum 



S = S/(^, rf)<a, 

where w is the area of any one of the subregions and (^, rj). is a point 
in that subregion. 

Let us first evaluate the portion of S which arises from the row 
of subregions between the consecutive parallels x = x = Xj. 
These subregions will consist of several regular ones, beginning 
with a vertex whose ordinate is y' ^ Fj and going to a vertex whose 
ordinate is y^' S F^, and several irregular ones. Choosing a suitable 
point ((, Tf) in each rectangle, it is clear, as above, that the portion 
of S which comes from these regular rectangles may be written in 
the fori" 


II 
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y^dy. 

Suppose that the oscillation of each of the functions <^i(x) and <^, (x) 
in Lcli of the intervals (x,_., x,) is less than 8, and that each of the 
differences y, - y,., is also less than 8. Then it is easily seen t^at 

the total area of the irregular subregions between x = ^-i ^ 7 

is less than 48(x; -x,_,), and that the portion of S which arises 

from these regions is less than 4/f8(x, - x,_,) in absolute value, 
where H is the upper limit of the absolute value of /(x, y) in the 
whole field of integration. On the other hand, we have 

^I'l ry" 

x,-n y)dy=j^ m-u y)<iy+X ’ 

and since \Y^-y’\ and |r, - y''\ are each less than 28, we may write 






y)dy + 4HX8, 

The portion of S which arises from the row of subregions under 
consideration may therefore be written in the form 

(Xi - Xi_i) /(x.-i. y)dy + 8i/e,8j, 

where 0,- lies between — 1 and + 1. The sum 8i/820.(x.. — x,_,) is 
less than SH8(b — a) in absolute value, and approaches zero with 8, 
which may be taken as small as we please. The double integral is 

therefore the limit of the sum 


where 


4>(a)(xi — «)-!-••• + ^(x,-i)(Xi Xf_i) + • • -j 



Hence we have the formula 



C C f(Xy y) dx dy = f dx C f{^j y) dy . 

J JiR) ^ 


In the first integration x is to be regarded as a constant, but 
the limits r, and r* are themselves functions of x and not 

constants. 
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Example. Let us try to evaluate the double integral of the function xy/a 
over the interior of a quarter circle bounded by the axes and the circumference 

+ 2,2 _ iJ2- 0. 


The limits for x are 0 and R, and if x is constant, y may vary from 0 to vR* — 
Hence the integral is 


£H 








dx 


J /^R 


(ig>-xa) 

2a 


dx. 


The value of the latter integral is easily shown to be i2^/8a. 


When the field of integration is bounded by a contour of any form 
whatever, it may be divided into several parts in such a way that 
the boundary of each part is met in at most two points by a parallel 
to the y axis. We might also divide it into parts in such a way that 
the boundary of each part would be met in at most two points by 
any line parallel to the x axis, and begin by integrating with respect 
to X. Let us consider, for example, a convex closed curve which lies 
inside the rectangle formed by the lines x = a, as = 6 , y = c, y = 
upon which lie the four points A, B, C, D, respectively, for which x 
or y is a minimum or a maximum.* Let y^ = ^i(a 5 ) and y, = ^ 3 ( 2 ) 
be the equations of the two arcs ACB and ADB, respectively, and 
let = */^i(y) and x^ = </' 2 (y) be the equations of the two arcs CAD 
and CBD, respectively. The functions and ^ 3 ( 3 ;) are continu¬ 
ous between a and 6, and ^i(y) and ij/aiy) are continuous between e 
and d. The double integral of a function/^aj, y), which is continuous 
inside this contour, may be evaluated in two ways. Equating the 
values found, we obtain the formula 


( 8 ) 



!/)di/=J'dy J f(x,y)dx. 


It is clear that the limits are entirely different in the two integrals. 
Every convex closed contour leads to a formula of this sort. Eor 
example, taking the triangle bounded by the lines y = 0 , sc = a, 
y = a: as the field of integration, we obtain the following formulai 
which is due to Lejeune Dirichlet: 



y)d!/ 



J /(*» y) dx. 


* The reader la advised to draw the figure* 
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126. Analogic® to simple integral®. The integral ///(«)considered as a 
function of a:, has the derivative /(z). There exists an analogous theorem for 
double integrals. Let /(x, y) be a function which is continuous inside a rec¬ 
tangle bounded by the straight lines z = a, x = .4, y = 6 , y = (a < .A, 6 < B). 
The double integral of /(x, y) extended over a rectangle bounded by the lines 
X = a, X = Jr» y = 6 , y = Y,(a<^<A, b<T<B)j8 a function of the coordi¬ 
nates X and F of the variable corner, that is, 


F(X, Y)= r dx f /(X, 

Ja vb 

Setting 4»(x) =J^^/(x, y)dy, a first differentiation with respect to X gives 

^^ = ^(X)^fjAX,y)dy. 

A second differentiation with respect to Y leads to the formula 


( 9 ) 


22 j? 

dXdY 


= /(X, F). 


The most general function u(X, F) which satisfies the equation (9) is evi¬ 
dently obtained by adding to F{X, F) a function z whose second derivative 
d^z/dXdY is zero. It is therefore of the form 


( 10 ) 


u(X, F) = J' dxj'^ /(x, y)dy + <p{X) + ^(F) 


where ^(X) and ^(F) are two arbitrary functions (see § 38). The two arbitrary 
functions may be determined in such a way that u(X, F) reduces to a given 
function V{Y) when X= a, and to another given function U{X) when F= 6 . 
Setting X = a and then F = 6 in the preceding equation, we obtain the two 

conditions _ _ „ 

V{Y) = 0 (a) + 0 (F), Cr(X) = 0 (X) + 0(6), 

whence we find 

0 (r) = F(F) - 0 (a), 0(6) = F( 6 ) - 0 (a), 0 (X) = U{X) - F( 6 ) + 0 (a), 

and the formula ( 10 ) takes the form 


( 11 ) 


u{X, T) = f^dx J/(*. y)dy + U(X) + r(T) - V(b) 


Conversely, if, by any means whatever, a function u(X, F) has been found 
which satisfies the equation (9), it is easy to show by methods similar to the 
above that the value of the double integral is given by the formula 


( 12 ) 


f dx f /(x, y)dy = u(X, F) — u(X, 6 ) — u(a, F) + u(a, 6 ). 

«/ a 


This formula is analogous to the fundamental formula ( 6 ) on page 155. 

The following formula is in a sense analogous to the formula for integration 
by parts. Let .4 be a finite region of the plane bounded by one or more curves 
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of any form. A function /(x, y) which is continuous in A varies between Ita 
minimum Vo and its maximum V, Imagine the contour lines /(as, y) = d drawn 


where v lies between vo and F, and suppose that we are able to find the area of 
the portion of A for which /{x, y) lies between vq and w. This area is a func¬ 
tion F{v) which increases with v, and the area between two neighboring contour 
lines is F(v + Au) — F{v) = AvF'{v + 0Av). If this area be divided into infinitesU 
raal portions by lines joining the two contour lines, a point (f, if) may be found 
in each of them such that /(f, i;) = w + 0Av. Hence the sum of the elements 
of the double integral f f/dxdy which arise from this region is 


(v + d Atj) F'{v -f 0 Av) Av . 


It follows that the double integral is equal to the limit of the sum 


S(u + ^Au) F'{v 4- ^ A») Av , 


that is to say, to the simple integral 


f \ F'{v) dv = VF( V)- f ^F(v) dv . 


This method is especially convenient when the field of integration is bounded 
by two contour lines 

/(X, y) = Vo, /(x, y) = V. 


For example, consider the double integral /f Vl + + y^ dxdy extended 


over 


the interior of the circle + y 2 _ If ^ _ Vl + x* + y*, the field of 

integration is bounded by the two contour lines v = 1 and v = and the 
function F(v), which is the area of the circle of radius is equal to 

7 r(v 2 _ 1 ), Hence the given double integral has the value 


vT- - - 27r 


f 27rv^dv = ^ (2 V2 - 1). » 
Ji 3 


The preceding formula is readily extended to the double integral 


f f f(x, y)<l>(x, y)dxdy, 


where ^(u) now denotes the double integral // 0 (a:, y) d* dy extended over that 
portion of the field of integration hounded by the contour line u =/(x, y). 


126. Green’s theorem. If the function /(*, y) is the partial deriva¬ 
tive of a known function with respect to either x or y, one of the 
integrations may be performed at once, leaving only one indicated 
integration. This very simple remark leads to a very important 
formula which is known as Green's theorem. 




-i^uiuerous appncations oi this method are to he found in a memoir by Oatalan 
(t/ournof <fe Ztouvi//e, Ist series, Vol. IV, p. 23S). 




.7 
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Let us consider first a double integral // dPJdy dx dy extended 
over a region of the plane bounded by a contour C, which is met 
in at most two points by any line parallel to the y axis (see Fig. 15, 

p. 188). 

Let A and P be the points of C at which a: is a minimum and a 
maximum, respectively. A parallel to the y axis between Aa and 
Bb meets C in two points vii and whose ordinates are yi and 2 / 2 ) 
respectively. Then the double integral after integration with respect 

to y may be written 

But the two integrals P(Xj y-^dx and y^dx are line 

integrals taken along the arcs Am^B and AnizB, respectively; hence 
the preceding formula may be written in the form 



where the line integral is to be taken along the contour C in the 
direction indicated by the arrows, that is to say in the positive 
sense, if the axes are chosen as in the figure. In order to extend 
the formula to an area bounded by any contour we should proceed 
as above (§ 94), dividing the given region into several parts for each 
of which the preceding conditions are satisfied, and applying the for¬ 
mula to each of them. In a similar manner the following analogous 
form is easily derived: 



where the line integral is always taken in the same sense. Sub¬ 
tracting the equations (13) and (14), we find the formula 



J P dx Qdy ~ 

(C) 



dx 


dP\ 

^y) 


dx dy, 


where the double integral is extended over the region bounded by C. 
This is Green’s formula; its applications are very important. Just 
now we shall merely point out that the substitution Q, x and 
p = — y gives the formula obtained above (§ 94) for the area of a 
closed curve as a line integral. 
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II. CHANGE OF VARIABLES AREA OF A SURFACE 

In the evaluation of double integrals we have supposed up to the 
present that the field of integration was subdivided into infinitesimal 
rectangles by parallels to the two coordinate axes. We are now going 
to suppose the field of integration subdivided by any two systems of 

curves whatever. 


127. Preliminary formula. Let u and v be the coordinates of a point 
with respect to a set of rectangular axes in a plane, x and y the co5r- 
dinates of another point with respect to a similarly chosen set of 
rectangular axes in that or in some other plane. The formula 

(16) X =fiu, v), y = <l>iu, v) 

establish a certain correspondence between the points of the two 
planes. We shall suppose 1) that the functions and 

together with their first partial derivatives, are continuous for all 
points (u, v) of the uv plane which lie within or on the boundary of 
a region Aj bounded by a contour C,; 2) that the equations (16) 
transform the region Aj, of the uv plane into a region A of the 
xy plane bounded by a contour C, and that a ont-to-ont correspond¬ 
ence exists between the two regions and between the two contours 
in such a way that one and only one point of A i corresponds to any 
point of A ; 3) that the functional determinant A = D(/, ^)/D(m, v) 
does not change sign inside of C„ though it may vanish at certain 

points of Ai- 

Two cases may arise. When the point (u, v) describes the con¬ 
tour Cl in the positive sense the point (x, y) describes the contour C 
either in the positive or else in the negative sense without ever 
reversing the sense of its motion. We shall say that the corre¬ 
spondence is direct or inverse, respectively, in the two oases. 

The area O of the region A is given by the line integral 



taken along the contour C in the positive sense. In terms of the 
new variables « and v defined by (Ifi) this becomes 


£ 


(CO 


where the new integral is to be taken along the o 
positive sense, and where the sign + or the sign — 


S N 
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according as the correspondence is direct or inverse. Applying 
Green’s theorem to the new integral with x = «, v = y, P = / d<l>/du, 
Q =f d<t>pv, we find 

gQ <!>) 

du dv v) 


whence 



du dv 


} 


or, applying the law of the mean to the double integral, 



where (|, i;) is a point inside the contour Ci, and is the area of 
the region Ax in the uv plane. It is clear that the sign + or the 
sign — should be taken according as A itself is positive or negative. 
Hence the correspondence is direct or inverse according as is positive 

or negative. 

The formula (17) moreover establishes an analogy between func¬ 
tional determinants and ordinary derivatives. For, suppose that the 
region Ai approaches zero in all its dimensions, all its points approach¬ 
ing a limiting point (w, v). Then the region A will do the same, and 
the ratio of the two areas O and Hi approaches as its limit the abso¬ 
lute value of the determinant A. Just as the ordinary derivative is 
the limit of the ratio of two linear infinitesimals, the functional 
determinant is thus seen to be the limit of the ratio of two infinites¬ 
imal areas. From this point of view the formula (17) is the analogon 
of the law of the mean for derivatives. 


Remarks. The hypotheses which we have made concerning the correspondence 
between A and Ax are not all independent. Thus, in order that the correspond¬ 
ence should be one-to-one, it is necessary that A should not change sign in the 
region Ax of the uv plane. For, suppose that A vanishes along a curve 71 which 
divides the portion of Ax where A is 
positive from the portion where A is 
negative. Let us consider a small arc 
mini of 7 i and a small portion of Ax 
which contains the arc mini. This 
portion is composed of two regions ax 
and ai which are separated by mini 
(Fig. 26). 

When the point (u, u) describes the Fio. 26 

region ai, where A is positive, the point 

(X, y) describes a region a bounded by a contour mnpm, and the two contours 
mi nipimi and mnpm are described simultaneously in the positive sense. When 
the point (u, v) describes the region ai, where A is negative, the point (x, y) 
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describes a region a' whose contour nmqr is described in the negative sense as 
nimiqiTii is described in the positive sense. The region a' must therefore 
cover a part of the region a. Hence to any point {x, y) in the common part 
nrm correspond two points in the uv plane which lie on either side of the 

line mini. 

As an example consider the transformation X = x, T = y*, for which A = 2y. 
If the point (x, y) describes a closed region which encloses a segment ab of the 
X axis, it is evident that the point (X, F) describes two regions both of which 
lie above the X axis and both of which are bounded by the same segment AB of 
that axis. A sheet of paper folded together along a straight line drawn upon it 
gives a clear idea of the nature of the region described by the point (X, F). 

The condition that A should preserve the same sign throughout Ai is not suf¬ 
ficient for one-to-one correspondence. In the example X = F= 2xy, 

the Jacobian A = 4 (x^ H- y^) jg always positive. But if (r, B) and (B, «) are the 
polar coordinates of the points (x, y) and (X, F), respectively, the formula of 
transformation may be written in the form R = u = 2 6, As r varies from a 
to b {a < b) and d varies from 0to?r + a(0<ct< ?r/2), the point (B, w) describes 
a circular ring bounded by two circles of radii a® and b^. But to every value of 
the angle w between 0 and 2a: correspond two values of 0, one of which lies 
between 0 and a, the other between tT and it a. The region described by the 
point (X, F) may be realized by forming a circular ring of paper which partially 

overlaps itself. 


128. Transformation of double integrals. First method. Retaining 
the hypotheses made above concerning the regions A and A^ and the 
formulae (16), let us consider a function F(Xf y) which is continuous 
in the region A. To any subdivision of the region A i into subregions 
cTi, ag) corresponds a subdivision of the region A into sub- 

regions fli, a^, * • ■, < 0 , and o-; be the areas of the two corre¬ 

sponding subregions a, and a,-, respectively. Then, by formula (17), 



I>(f. 

D(Ui, V,-) 




where and v, are the coordinates of some point in the region a;. 
To this point (w;, v.) corresponds a point ar, =/(«,, v<), y; == v^) 

of the region a,.. Hence, setting d>(«, v) = I^[/(w, v), <#»(u, v)], we 

may write 

y yd = 

(=1 



n 


V,) 


1 


r>(f, 0 ) 

D{Uf, Vi) 


O’.* 


whence, passing to the limit, we obtain the formula 


(18) JjT F(a;,2/)d®dy=jjr F[/(m,v), «^(«,v)] 


dudv. 
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Hence to perform a transformation in a double integral x and g should 
he replaced by their values as functions of the new variables u a7id v, 
and dxdy should be replaced by \l^\dudv. We have seen already 

how the new field of integration is determined. 

In order to find the limits between which the integrations should 
be performed in the calculation of the new double integral, it is in 
general unnecessary to construct the contour Ci of the new field 
of integration For, let us consider u and v as a system of 

curvilinear coordinates, and let one of the variables and v in the 
formulae (16) be kept constant while the other varies. We obtain 
in this way two systems of ciu-ves u = const, and v = const. By 
the hypotheses made above, one and only one curve of each of these 


av) 



families passes through any 
given point of the region A, 

Let us suppose for definite¬ 
ness that a curve of the 
family v = const, meets the 
contour C in at most two 
points Ml and which cor¬ 
respond to values m, and u^ 
of u (?ii < « 2 )> and that each (v=a^ 
of the (u) curves which meets 
the contour C lies between 
the two curves v = a and 

V = b {a < b). In this case ^ 

we should integrate first 

with regard to w, keeping v constant and letting u vary from uy^ 
to u., where and are in general functions of v, and then inte- 






u4-du) 

C^) 



v=h 


Fig. 27 


grate this result between the limits a and b. 

The double integral is therefore equal to the expression 


[ dv f 'Pifiu, v), <f>(u, v)']\^\du. 

J a %J 

A change of variables amounts essentially to a subdivision of the 
field of integration by means of the two systems of curves («) and (v). 
Let a> be the area of the curvilinear quadrilateral bounded by the 
curves (w), (u -h du), (vf (v 4- dv), where du and dv are positive. 
To this quadrilateral corresponds in the uv plane a rectangle whose 
sides are du and dv. Then, by formula (17), oi = ] A(^, »?)| du dv, where 
i lies between u and u -f du, and rj between v and v -\- dv. The expres¬ 
sion I A(u, v) 1 du dv is called the element of area in the system of 
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coordinates (u, v). The exact value of w is w = ^| A(w, v) | 4-«J 
where c approaches zero with du and dv. This infinitesimal may be 
neglected in finding the limit of the sum ^F(x, y) o), for since v) 
is continuous, we may suppose the two (w) curves and the two 
(v) curves taken so close together that each of the c’s is leas in ab¬ 
solute value than any preassigned positive number. Hence the abso¬ 
lute value of the sum Si'Xx, y)€ dudv itself may be made less than 
any preassigned positive number. 


129. Examples. 1) Polar coordinates. Let us pass from rectangu¬ 
lar to polar coordinates by means of the transformation x = p cosw, 
y = p sin 01 . We obtain all the points of the xy plane as p varies 
from zero to -f oo and oj from zero to 27r. Here A = p; hence the 
element of area is p dw c?p, which is also evident geometrically. Let 
us try first to evaluate a double integral extended over a portion of 
the plane bounded by an arc AB which intersects a radius vector in 
at most one point, and by the two straight lines OA and OB which 
make angles toi and o >2 with the x axis (Fig. 17, p. 189). Let 
R = be the equation of the arc AB. In the field of integration 
oi varies from o>i to and p from zero to R. Hence the double inte¬ 
gral of a function /(x, y) has. the value 



R 

f(^p cos p sin to)p dp. 


If the arc AB is a, closed curve enclosing the origin, we should 
take the limits a>i = 0 and a >2 = 27r. Any field of integration can 
be divided into portions of the preceding types. Suppose, for 
instance, that the origin lies outside of the contour C of a given 
convex closed curve. Let OA and OB be the two tangents from 
the origin to this curve, and let = yi(to>) and be the 

equations of the two arcs ANB and A MB, respectively. For a 
given value of <u between aii and ojo, p varies from Ri to R^, and 
the value of the double integral is 


p sin <u) p dp . 


I d. f(p 

w, */ R, 


COS O) 


2) coordinates. Let us consider a family of confocal conics 



X-c« 



\ 


(19) 
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where X denotes an arbitrary parameter. Through every point 

rwo conics of this family, - an eUipse and an hyperbola, - for the equation (19) 



U rnnt \ ereater than and another positive root m less than c^, for any 

v^ues of X anf y. From (19) and from the analogous equation where X is 

replaced by m we find 


( 20 ) 


X = 


VX/i 


V(X - C-*)(C« -'io 

y = ^ 


0 < M ^ < X. 


To avoid ambiguity, we shall consider only the first quadrant in the xy plane_ 
This region corresponds point for point in a one-to-one manner to the region o 
the Xm plane which is bounded by the straight lines 


X = c^, M 0» 


u = c^. 


It is evident from the formul® (20) that when the point (X, ,x) describes the 
boundary of this region in the direction indicated by the arrows the point (x,v) 
describes the two axes Ox and Oy in the sense indicated by the arrows, 
transformation is therefore inverse, which is verified by calculating A: 

D(x, y) _ 1 _ 

~ D(X, u) 4 VXix (X - c2)(c> - M) 


130 Transformation of double integrals. Second method. We shall 
now derive the general formula (18) by another method which 
depends solely upon the rule for calculating a double integral. We 
shall retain, however, the hypotheses made above concerning the 
correspondence between the points of the two regions A and A,. 
If the formula is correct for two particular transformations 

ix= f(u, v) , ( w = /i {u\ v') f 

fy=<f>(UfV), (v v')f 

it is evident that it is also correct for the transformation obtained 
by carrying out the two transformations in succession. This follows 
at once from the fundamental property of functional determinants 

D(x, y) D(x, y) D{u, v) 

D{u', v') D{u, v) D(u', v') 
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Similarly,,if the formula holds for several regions £ 

to which correspond the regions A„ C„ ■■■, L„ it also holds for 

the region A+B + c + .-. + L. Finally, the formula holds if the 
transformation is a change of axes: 

x = x^-\-x*eosa-~ ?/ sin a, y := yo + a:' sina + ^ cosa. 
Here A = 1, and the equation 


/ / y) dx dy 

JiA) 

^ ^ ~ y' sin a, -f a;' sin a -f- y' cos a) dx‘dy* 

is satisfied, since the two integrals represent the same volume. 

We shall proceed to prove the formula for the particular trans¬ 
formation 


( 21 ) 


x = <f>{x^,y^, y = yS 


. l/c 


m'o y? 


which carries the region A into a region A' which is included between 
the same parallels to the x axis, y = y, and y = y,. We shall sup¬ 
pose that just one point of A corresponds to any given point of A> and 

conversely. If a paral- 
^ —-C,| lei to the X axis meets 

^ boundary C of the 

V i y region A in at most two 

__ \ _ points, the same will be 

_ ^/%Jj- true for the boundarv 

^ yc _ 1 ^ of the region A To 

any pair of points 

"O --1-- - and on C whose or- 

Fio. 29 dinates are each y cor- 

respond two points m'» 
nd nil of the contour C. But the correspondence may be direct or 

inverse. To distinguish the two cases, let us remark that if dil>/dx' is 
positive, X incre^es with x*, and the points r/io and m, and and 
nil lie as shown in Fig, 29; hence the correspondence is direct On 
the other hand, if d<f>/dx* is negative, the correspondence is inverse. 

Let us consider the first case, and let , ®i, a;' be the absciss® 
of the points «to, Wj, 7?i', m;, respectively. Then, applying the for¬ 
mula for change of variable in a simple integral, we find 

% 


Fig. 29 


f i^(x,y)dx=:f 

^^0 JaeL 
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■where y and y' are treated as constants. A single integration gives 
the formula 


Cdy f 'f(x, y)dx = r 'dy'j 


x: 


But the Jacobian A reduces in this case to g«#./ox', and hence the 
preceding formula may he ■written in the form 


ff nr. 


This formula can be established in the same manner if d<t>/Sx' is 
negative, and evidently holds for a region of any form whatever. 

In an exactly similar manner it can be shown that the trans- 

formation 


( 22 ) 

leads to the formula 


X = X 


y == 2/') 


-fl 


where the new field of integration . 1 ' corresponds point for point to 

the region A, ^ 04 .- 

Let us now consider the general formulae of transformation 

(23) X =/(a:i, 2 / 1 ), 2/=/i (^u 3/0 > 

where for the sake of simplicity (x, y) and (x., y,) denote the coor¬ 
dinates of two corresponding points m and Mi with respect to the 
same system of axes. Let A and A , be the two corresponding regions 
bounded by contours C and C„ respectively. Then a third point m , 
whose coordinates are given in terms of those of m and Mi the 
relations x' = x., y' = y, will describe an auxiliary region A', which 
for the moment we shall assume corresponds point for point to each 
of the two regions A and J,. The six quantities x, y, x„ yi, x', y 

satisfy the four equations 

X =/(xi, ijx), y 2/1) j 

whence we obtain the relations 

(24) = y'=/i (^^u 2/i)» 

which define a transformation of the type (22). From the equation 
if =/i(x', 2 /i) we find a relation of the form yi — '7r(x', ; hence 

we may write 

(25) 


x' = Xx 


y —y 


X =/(xS yO = yO j y — y • 
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The given transformation (23) amounts to a combination of the two 
transformations (24) and (25), for each of which the general formula 
holds. Therefore the same formula holds for the transformation (23). 

Remark. We assumed above that the region described by the 
point m' corresponds point for point to each of the regions A and 
A,. At least, this can always be brought about. For, let us con 
sider the curves of the region A^ which correspond to the straight 
lines parallel to the x axis in A. If these curves meet a parallel to 
the y axis in just one point, it is evident that just one point m' of 
A' will correspond to any given point m of A. Hence we need 
merely divide the region A, into parts so small that this condition 
is satisfied in each of them. If these curves were parallels to the 
y axis, we should begin by making a change of axes. 


131. Area of a curved surface. Let S be a region of a curved sur¬ 
face free from singular points and bounded by a contour F. Let S 
be subdivided in any way whatever, let be one of the subregions 
bounded by a contour y.-, and let be a point of a,.. Draw the tan¬ 
gent plane to the surface S at the point m,-, and suppose a,, taken so 
small that it is met in at most one point by any perpendicular to 
this plane. The contour y,- projects into a curve y! upon this plane • 
we shall denote the area of the region of the tangent plane bounded' 
by y! by As the number of subdivisions is increased indefinitely 
in such a way that each of them is infinitesimal in all its dimensions 

the sum 2<r,. approaches a limit, and this limit is called the area of 
the region S of the given surface. 

Let the rectangular coordinates x, y, a of a point of S be given in 
terms of two variable parameters u and v by means of the equations 

(26) X ==f(u, v), y = ^(u, v), * = ^(m, v), 

in such a way that the region S of the surface corresponds point for 

point to a region R of the uv plane bounded by a closed contour C 

We shall assume that the functions /, and together with their 

first partial derivatives, are continuous in this region. Let R be 

subdivided, let r,- be one of the subdivisions bounded by a contour c- 

and let o,. be the area of r,. To corresponds on N a subdivision & 

ounded by a contour y,-. Let o-, be the corresponding area upon the 

tangent plane defined as above, and let us try to find an expression 
for the ratio o-,/<o,. 

Let ff,, Pi, yi be the direction cosines of the normal to the surface S 
at a point ni,(xt, yi, #j) of s, which corresponds to a point (u,, 
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of Vi- Let us take the point m; as a new origin, and as the new axes 
the normal at m.- and two perpendicular lines and V in the 
tangent plane whose direction cosines with respect to the old axes are 
/S', y' and a”, /3", y", respectively. Let A', V, Z he the coordinates 
of a point on the surface S with respect to the new axes. Then, 
by the well-known formulae for transformation of coordinates, we 

shall have 

A = a' (x - x,-) + /3' (y - 2/i) + y (s — > 

Y = a"(x — X,) H- /3"(y — y.) + y"(^ ~ > 

z = ai (x — x.) -h PiOJ — yd + y,- (« — «.)• 


The area o-,- is the area of that portion of the AK plane which is 
bounded by the closed curve which the point (A, Y) describes, as 
the point (u, v) describes the contour C;. Hence, by § 127, 



DjX, Y) 
D{u[, v'd 


where u[ and vj are the coordinates of some point inside of An 
easy calculation now leads us to the form 


D(X, Y) 

D(u'ij v'd 


+ (V-"- o'r •) 


or, by the well-known relations between the nine direction cosines, 

D(X,Y) ^ ^ a ^ I. 

r>(uU vj) - D(^ul, Vi) ^ 2 >( m |, vi) D(ui, vi) ) 


Applying the general formula (17), we therefore obtain the equation 



a 


D(y,^) , o I y) 

D{ui , «!) D(ui, vi) r>(ui, v',) 


where ui and vi are the coordinates of a point of the region r,- in the 
uv plane. If this region is very small, the point (ui, v^ is very near 
the point fj), and we may write 


By, g) 

J>(ul, vl) 


_ By, I , 

'i’d 


So-j = 2<i)i 


By, g) I 

‘ D{u„ V,) ^ 


T>{z, x) _ X>(g, a:) , , 

B^i, ^0 B'i^i, 


-1- 0S<OilaiCi + Piti + y.£.''|> 


• • 



where the absolute value of 0 does not exceed unity. Since the 
derivatives of the functions f, and xj/ are continuous in the 
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region R, we may assume that the regions r,- have been taken so 
small that each of the quantities c,-, cj, ej' is less than an arbitrarily 
preassigned number jj. Then the supplementary term will certainly 
be less in absolute value than where Q is the area of the 

region R. Hence that term approaches zero as the regions s- 
(and r,) all approach zero in Hhe manner described above, and the 
sum Scr,- approaches the double integral 


/XJ 


I n I !/) 

(«)l -D(m, t’) D(u, v) ^ D(u, v) 


du dVy 


where a, y are the direction cosines of the normal to the surface iS 
at the point (w, v). 

Let us calculate these direction cosines. The equation of the 
tangent plane (§ 39) is 


whence 


D{Uy v) ^ ' D(w, v) ’ 


a 


0 


D(!/, 

D(Uj v) 


Dj^, x) 

D{Uy t?) 


y ^ 

y) 

D{u, v) 


±1 


v)J ^ 


% % 


Choosing the positive sign in the last ratio, we obtain the formula 


, -P(y. I n ■o(^' I _ y) 

D{u, v) ^ D(w, v) ^ v) 




^(g> a:) ~ 

_D(w, v)_ 


+ 


Ld(m, v)J 


The well-known identity 

(ab* — ba^y (6c' — cb'y + (ca' — ac')® 

= (a^ + 6“ + c2)(a'^ -f 6'» -f c'“) - (aa' -f 66' + co')*, 

which was employed by Lagrange, enables us to write the quantity 
under the radical in the form EG — F^, where 


(27) E=^S 


du 


s 


dx dx 
du do 


G 




the symbol S indicating that .r is to be replaced by y and « succes¬ 
sively and the three resulting terms added. It follows that the area 
of the surface 3’ is given by the double integral 


(28) 


A = f f y/EG- F'dudv. 
J JiR) 
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The functions Ey F, and G play an important part in the theory 
of surfaces. Squaring the expressions for dx, dy^ and dz and adding 

the results, we find 

(29) d8^ = dx^ 4- dtf -\-dz^ = E dit^ + 2Fdudv ^ G dv\ 

It is clear that these quantities Ey F, and G do not depend upon 
the choice of axes, but solely upon the surface 5 itself and the inde¬ 
pendent variables u and xk If the variables u and v and the sur¬ 
face 5 are all real, it is evident that EG — F‘^ must be positive. 


132. Surface element. The expression ^EG — F'^dudv is called the 
element of area of the surface S in the system of coordinates (w, v). 
The precise value of the area of a small portion of the surfa ce bounded 
by the curves (w), (u -f- du)y (v), (y -f- dv) is (VfG — + €)dudvy 

where c approaches zero with du and dv. It is evident, as above, 

that the term c du dv is negligible. 

Certain considerations of differential geometry confirm this result. 
For, if the portion of the surface in question be thought of as a small 
curvilinear parallelogram on the tangent plane to S at the point («, v), 
its area will be equal, approximately, to the product of the lengths 
of its sides times the sine of the angle between the two curves (m) 
and (y). If we further replace the increment of arc by ^e differ¬ 
ential ds, the lengths of the sides, by formula (29), are Vf du and 
VU dv, if du and dv are taken positive. The direction parameters of 
the tangents to the two curves (u) and (v) are dx/du, dy/dxt, dz/dxc 
and dx/dv, dy/dv, dz/dv, respectively. Hence the angle a between 

them is given by the formula 


cos a = 




dx dx 
du dv 



dx 

du 




F 

Veg 


whence sin a = — fVV^. Forming the product mentioned, 

we find the same expression as that given above for the element of 
area. The formula for cos oc shows that F = 0 when and only when 
the two families of curves (m) and (v) are orthogonal to each other. 

When the surface S reduces to a plane, the formulae just found 
reduce to the formulce fourth in § 128. For, if we set ^{u, v) = 0, 
we find 



du dv du dv 
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whence, by the rule for squaring a determinant, 



f 

dx dx 


3 



du dv 



E F 


oy 



F G 

1 

du dv 
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. 1 ' 



Hence \/eG — reduces to ]A[. 

Examples. 1) To find ike area of a region of a surface whose eqiutr 
tion is z =f{x, y) which projects on the xy plane into a region R in 
which the function f(x^ y), together with its derivatives p = dffdx and 
q — ^f/^l/y continuous. Taking x and y as the independent vari¬ 
ables, we find -E = 1 4-^=*, F = pq, O =1 q% and the area in quea- 
tion is given by the double integral 




-\- q^ dx 





where y is the acute angle between the z axis and the nor 
surface. 


M 


al to the 


2) To calculate the area of the region of a surface of revolution 
between two plane sections perpendicular to the axis of revolution. 
Let the axis of revolution be taken as the z axis, and let z =/(a:) 
be the equation of the generating curve in the xz plane. Then the 
coordinates of a point on the surface are given by the equations 

X = p cos < 0 , y — p sinco, z = f(p), 

where the independent variables p and o> are the polar coordinates of 
the projection of the point on the xy plane. In this case we have 


ds^ = dp^ll-\-f\p)2 + 


To find the area of the portion of the surface bounded by two plane 
sections perpendicular to the axis of revolution whose radii are pi and 
P 2 , respectively, p should be allowed to vary from pi to p, (pt< ps) and 
(i> from zero to 27r. Hence the required area is given by ^e integral 


' dp I P -^1 + f'^(p)dio = 27r I 

Jo % 


2ir 


and can therefore be evaluated by a single quadrature, 
the arc of the generating curve, we have 


= dp^ + <««* = rf/>*[l+/'*(p)], 




_ A 
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and the preceding formula may be written in the form 

J r* Pa 

^ITpds. 

Pi 

The geometrical interpretation of this result is easy: 27rp ds is 
the lateral area of a frustum of a cone whose slant height is ds and 
whose mean radius is p. Replacing the area between two sections 
whose distance from each other is infinitesimal by the lateral area 
of such a frustum of a cone, we should obtain precisely the above 
formula for A. 

For example, on the paraboloid of revolution generated by revolv¬ 
ing the parabola about the z axis the area of the section 

between the vertex and the circular plane section whose radius is r is 

A = 27 rjf = 


III. GENERALIZATIONS OF DOUBLE INTEGRALS 
IMPROPER INTEGRALS SURFACE INTEGRALS 

133. Improper integrals. Let /(x, y) be a function which is con¬ 
tinuous in the whole region of the plane which lies outside a closed 
contour P. The double integral of /(x, y) extended over the region 
between P and another closed curve C outside of P has a finite value. 
If this integral approaches one and the same limit no matter how 
C varies, provided merely that the distance from the origin to the 
nearest point of C becomes infinite, this limit is defined to be the 
value of the double integral extended over the whole region 

outside P. 

Let us assume for the moment that the function /(x, y) has a 
constant sign, say positive, outside P. In this case the limit of the 
double integral is independent of the form of the curves C. For, 
let Cl, C 2 , ••*, C„, ••• be a sequence of closed curves each of which 
encloses the preceding in such a way that the distance to tlie nearest 
point of C„ becomes infinite with n. If the double integral /„ extended 
over the region between P and C„ approaches a limit /, the same will 
be true for any other sequence of curves C{, Cg, C^, which 
satisfy the same conditions. For, if be the value of the double 
integral extended over the region between P and n may be 

chosen so large that the curve C„ entirely encloses Cl„ and we 
shall have < 4 < /. Moreover j;„ increases with m. Hence 
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has a limit /' ^ /. It follows in the same manner that I < Hence 
r = ly i.e. the two limits are equal. 

As an example let us consider a function f(x, y), which outside a 
circle of radius r about the origin as center is of the form 


> J) 


where the value of the numerator ip(x, y) remains between two posi¬ 
tive numbers m and M. Choosing for the curves C the circles 
concentric to the above, the value of the double integral extended 
over the circular ring between the two circles of radii r and R is 
given by the definite integral 



^(/o cos Q>, p sin <i>)p dp 



It therefore lies between the values of the two expressions 



By § 90, the simple integral involved approaches a limit as R 
increases indefinitely, provided that 2a — 1 > 1 or a > 1. But it 
becomes infinite with R if a ^ 1. 

If no closed curve can be found outside which the function/(x, y) 
lias a constant sign, it can be shown, as in § 89, that the integral 
ff/(^y approaches a limit if the integral //|/(a:, y')\dxdy 

itself approaches a limit. But if the latter integral becomes infinite, 
the former integral is indeterminate. The following example, due 
to Cayley, is interesting. Let f{Xy y) = sin(a:“ + y^), and let us inte¬ 
grate this function first over a square of side a formed by the axes 
and the two lines x = a, y = a. The value of this integral is 


dx I sin(a:* + 

0 c/o 




sin x^dx 



cos 


y^dy H-JT 


cos x^dx 



As a increases indefinitely, each of the integrals on the right has 
a limit, by § 91. This limit can be shown to be V7r/2 in each case; 
hence the limit of the whole right-hand side is tt. On the other 
hand, the double integral of the same function extended over the 
quarter circle bounded by the axes and the circle as* -h y* = R* is 
equal to the expression 
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J' /a sinp^rfp = — J[cosp^]o = ^[1—cosi?*], 

which, as R becomes infinite, oscillates between zero and 7r/2 and 

does not approach any limit whatever. 

We should define in a similar manner the double integral of a 
function/(x, y) which becomes infinite at a point or all along a line. 
First, we should remove the point (or the line) from the field of 
integration by surrounding it by a small contour (or by a contour 
very close to the line) which we should let diminish indefinitely. 
For example, if the function y) can be written in the form 


/(«» y) = 


_ y) _ 


in the neighborhood of the point (a, i), where i//(x, y) lies between 
two positive numbers m and M, the double integral of f{x, y) 
extended over a region about the point (a, b) which contains no 
other point of discontinuity has a finite value if and only if a is 
less than unity. 


134. The fuDctioii B(p, q). We have assumed above that the contour C„ 
recedes indefinitely in every direction. But it is evident that we may also sup¬ 
pose that only a certain portion recedes to infinity. This is the case in the above 
example of Cayley’s and also in the following example. Let us take the function 

/(X, y) = 

where p and q are each positive. This function is continuous and positive in the 
first quadrant. Integrating first over the square of side a bounded by the axes 
and the lines x = a and y ■=. o,^ we find, for the value of the double integral, 






Each of these integrals approaches a limit as a becomes infinite. For, by the 
definition of the function r(p) in § 92, 


r(p) = 

»/o 

whence, setting t — x^, we find 


(31) 


r(p) = r 


+ ® 


2x2p-ie~*®dx. 


Hence the double integral approaches the limit r(p) r(^) as a becomes infinite. 

Let us now integrate over the quarter circle bovmded by the axes and the 
circle x® 4 - The value of the double integral in polar coordinates is 


R /»- 

j* 2p2(p+9)-ie-P*dp X J ^2cos2p-*^sin2ff-*(^d0. 
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As R becomes infinite this product approaches the limit 

r(p + q) B(p, q), 

where we have set 

n 

(32) B{p^ q) = f ^ 2cos^P-^<p iff d<f>. 

Jo 

Expressing the fact that these two limits must be the same, we find the equation 

(33) T{p)r{q) = Tip + q)B{p,q). 

The integral JB(p, q) is called Euler’s integral of the first kind. Setting t ~ sin^^, 
it may be written in the form 

(34) B(p, q)= f't'^-^l-typ-^dt, 

Jo 

The formula (33) reduces the calculation of the function R(j), q) to the calcu¬ 
lation of the function T. For example, setting p = q = 1/2, we find 

whence r(l/2) = V^. Hence the formula (31) gives 

rv^<ix = :^. 

V 0 2 

In general^ setting q = 1 ^ p and taking p between 0 and we find 

r(p) r(i - p) = B(p, 1 - p) =jr 

We shall see later that the value of this integral is ;r/sinj??r. 

136. Surface integrals. The definition of surface integrals is analogous to that 
of line integi'als. Let 5 be a region of a surface bounded by one or more curves r. 
We shall assume that the surface has two distinct sides in such a way that if one 
side be painted red and the other blue, for instance, it will be impossible to pa hr 
from the red side to the blue side along a continuous path which lies on the sur¬ 
face and which does not cross one of the bounding curves.* Let us think of <3 as 
a material surface having a certain thickness, and let m and m' be two points 
near each other on opposite sides of the surface. At m let us draw that half of 
the normal mn to the surface which does not pierce the surface. The direction 
thus defined upon the normal will be said, for brevity, to correspond to that side 
of the surface on which m lies. The direction of the normal which corresponds 

to the other side of the surface at the point m' will be opposite to the direction 
just defined. 

Let 2 = ^(x, y) be the equation of the given surface, and let 5 be a region of 
this surface bounded by a contour r. We shall assume that the surface is met 
in at most one point by any parallel to the z axis, and that the function ^(x, y) 

• It is very easy to form a surface which does not satisfy this condition. We need 
only deform a rectangular sheet of paper ABCD by pasting the side BC to the side AJ) 
in such a way that the point C coincides with A and the point B with i). 


T't 
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is continuous inside the region A of the xy plane which is bounded by the curve C 
into which T projects. It is evident that this surface has two sides for which 
the corresponding directions of the normal make, respectively, acute and obtuse 
angles with the positive direction of the z axis. We shall call that side whose 
corresponding normal makes an acute angle with the positive z axis the upper 
side. Now let P(x, y, z) be a function ofi the three variables z, y, and z which 
is continuous in a certain region of space which contains the region S of the sur¬ 
face. If 2 be replaced in this function by y), there results a certain function 
P [x, y, 0 (x, y)] of X and y alone; and it is natural by analogy with line integrals 
to call the double integral of this function extended over the region A, 




I 


the surface integral of the function P(i, y, z) taken over the region S of the given 
surface. Suppose the coordinates i, y, and 2 of a point of S given in terms of two 
auxiliary variables u and t) in such a way that the portion S of the surface corre¬ 
sponds point for point in a one-to-one manner to a region R of the uv plane. Let 
da be the surface element of the surface S, and y the acute angle between the posi¬ 
tive 2 axis and the normal to the upper side of S. Then the preceding double 
integral, by §§ 131-132, is equal to the double integral 




y, z) cosy da t 


where x, y, and 2 are to be expressed in terms of u and v. This new expression 
is, however, more general than the former, for cosy may take on either of two 
values according to which side of the surface is chosen. When the acute angle y 
is chosen, as above, the double integral (36) or (36) is called the surface integral 


( 37 ) f f -P(x. y, 2 ) dx dy 

extended over the upper side of the surface S. But if y be taken as the obtuse 
angle, every element of the double integral will be changed in sign, and the new 
double integral would be called the surface integral ffPdxdy extended over the 
lower side of 5. In general, the surface integral// Pdx dy is equal to ± the double 
integral (36) according as it is extended over the upper or the lower side of S. 

This definition enables us to complete the analogy between simple and double 
integrals. Thus a simple integral charifees sign when the limits are interchanged, 
while nothing similar has been developed for double integrals. With the gen¬ 
eralized definition of double integrals, we may say that the integral///(x, y) dx dy 
previously considered is the surface integral extended over the upper side of the 
xy plane, while the same integral with its sign changed represents the surface 
integral taken over the under side. The two senses of motion for a simple inte¬ 
gral thus correspond to the two sides of the xy plane for a double integral. 

The expression (36) for a surface integral evidently does not require that the 
surface should be met in at most one point by any parallel to the 2 axis. In the 
same manner we might define the surface integrals 


f f Vy z)dydz, ^y P(x, y, z)dzdx. 
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and the more general integral 


f f z)dxdy -^Q{x, y, z)dydz + R(x, y, z)dzdz. 


This latter integral may also be written in the form 


cos 7 + Q cos a + R cos do-, 

where a, 7 are the direction angles of the direction of the normal which cor¬ 
responds to the side of the surface selected. 

Surface integrals are especially important in Mathematical Physics. 


136. Stokes' theorem. Let L be a skew curve along which the functions 

Vf z)j Q{x, y, 2 ), R(x, y, 2 ) are continuous. Then the definition of the line 
integral 



+ Rd2 


taken along the line L is similar to that given in § 93 for a line integral taken 
along a plane curve, and we shall not go into the matter in detail. If the curve L 
is closed, the integral evidently may be broken up into the sum of three line inte¬ 
grals taken over closed plane curves. Applying Green’s theorem to each of these 
it is evident that we may replace the line integral by the sum of three double 
integrals. The introduction of surface integrals enables us to state this result in 
very compact form. 


Let us consider a two-sided piece 5 of a surface which we shall suppose for 
definiteness to be bounded by a single curve T. To each side of the surface 
corresponds a definite sense of direct motion along the contour P. We shall 
assume the following convention: At any point M of the contour let us draw 
that half of the normal Mn which corresponds to the side of the surface under 
consideration, and let us imagine an observer with his head at n and his feet at 3 f; 

we shall say that that is the positive sense 
of motion which the observer must take in 
order to have the region S at his left hand. 
Thus to the two sides of the surface corre¬ 
spond two opposite senses of motion along 
the contour P. 

Let us first consider a region <S of a sur¬ 
face which is met in at most one point by 
any parallel to the 2 axis, and let us suppose 
the trihedron Oxyz placed as in Fig. 30, 
where the plane of the paper is the yz plane 
and the x axis extends toward the observer. 
To the boundary P of S will corre^mnd a 
closed contour C in the xy plane; and these 
two curves are described simultaneously in 
the sense indicated by the arrows. IjCt 
« =/(*» y) be the equation of the given surface, and let P(x, y, z) be afuncUou 
which is continuous in a region of space which conteins S. Then the line Inte- 

w identical with the line integral 
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taken along the plane curve C. Let us apply Green’s theorem (§ 126) to this 
latter integral. Setting 

P(x, 2^) = y, 0(x, y)] 

for definiteness, we find 


dPjx, y) cosp ^ 

dy dy dz by by bz cos 7 


where a, /3, 7 are the direction angles of the normal to the upper side of S. 
Hence, by Green’s theorem, 

r -. r C /S-P ^ \ dxdy 

/ P(x,y)dx= I I ( — cos/3 —— COS7)-» 

•^cc') J JiA) V02 ay / cos 7 


where the double integral is to be taken over the region A of the xy plane 
bounded by the contour C. But the right-hand side is simply the surface 

integral 



bP 

-cos 7 

by 



extended over the upper side of S \ and hence we may write 



by 


dxdy. 


This formula evidently holds also when the surface integral is taken over the 
other side of S, if the line integral is taken in the other direction along r. And 
it also holds, as does Green’s theorem, no matter what the form of the surface 
may be. By cyclic permutation of x, y, and z we obtain the following analogous 
formulae: 



^ dy dz , 
bz 


bx 


dzdx. 


Adding the three, we obtain Stokes* theorem in its general form 

C P(x, y, z)dx-\- Q(x, y, 2 ) dy P(x, y, 2 ) dz 

^(D 



bx) 


dzdx. 


The sense in which r is described and the side of the surface over which the 
double integral is taken correspond according to the convention made above. 
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IV. ANALYTICAL AND GEOMETRICAL APPLICATIONS 


137. Volumes. Let us consider, as above, a region of space bounded 
by the xy plane, a surface S above that plane, and a cylinder whose 
generators are parallel to the z axis. We shall suppose that the 
section of the cylinder by the plane 2 ; = 0 is a contour similar to 
that drawn in Pig. 25, composed of two parallels to the y axis and two 
curvilinear arcs A PB and A *QB\ H z = f(x, y) is the equation of the 
surface S, the volume in question is given, by § 124, by the integral 



y)dy. 


Now the integral y)^y represents the area A of a section of 

this volume by a plane parallel to the yz plane. Hence the preceding 
formula may be written in the form 



The volume of a solid bounded in any way whatever is equal 
to the algebraic sum of several volumes bounded as above. For 
instance, to find the volume of a solid bounded by a convex closed 
surface we should circumscribe the solid by a cylinder whose gen¬ 
erators are parallel to the z axis and then find the difference between 
two volumes like the preceding. Hence the formula (39) holds for 
any volume which lies between two parallel planes x = a and x = 6 
{a < 6 ) and which is bounded by any surface whatever, where A 
denotes the area of a section made by a plane parallel to the two 
given planes. Let us suppose the interval (a, subdivided by the 
points a, Xi, Xa, •• •, 5, and let A©, Ai, •••, A,-, •■•be the areas 

of the sections made by the planes x = a, x = Xi, • • •, respectively. 
Then the definite integral j^^A dx is the limit of the sum 


Ao(xi — a)-b Ai(xa — Xj) H-+ Ai_i(Xi — x.-,,) 


« • » 


y 

The geometrical meaningof this result is apparent. For A,_i(Xi—X|_,), 
for instance, represents the volume of a right cylinder whose base is 
the section of the given solid by the plane x = Xj_| and whose height 
is the distance between two consecutive sections. Hence the volume 
of the given solid is the limit of the sum of such infinitesimid cylin¬ 
ders. This fact is in conformity with the ordinary crude notion of 
volume. . 4 






f 

• * If 
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If the value of the area A be known as a function of x, the vol- 
vinie to be evaluated may be found by a single quadrature. As an 
example let us try to find the volume of a portion of a solid of revo¬ 
lution between two planes perpendicular to the axis of revolution. 
Let this axis be the x axis and let s =/(.t) be the equation of the 
generating curve in the xz plane. The section made by a plane par¬ 
allel to the yz plane is a circle of radius /(x). Hence the required 

volume is given by the integral [/(3-)]“dx. 

Again, let us try to find the volume of the portion of the ellipsoid 

^*2 ^2 

4. IL f. = 1 


bounded by the two planes x = x = X. The section made by a 
plane parallel to the plane x = 0 is an ellipse whose semiaxes are 
h Vl — and c Vl — x^/a^. Hence the volume sought is 

dx = ttAc ^A' — Xq — 

To find the total volume we should set a; — — a and A = a, which 
gives the value %irahc. 




138. Ruled surface. Prismoidal formula. When the area A is an integral 
function of the second degree in x, the volume may be expressed very simply 
in terms of the areas B and B' of the bounding sections, the area b of the mean 
section, and the distance h between the two bounding sections. If the mean 
section be the plane of yz, we have 

V — H- n)dx = ^ + 27ia. 

But we also have 

A = 2a, 6 = n, B = la’^2man, B'= la^ - 2man, 

whence n = &, a = A/2, 2la^ = B - 26. These equations lead to the formula 



F = § [B + B' -t- 4b] , 
6 


which is called the priamoidal formula. 

This formula holds in paHicular for any solid bounded by a ruled surface and 

two parallel planes, including as a special case the so-called prismoid.* For, 
let y = ox + p and z = bx + g be the equations of a variable straight line, where 
a, 6, p, and q are continuous functions of a variable parameter t which resume 
their initial values when t increases from to to T. This straight line describes 


• A prismoid is a solid bounded by any number of planes, two of which are paral¬ 
lel and contain all the vertices. — Trans. 
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a iTi'ed surface, and the area of the section made by a plane parallel to the plane 
z = 0 is given, by § 94, by the integral 

7 

A=f (ax + p)(b'x-h q")dtj 

dto 

where a', 6', c', d' denote the derivatives of a, 6, c, d with respect to t. These 
derivatives may even be discontinuous for a finite number of values between to 
and r, which will be the case when the lateral boundary consists of portions of 
several ruled surfaces. The expression for A may be written in the form 

A = z2 r ab'dt + X r (ag' + p6') dt + T pq'dt, 

dtff *^t(i JtQ 

where the integrals on the right are evidently independent of x. Hence the 
formula (40) holds for the volume of the given solid. It is worthy of notice that 
the same formula also gives the volumes of most of the solids of elementary geometry. 


139. Viviani*s problem. Let C be a circle described with a radius 0.4 (= R) 
of a given sphere as diameter, and let us try to find the volume of the portion 
of the sphere inside a circular cylinder whose right section is the circle C. 
Taking the origin at the center of the sphere, one fourth the required volume 
is given by the double integral 


V 

4 



x2 — (^x dy 


extended over a semicircle described on OA as diameter. Passing to polar coor¬ 
dinates /> and (i;, the angle u> varies from 0 to 9r/2, and p from 0 to R cos w. Hence 
we find 

- = f 

4 Jo 




or 

— p(R8 - i{8sin»a«)d« = —/--?Y 

4 3 Jo ^ 8 \2 8/ 

If this volume and the volume inside the cylinder 
which is symmetrical to this one with respect to 
the 2 axis be subtracted from the volume of the 
whole sphere, the remainder is 



Again, the area O of the portion of the sur¬ 
face of the sphere inside the given cylinder is 


0 = 4j^ J* Vl + p* + 9 ® dx dy. 


Replacing p and q by their values — x/z and — y/*, respectively, and passing to 
polar cobrdiuates, we find 
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0-4 Hcu, = 

Jo Jo 

or 

12 = 4R^£\1 - sin <v)day = 411^ 

Subtracting the area enclosed by the two cylinders from the whole area of the 
sphere, the remainder is 

47rK^ - - 1 j = 8iP. 

140. Evaluation of particular definite integrals. The theorems estab¬ 
lished above, in particular the theorem regarding differentiation 
under the integral sign, sometimes enable us to evaluate certain defi¬ 
nite integrals without knowing the corresponding indefinite integrals 
We proceed to give a few examples. 

Setting 

the formula for differentiation under the integral sign gives 


dA 

da 


A _ iog(i-f , r 

a~ 1-1- 


_ X dx _ 

(1+ ax){lA- a:*) 


Breaking up this integrand into partial fractions, we find 


whence 


(1+ax)(l-ha:=*) + l-{-ax 


X + ff 


X 


_ X dx _ 

(1 -f- ax) (1 -1- x^) 


log(l-f a^) 


2(1+ co^) 


-f- --; arc tan a 

1 + a' 


It follows that 


dA 

da 


a I log(l-|- n’’) 

1 + a'* arc tan « + 2(\+a^) 


whence, observing that A vanishes when a = 0, we may write 

“X' +X'if?-"” 

Integrating the first of these integrals by parts, we finally find 


^ i arc tan a log (1 + cc^) • 
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Again^ consider the function This function is continuous 
when X lies between 0 and 1 and y between any two positiye 
numbers a and 6. Hence, by the general formula of § 123, 


But 



✓ 


hence the value of the right-hand side of the previous equation is 



On the other hand, we have 


whence 




dx = log 



In general, suppose that P{Xy y) and Q(x, y) are two functions 
which satisfy the relation dP/dy = dQ/dx, and that Xq, Xi, y^,, y^ are 
given constants. Then, by the general formula for integration 
under the integral sign, we shall have 



dx 



dy 


dy 


=/v 


dQ 

dx 


dx^ 


or 


(41) f lP(x, yi) - P(x, yo)] dx = f [ Q(x^, y) - Q(xa, y)] dy. 

*>'*0 •-'Vo 

Cauchy deduced the values of a large number of definite inte¬ 
grals from this formula. It is also closely and simply related to 
Greenes theorem, of which it is essentially only a special case. 
For it may be derived by applying Green’s theorem to the line 
integral fPdx-\- Qdy taken along the boundary of the rectangle 
formed by the lines « = *0, x y = yo, y = yj. 

In the following example the definite integral is evaluated by a 
special device. The integral 

F(a)=J^ log (1 — 2or cos oc + a*) 
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has a finite value if |a| is different from unity. 
F{a) has the following properties. 

1) hX- a) = F(a). For 


This function 


a) log (1 + 2a COS x + a^)dx 


or, making the substitution x — tt t/, 




X ir 

log (1 — 2a COS y + a^) dy = F(a). 


2) F{a^) = 2F(a). For we may set 

2F(a) = F{a) + F(- a ), 

whence 


2 F(a) ^ x + a*) + log( 1 H- 2 a cos x -H ci^)']dx 


=j^’log(l- 


2 a® cos 2x + a^) dx. 


If we now make the substitution 2x = y, this becomes 


2F(a) = \ f \og{l —2 a^ cosy + a*) dy 

2 4/0 

log(l— 2 a® cos 3 / -h o:*)dl/. 

Making a second substitution y — 2ir — z in the last integral, we 
find 

2n 

£ 'log (1 - 2a» COS y + a*) dy =J^ log (1 - 2a» COS s + a*) dz, 

which leads to the formula 

2 F(a) = \ F(a^) + ^ F(a*) = F(a“). 


From this result we have, successively, 

F(a) = I F(a-) = \ F(a‘) = ''' = 

If 1 a 1 is less than unity, a^ approaches zero as n becomes infinite. 
The same is true of F(a^”), for the logarithm approaches zero. 

Hence, if | aj < 1, we have F{a) — 0. 
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If |a| is greater than unity, let us set a = l/p. Then we find 




)8 



dx 


rr 


= j log (1— 2/? cos a: -f 0^)dx — Trlog^, 


where |^| is less than unity. Hence we have in this case 

i^(a) = — TT log = TT log a^. 

Finally, it can be shown by the aid of Ex. 6, p. 205, that JP(± l) = o* 
hence F(a) is continuous for all values of a, * 


141. Approximate value of logr(n + 1). A great variety of devices may be 
employed to find either the exact or at least an approximate value of a definite 
integral. We proceed to give an example. We have, by definition, 

r(n + i)=j^'^ x^er^dz. ■ 

The function x^er^ assumes its maximum value n"e-» for x = n. Asx increases 
from zero to n, x»e-* increases from zero to n"c-« (n>0), and when x increases 
from n to + oo, x«e*^ decreases from n"e-" to zero. Likewise, the function 

increases from zero to 7i«c-" as t increases from - oo to zero, and 
decreases from n'*e-« to zero as t increases from zero to + oo. Hence, by the 
substitution 



x«e-* = 


the values of x and t correspond in such a way that as t increases from - oo 
to 4- CO, X increases from zero to + oo. 

It remains to calculate dx/dt. Taking the logarithmic derivative of each sidn 
of (42), we find 


dx 2tx 






We have also, by (42), the equation 


= X — n — n log ^5^ 


For simplicity let us set z = n + z, and then develop log(l + z/n) by Taylor’s 

theorem with a remainder after two terms. SubstituUng this expansion L the 
value for we find 


f2 = z- 


z^ 


nz^ 


2n2(l+ e 


2(n + $zy 


where 0 lies between zero and unity. From this we find, successively, 


z t 
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■whence, applying the formula for change of variable, 

na + 1 ) = 2 n"<r" yll 
The first integral is 


X 


e- dt 


=^X 


e'*' dt = V?r. 


As for the second integral, though we cannot evaluate it exactly, since we do 
not know e, we can at least locate its value between certain hxed limits, lor 
all its elements are negative between - oo and zero, and they are a 
between zero and + oo. Moreover each of the integrals J_^, 
absolute value than “ te- >’ dt = 1/2. It follows that 


(43) 


where w lies between — 1 + 1. 

If n is very large, w/V2n is very small. Hence, if we take 

r(n + 1) = V2n7r 

as an approximate value of r(n + 1), our error is relatively small, 

actual error may be considerable. Taking the logarithm of each side of (4d), we 

find the formula 

(44) log r(n + 1 ) = (n + I) logn - n + I log(2n') + c, 

where e is very small when n is very large. Neglecting e, we have an expression 
which is called the asymptotic value of logr(n + 1). This formula is inter¬ 
esting as giving us an idea of the order of magnitude of a factorial. 

142. D’AlemberPs theorem. The formula for integration under the integral 
sign applies to any function/(x, y) which is continuous in the rectangle of inte¬ 
gration. Hence, if two different results are obtained by two different methods 
of integrating the function/(x, y), we may conclude that the function /(x, y) is 
discontinuous for at least one point in the field of integration. Gauss deduced 
from this fact an elegant demonstration of d’Alembert’s theorem. 

Let F(z) be an integral polynomial of degree m in z. We shall assume for 

definiteness that all its coefficients are real. Replacing z by p(cos u. -H i sin «), 
and separating the real and the imaginary parts, we have 

F(z) = P + iQi 

p = Aop”*cosmw Alp"*"' cos(ni — 1) w + 

Q = Aop’"sinmwH--4ip'"-* sin(m - l)w -h 

If we set V = arc tan (P/Q), -we shall have 


+ Am, 

+ Am-ipBin W. 


£Z 

dp 


^ dp dp 


5Q 


P2+ Q2 


- p 

dV __ ^ d(o dot 
P^H- Q2 


and it is evident, without actually carrying out the calculation, that the second 
derivative is of the form 

d^V _ M 

d^ " (P* + ’ 
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where Jkf is a continuous function of p and ta. This second derivative can only 
be discontinuous for values of p and w for which P and Q vanish simultaneously, 
that is to say, for the roots of the equation F{z) = 0. Hence, if we can show that 
the two integrals 

<"> i “"i i n 

are unequal for a given value of R, we may conclude that the equation F(z) =■ Q 
has at least one root whose absolute value is less than R, But the second inte¬ 
gral is always zero, for 

dp dut 




and BV/dp is a periodic function of o>, of period 2it. Calculating the first inte¬ 
gral in a similar manner, we find 

ri^d.=r 

Jo L 

and it is easy to show that BV/Bta is of the form 

dV _ -mAl pgm^... 
dw A* p®"* 4- . •. 


du) Jp=o 


where the degree of the terms not written down is less than 2m in p, and where 
the numerator contains no term which does not involve p. As p increases indefi¬ 
nitely, the right-hand side approaches — m. Hence R may be chosen so large 
that the value of dF/dw, for p = H, is equal to — m 4- e, where e is less than m 
in absolute value. The integralm 4 -e)dw is evidently negative, and 
hence the first of the integrals (46) cannot be zero. 


EXERCISES 


1. At any point of the catenary defined in rectangular cofirdinates by the 


equation 




s 


let us draw the tangent and extend it until it meets the z axis at a point T. 
Revolving the whole figure about the x axis, find the difference between the areas 
described by the arc AM of the catenary, where A is the vertex of the catenaiy, 
and that described by the tangent AfT (1) as a function of the abscissa of the 
point 3f, (2) as a function of the abscissa of the point T. 

[Licence, Paris, 1889.] 

2. Using the usual system of trirectangular cofirdinates, let a ruled surface 
be formed as follows; The plane zOA revolves about the x axis, while the gen¬ 
erating line Z>, which lies in this plane, makes with the s axis a constant anf^e 
whose tangent is X and cuU off on OA an intercept OC equal to Xod, when a 
is a given length and $ is the angle between the two planes sOx and sOd, 
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1) Find the volume of the solid bounded by the ruled surface and the planes 
%Oy zOXf and zOA^ where the angle 0 between the last two is less than 2nr. 

2) Find the area of the portion of the surface bounded by the planes xOy, 

zOx, zOA. ILicence, Paris, July, 1882.] 

3 Find the volume of the solid bounded by the xy plane, the cylinder 

and the elliptic paraboloid whose equation in rectangular 

coordinates is 


2z 




[Licence^ Paris, 1882.] 


4 Find the area of the curvilinear quadrilateral bounded by the four con- 
focal conics of the family 

X X -c2 


which are determined by giving X the values cV3, 2cV3, 4cV3, 6cV3, respectively. 

[Licericc, Besan^on, 1886.] 


6. Consider the curve 

y = V2 (sin x — cos x), 


where x and y are the rectangular coordinates of a point, and where x varies 
from n’/4 to 6n-/4. Find : 

1) the area between this curve and the x axis ; 

2) the volume of the solid generated by revolving the curve about the x axis ; 
the lateral area of the same solid. 

[Licence, Montpellier, 1898.] 


6 In an ordinary rectangular coordinate plane let A and B be any two 
points on the y axis, and let AMB be any curve joining A and B which, together 
with the line AB, forms the boundary of a region AMBA whose area is a pre¬ 
assigned quantity S. Find the value of the following definite integral taken 

over the curve AMB : 


f [0(y)e* — my]dx - m]dy 


where m is a constant, 
is continuous. 


and where the function <f>{y), together with its derivative 

[iicence, Nancy, 1895.] 


7. By calculating the double integral 



+ 

e”*vsin axdy dx 


in two different ways, show that, provided that a is not zero, 



8. Find the area of the lateral surface of the portion of an ellipsoid of revo¬ 
lution or of an hyperboloid of revolution which is bounded by two planes perpen¬ 
dicular to the axis of revolution. 
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9*. To find the area of an ellipsoid with three nnequal axes. Half of the total 
area A is given by the double integral 



extended over the interior of the ellipse = ^ 252 . Among the methods 

employed to reduce this double integral to elliptic integrals, one of the simplest, 
due to Catalan, consists in the transformation used in § 125. Denoting the 
integrand of the double integral by v, and letting v vary from 1 to + », it is 
easy to show that the double integral is equal to the limit, as I becomes infinite, 


of the difference 


TtabliP-l) 





This expression is an undetermined form; but we may write 



and hence the limit considered above is readily seen to be 



10*. If from the center of an ellipsoid whose semiaxes are a, b, c a i>erp6n- 
dicular be let fall upon the tangent plane to the ellipsoid, the area of the surface 
which is the locus of the foot of the perpendicular is equal to the are^ of an 
ellipsoid whose semiaxes are bc/a, ac/b, ob/c. 

[William Roberts, Journal de Ltouoiife, Vol. XI, Ist series, p. 81.] ^ 
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11. Evaluate the double integral of the expression 

(X - s/)"/(y) 


extended over the interior of the triangle bounded by the straight lines y = 
y = x and X = X in two different ways, and thereby establish the formula 


XOy 


V ® 

J’' dxj (X - vYfiy) dy 



(X — ?/)” +1 
n + 1 


f{y) dy . 


From this result deduce the relation 

f'dx r*dx-• ■ r /(x) 


dx 


= —}—nx- 

(n - 1)1 Jx. 


yYf{y)dy 


In a similar manner derive the formula 



1 

2.4.6 • ••2n 



(X2 - y2)n/(y) dy , 


and verify these formulae by means of the law for differentiation under the 
integral sign. 
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MULTIPLE INTEGRALS 
INTEGRATION OF TOTAL DIFFERENTIALS 


I. MULTIPLE INTEGRALS CHANGE OF VARIABLES 


143. Triple integrals. Let F(Xy y, z) be a function of the three 
variables a:, y, z which is continuous for all points M, whose rec¬ 
tangular coordinates are (x, y, a;), in a finite region of space (E) 
bounded by one or more closed surfaces. Let this region be sub¬ 
divided into a number of subregions (cx), (eg), (e.), whose vol¬ 
umes are Vi, Vj, * * *, and let f,) be the coordinates of any 

point TTii of the subregion (e^). Then the sum 


( 1 ) 


VB 




approaches a limit as the number of the subregions (e,) is increased 
indefinitely in such a way that the maximum diameter of each of 
them approaches zero. This limit is called the triple integral of 
the function F(xy y, z) extended throughout the region (E), and 
is represented by the symbol 


( 2 ) 


Ilf Vy dxdydz. 

J J JiE) 


The proof that this limit exists is practically a repetition of the 
proof given above in the case of double integrals. 

Triple integrals arise in yaidous problems of Mechanics, for 
instance in finding the mass or the center of gravity of a solid 
body. Suppose the region (E) filled with a heterogeneous sub¬ 
stance, and let y, z) be the density at any point, that is to say, 
the limit of the ratio of the mass inside an infinitesimal sphere about 
the point (x, y, z') as center to the volume of the sphere. If /*! and 
are the maximum and the minimum value of y. in the subregion (e;), 
it is evident that the mass inside that subregion lies between 
and hence it is equal to i;,-, C.), where ijj, fj) is a 

suitably chosen point of the subregion (Sj). It follows that the total 
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mass is equal to the triple integral f f f fx dx dy dz extended through¬ 
out the region (E), 

The evaluation of a triple integral may be reduced to the suc¬ 
cessive evaluation of three simple integrals. Let us suppose first 
that the region (E) is a rectangular parallelepiped bounded by the 

six planes a: = x = y = y^^ y = Yj z = Zqj z — Z. Let (^) 
be divided into smaller parallelepipeds by planes parallel to the 
three coordinate planes. The volume of one of the latter is 
(x —Xi i) (^jfc — 2/jt-i) ~ have to find the limit of 

the sum 

(3) S = E ) VijiM ~ 

i k I 

where the point {Uiy Viuf Ui) is any point inside the corresponding 
parallelepiped. Let us evaluate first that part of N which arises 
from the column of elements bounded by the four planes 


x = a:i_i, x = x,., y = y — yx, 

taking all the points V*jim ia-i) upon the straight line x = 
y = yjt-i. This column of parallelepipeds gives rise to the sum 

(Xi — Xi_i)(yk — yk-i)LE'{Xi_i, ^0(^i — «o) + • ■ ]» 

and, as in § 123, the J’s may be chosen in such a way that the 
quantity inside the bracket will be equal to the simple integral 

3 /r—i) “ I l/k-ii ^}dz, 

Jz^ 

It only remains to find the limit of the sum 

(X.. - yt-i)- 

% k 

But this limit is precisely the double integral 


JJ 4»(x, y) dx dy 

extended over the rectangle formed by the lines x = Xq, 
2 / == yo» y = 1^* Hence the triple integral is equal to 



1 ' 

4>(x, y^dyy 
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The meaning of this symbol is perfectly obvious. During the first 
integration x and y are to be regarded as constants. The result -will be 
a function of x and y, which is then to be integrated between the limits 
yo and K, x being regarded as a constant and y as a variable. The 
result of this second integration is a function of x alone, and the last 
step is the integration of this function between the limits Xq and X, 
There are evidently as many ways of performing this evaluation 
as there are permutations on three letters, that is, six. Por instance 
the triple integral is equivalent to 




X 


dz I dx 


f Vy ^)dy= r ^(z)dzy 


where denotes the double integral of F{x, y, z) extended over 
the rectangle formed by the lines x — Xq , x = X, y = y^^ y =: y. We 
might rediscover this formula by commencing with the part of the 
sum 5 which arises from the layer of parallelepipeds bounded by the 
two planes ;s: = 2 = z^. Choosing the points rjf f) suitably, 

the part of S which arises from this layer is 

and the rest of the reasoning is similar to that above. 



144. Let us now consider a region of space bounded in any 
manner whatever, and let us divide it into subregions such that any 

line parallel to a suitably chosen 
fixed line meets the surface which 
bounds any subregion in at most 
two points. We may evidently 
restrict ourselves without loss of 
generality to the case in which a 
line parallel to the z axis meets 
the surface in at most two points. 
The points upon the bounding 
surface project upon the xy plane 
into the points of a region A 
bounded by a closed contour C, 
To every point (», y) inside C cor¬ 
respond two points on the bound¬ 
ing surface whose co5rdinates are 
y) and y). We shall suppose that the functions 

<fti and <f >2 ai'e continuous inside C, and that Let us now 
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divide the region under consideration by planes parallel to the coor¬ 
dinate planes. Some of the subdivisions will be portions of paral¬ 
lelepipeds. The part of the sum (1) which arises from the column 
of elements bounded by the four planes x = a'..,, x = x.-, y == 
y = yjk is equal, by § 124, to the expression 

+ J 

where the absolute value of may be made less than any preassigned 
number c by choosing the parallel planes sufficiently near together. 

The sum 

- yt-i) 

t k 

approaches zero as a limit, and the triple integral in question is 
therefore equal to the double integral 


(Xi — Vk-iy 


I I y) dij 

J JiA) 

extended over the region (y^l) bounded by the contour C, where the 
function 4>(x, y) is defined by the equation 


4>(x, y) 




y, z)dz. 


If a line parallel to the y axis meets the contour C in at most two 
points whose coordinates are y = and y = respectively, 

while X varies from Xi to Xg, the triple integral may also be written 

in the form 


(5) 


rv 2 r 

dx I dy j 
X. J Vt *>'21 


The limits and z^ depend upon both x and y, the limits yi and 
are functions of x alone, and finally the limits Xi and are constants. 

We may invert the order of the integrations as for double inte¬ 
grals, but the limits are in general totally different for different 

orders of integration. 


Note. If ^(x) be the function of x given by the double integral 


J ryt 

dy F{x,yjz)dz 

Vi ‘>'*1 
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extended over the section of the given region by a plane parallel to 
the yz plane whose abscissa is x, the formula (6) may be written 

j ^(x) dx . 

This is the result we should have obtained by starting with the 
layer of subregions bounded by the two planes x = x,..,, x = a;.. 

Choosing the points (^, rj, suitably, this layer contributes to the 
total sum the quantity 


Example. Let us evaluate the triple integral // fz dx dy dz extended through¬ 
out that eighth of the sphere z'^ = which lies in the first octant. If 

we integrate first with regard to 2 , then with regard to y, and finally with regard 
to a:, the limits are as follows: z and y being given, z may vary from zero to 
- x2 - y2 j X being given, y may vary from zero to ViP^ - *2; and x itself 
may vary from zero to R. Hence the integral in question has the value 


j*J'j'zdxdydz=J' dx J" 








zdz, 


whence we find successively 


/>V 1 

and it merely remains to calculate the definite integral | — x2)*dx, which, 

by the substitution x = R cos0, takes the form * ^ 


IT 

i f ^R^ <i>dtp. 

o Jo 

Hence the value of the given triple integral is, by § 116, 3rf?*/16. 


145. Change of variables. Let 



I X = f{u, V, w), 

y — V, w), 

S = V, w) , 


be formulee of transfonnation which establish a one-to^)ne oorr&- 
spondence between the points of the region (/J) and those of another 
region (£i). We shall think of m, v, and to as the reotangvilar oo5r- 
dinates of a point with respect to another system of rectangular 
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coordinates, in general different from the first. If F{x, y, z) is a 
continuous function throughout the region {E), we shall always have 



I//X F(Xy y, z) dx dy dz 

= f f f ^[/(“> 


] 


Hf, <t>, 'I') 

D(w, V, to) 


du do dWf 


where the two integrals are extended throughout the regions (E) 
and respectively. This is the formula for change of variables 
in triple integrals. 

In order to show that the formula (7) always holds, we shall 
commence by remarking that if it holds for two or more particular 
transformations, it will hold also for the transformation obtained by 
carrying out these transformations in succession, by the well-known 
properties of the functional determinant (§ 29). If it is applicable 
to several regions of space, it is also applicable to the region obtained 
by combining them. We shall now proceed to show, as we did for 
double integrals, that the formula holds for a transformation which 
leaves all but one of the independent variables unchanged, — for 
example, for a transforijiation of the form 


(8) x = x\ y = y , ^ y\ ^') . 

We shall suppose that the two points M{xy y, z) and M\x\ y', z’) are 
referred to the same system of rectangular axes, and that a parallel 
to the z axis meets the surface which 
boimds the region (E) in at most two 
points. The formulae (8) establish a corre¬ 
spondence between this surface and another 
surface which bounds the region (S'). The 
cylinder circumscribed about the two sur¬ 
faces with its generators parallel to the 
z axis cuts the plane z = 0 along a closed 
curve C. Every point m of the region A 
inside the contour C is the projection of 
two points TTii and of the first surface, 
whose coordinates are zi and Zz, respectively, and also of two 
points m[ and of the second surface, whose coordinates are zl 

and respectively. Let us choose the notation in such a way 

# 

that Zi<Z 2 j and z[ <zl. The formulae (8) transform the point wii 
into the point m[, or else into the point wig. To distinguish the 
two cases, we need merely consider the sign of dif//dz'. If dij^/dz' is 



Fig. 33 
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positive, z increases with z\ and the points and go into the 
points ml and ml, respectively. On the other hand, if d^/z/dz' is 
negative, z decreases as z^ increases, and mi and m^ go into m^ and - 
ml, respectively. In the previous case we shall have 

^ F(a:, y, = jT F[x, y, f(x, y, z’)^ dz', 
whereas in the second case 



y, z)dz = — 





dxl/ 

dz' 



In either case we may write 




If we now consider the double integrals of the two sides of this 
equation over the region A, the double integral of the left-hand side, 


I I dxdy I F(x, y, z)dz, 
J JiA) Jz. 


is precisely the triple integral/// F(x, y, z) dx dy dz extended through¬ 
out the region (E). Likewise, the double integral of the right-hand 
side of (9) is equal to the triple integral of 


y\ «')] 


dl/r 


extended throughout the region {E’), which readily follows when 
X and y are replaced by x' and y’, respectively. Hence we have in 
this particular case 



y, z) dx dy dz 



But in this case the determinant D{x, y, j5:)/I>(x', y\ «') reduces to 
dx^t/dz'. Hence the formula (7) holds for the transformation (8). 
Again, the general formula (7) holds for a transformation of the 


typo 

(10) * =/(®', y', «'), 



y = y', x*), 
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where the variable z remains unchanged. We shall suppose that 
the formulae (10) establish a one-to-one correspondence between 
the points of two regions (E) and (^^'), and in particular that the 
sections R and IV made in {E) and (E'), respectively, by any 
plane parallel to the xy plane correspond in a one-to-one manner. 
Then by the formulae for transformation of double integrals we 

shall have 


( 11 ) 



Pix, y, P) dx, dy 



y\ y'> 


(R) 


<!>) 

2 /') 


dx'dy' 


The two members of this equation are functions of the variable 
z = z’ alone. Integrating both sides again between the limits zi 
and Z 2 , between which z can vary in the region (£), we find the 
formula 


( 12 ) 


I 


z) dx dy dz 


— f f f ^C/(®'>y'>*’')> <^(*'>y'. «')>«'] 

J J JiE') 


^(/» </>) 




dx'dy'dz\ 


But in this case D(x, ?/, z)/D{x\ y\ z') = D(x, y)/D{x\ y'). Hence 
the formula (7) holds for the transformation (10) also. 

We shall now show that any change of variables whatever 


( 13 ) X =/(xi, yu ^i), y = Vu ^i)> « = Vu «i) 

may be obtained by a combination of the preceding transformations. 
For, let us set x' = Xi, y' = y^ Then the last equation of 

(13) may be written z^ = \(f{x\ y\ z^), whence z^ = ir{x\ y\ z'). 
Hence the equations (13) may be replaced by the six equations 

(14) X =/[x', y\ 7r(x', y', ^')], y = y\ 7r(x', y\ ^')], 

(15) a:' = xi, y' = yi, yi, • 

The general formula (7) holds, as we have seen, for each of the 
transformations (14) and (15). Hence it holds for the transforma¬ 
tion (13) also. 

We might have replaced the general transformation (13), as the 
reader can easily show, by a sequence of three transformations of 
the type (8). 
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146. Element of volume. Setting F(x, y, z)=l in the formula(7), 

we find 


SI-ff£, I I 


du dv dw . 


The left-hand side of this equation is the volume of the region (E), 
Applying the law of the mean to the integral on the right, we find 
the relation 


(16) 




■P(/. <A» V') 

D{tif w) 




where Fi is the volume of and tj, f are the coordinates of some 
point in (E^), This formula is exactly analogous to formula (17), 
Chapter VI. It shows that the functional determinant is the Ibnit 
of the ratio of two corresponding infinitesimal volumes. 

If one of the variables m , v , w in (6) be assigned a constant value, 
while the others are allowed to vary, we obtain three families of 
surfaces, u = const., v = const., tv = const., by means of which the 
region (E) may be divided into subregions analogous to the paral¬ 
lelepipeds used above, each of which is bounded by six curved faces. 
The volume of one of these subregions bounded by the siirfaces 
(w), (u -f du), (v), (v 4- do), (tv), (tv -f- dw) is, by (16), 




D(u, V, w) 


I* dudv dw, 


where du, dv, and dw are positive increments, and where c is infini¬ 
tesimal with du, dv, and dw. The term e du dv dw may be neglected, 
as has been explained several times (§ 128). The product 


(17) 


dV = 


D{f, <t>, <k) 

D(u, V, w) 


du dv dw 


is the principal part of the infinitesimal AF, and is called the element 
of volume in the system of curvilinear coordinates (li, v, w). 

Let ds^ be the square of the linear element in the same system of 
coordinates. Then, from (6), 


dw, 

ou CV ow 


dy = dw + 


du 


du 4""' •> 


whence, squaring and adding, we find 

ris'i i 
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the notation employed being 




P2= S 


dx dx 
du cw 





dx dx 
du do 


where the symbol o means, as usual, that x is to be replaced by y 
and 2 successively and the resulting terms then added. 

The formula for dV is easily deduced from this formula for 
For, squaring the functional determinant by the usual rule, we find 


dx dy dz 
du du du 

dx dy dz 
dv dv do 

dx dy dz 
dw dw dw 


Hi 

F, 

F2 


H^ 

Fi 


Fi 

H^ 



whence the element of volume is equal to Vii7 du dv dw. 

Let us consider in particular the very important case in which 
the coordinate surfaces (w), (w), (w) form a triply orthogonal system, 
that is to say, in which the three surfaces which pass through any 
point in space intersect in pairs at right angles. The tangents to 
the three curves in which the surfaces intersect in pairs form a tri- 
rectangular trihedron. It follows that we must have = 0, Fa = 0, 
F» = 0; and these conditions are also sufficient. The formulae for 
dV and ds^ then take the simple forms 


(20) ds‘‘ = Hi dv?' + H,, dv^ + H^ dv?, dV = du dv du). 

These formul® may also be derived from certain considerations of 
infinitesimal geometry. Let us suppose du, dv, and div very small, 
and let us substitute in place of the small subregion defined above a 
small parallelepiped with plane faces. Neglecting infinitesimals of 
higher order, the three adjacent edges of the parallelepiped may be 
taken to be y/Widu, y/Jl^dv, and y/W^dw, respectively. The for- 
mul® (20) express the fact that the linear element and the element of 
volume are equal to the diagonal and the volume of this parallele¬ 
piped, respeetively. The area y/HiH^ du dv of one of the faces repre¬ 
sents in a similar manner the element of area of the surface («>). 

As an example consider the transformation to polar coordinates 


(21) x = psindcos<#>, ij = psmdsin<f>, z = pcoa0. 
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wliere p denotes the distance of the point M{Xj y, z) from the origin, 
6 the angle between OM and the positive z axis, and ^ the angle 
which the projection of OM on the plane makes with the positive 
X axis. In order to reach all points in space, it is sufficient to let p 
vary from zero to + oo, (9 from zero to tt, and <(> from zero to 27r. 
From (21) we find 

(22) ds^ = dp^ + dB’^ + p* sin^^ 

whence 


(23) dV = p^ sin B dp dB d ^. 

These formulae may be derived without any calculation, however. 
The three families of surfaces (p), (^), (<^) are concentric spheres 

about the origin, cones of revolution 
about the z axis with their vertices 
at the origin, and planes through 
the 5: axis, respectively. These 
surfaces evidently form a triply 
orthogonal system, and the dimen¬ 
sions of the elementary subregion 
are seen from the figure to be rfp, 
p dBy p sin B d<f> ; the formulae (22) 
and (23) now follow immediately. 

To calculate in terms of the va¬ 
riables pj $, and a triple integral 
extended throughout a region bounded by a closed surface which 
contains the origin and which is met in at most one point by a radius 
vector through the origin, p should be allowed to vary from zero to 
where R = f(B, </») is the equation of the surface; 6 from zero to tt ; 
and <f> from zero to 27r. For example, the volume of such a surface is 




n 

p“ sin $ dp. 


The first integration can always be performed, and we may write 



sin B 

3 



Occasional use is made of cylindrical coordinates r, w, and z defined 
by the equations x = r cos w, y = r sin o>, « = It is evident that 

ds^ = dr^ -f- r® rftu® -t- dz^j 

and 

dV ss rdta dr dz.. 
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147 . Elliptic coordinates. The surfaces represented by the equation 

z‘ 


--2 0-2 


( 24 ) 


2 / 




X — a \ — b X — c 


- 1 = 0 , 


where X is a variable parameter and a > 6 > c> 0 , form a family of confocal 
conics. Through every point in space there pass three surfaces of this family, — 
an ellipsoid, a parted hyperboloid, and an unparted hyperboloid. For the equa¬ 
tion ( 24 ) always has one root Xi which lies between b and c, another root X2 
between a and 6, and a third root X3 greater than a. These three roots Xi, X2, X3 
are called the elliptic coordinates of the point whose rectangular coordinates are 
(x y^ z). Any two surfaces of the family intersect at right angles; if X be given 
the values \\ and X2, for instance, in ( 24 ), and the resulting equations be sub¬ 
tracted, a division by \i — X2 gives 


( 25 ) 


x2 


(Xi - a)(X2 - a) 




y 




— , -=-= 0 , 

(Xi- 5)(X2-6) (Xi-c)(X2-c) 


which shows that the two surfaces (Xi) and (X2) are orthogonal. 

In order to obtain x, 2/, and z as functions of Xi, X2, X3, we may note that the 

relation 

c)(X - a) - z^{\ - d)(\ ~ b) 

= (X- Xi)(X-X2)(X-X8) 

= c, successively, in this equa- 


(X - a)(X - 6)(X - c) - x 2 (X - 6)(X -c)-y^{\- 

is identically satisfied. Setting X = a, X = 5 , X 
tion, we obtain the values 


( 26 ) 


X2 = 


_ (Xg — a)(a — Xi)(a — X2) 


= 


_ (Xg 


(a — 6) (a — c) 
-b)(X2-6)(6- 


Xi) 


_ (X 3 


(a — b){b — c) 
- c)(X2 - c)(Xi 


- c) 


(a — c)(6 — c) 


whence, taking the logarithmic derivatives, 

dX2 


dx 


dy 


dz 


_ X / dXi 

~ 2 \Xi — a 

_ y / d\i 
“ 2 VXi - 

_ z / dXi 

~2\p^ 


4. --::-- 

A2 — d A3 


_ dX2 

b X2 — b 


+ 



_l_ ^X2 ^ d'K'i 

X2 — c X3 


Forming the sum of the squares, the terms in dXi d\2 , dX2 dXg, dXg dXj must dis 
appear by means of ( 26 ) and similar relations. Hence the coefficient of dxj is 


+ 


y' 


+ 


' ( M -&)" ■ (>^1 

or, replacing x, y, z by their values and simplifying, 

(Xg — Xi)(X2 — Xi) 


( 27 ) 




4 (Xi - a)(Xi - b){\i - c) 
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The coefficients Jf* and Mz of (ix| and dx|, respectively, may be obtained from 
this express ion by cyc lic permutation of the letters. The element of Yolmne Is 
therefore V3fi Mz dXi dXj dX*. 


148. Dirichlet^s integrals. Consider the triple integral 


fffxpy^zr(l 


X — y — zydxdydz 


taken throughout the interior of the tetrahedron formed by the four planes 
z = 0, 2 / = 0, z = 0, a:-!- 2 / + z=l. Let us set 

z + y+2 = f, = Z = {ijf. 

where f, tj, ^ are three new variables. These formulae may be written in the form 

f = * + y + z, 17 = ■ ^ ^ f , 

»+y+z y+z 

and the inyerse transformation is 

X = ^(1- i;), y = f), Z = 

I 

When X, y, and z are all positive and x + y + z is less than unity, f, 17 , and f all 
lie between zero and unity. Conversely, if ij, and i" all lie between zero and 
unity, X, y, and z are all positive and x + y + z is less than unity. The tetra¬ 
hedron therefore goes over into a cube. 

In order to calculate the functional determinant, let us introduce the auxiliary 
transformation X = |, y = f 17 , Z = 117 ^, which gives x = X — y, y = y^Z, 
z = Z. Hence the functional determinant has the value 

* 

I>(X, y, z) _ Djx, y, z) T,Z) _ 

D{(, V, f) D(X, T, Z) ■ D(f, n, 0 

and the given triple integral becomes 

V + »+’- + ’(l - + 


The integrand is the product of a function of a function of 179 and a func¬ 
tion of j*. Hence the triple integral may be written in the form 


£ (P + <l + r + 3(l-(yd( X.£\t + ' + ^(l-ri)Pdr) xj^V(l- 
or, introducing T functions (see (33), p. 280), 


r(p-l-g-f r + 3)r(s +l) ^ r(g + r + 2)r(p +1) r(r - 4 -l)r(g +1) 
r(p + ? + r + 3 + 4) r(p + V + r + 3) r(g + r + 2 ) ‘ - 


Canceling the common factors, the value of the 
found to be 


given triple integral is finally 



( 28 ) 


r(p+i)r(g+i)r(r+i)r(»+i) 
r(p + « + r + * + 4) 
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149. Greenes theorem.* A formula entirely analogous to (15), § 126, may be 
derived for triple integrals. Let us first consider a closed surface S which is 
met in at most two points by a parallel to the z axis, and a function i?(x, y, z) 
which, together with dR/dz, is gpntinuous throughout the interior of this surface. 
All the points of the surface S project into points of a region A of the xy plane 
which is bounded by a closed contour C. To every point of A inside C corre¬ 
spond two points of S whose coordinates are zi = 0i(x, y) and z^ = y). 

The surface S is thus divided into two distinct portions Si and Sa. We shall 
suppose that zi is less than Z 2 . 

Let us now consider the triple integral 



dz 


dxdydz 


taken throughout the region bounded by the closed surface S. A first integra¬ 
tion may be performed with regard to z between the limits Zi and za (§ 144), 
which gives i2(x, y, Za) — R{^-, V-, zi). The given triple integral is therefore 
equal to the double integral 

y, za) — -R(x, y, zi)]dxdy 


over the region A . But the double integral // J2(x, y, Za) dx dy is equal to the 
surface integral (§ 135) 


r r V, z)dxdy 


taken over the upper side of the surface 5a. Likewise, the double integral of 
iJ(x, y, Zi) with its sign changed is the surface integral 



taken over the lower side of Si. Adding these two integrals, we may write 



dxcZy dz 



where the surface integral is to be extended over the whole exterior of the sur¬ 
face S. 

By the methods already used several times in similar cases this formula may 
be extended to the case of a region bounded by a surface of any form whatever. 
Again, permuting the letters x, y, and z, we obtain the analogous formulse 



* Occasionally called Ostrogradsky*s theorem. The theorem of § 126 is sometimes 
called Riemann^s theorem. But the title Greenes theorem is more clearly established 
and seems to be the more fitting. See Ency. der Math. Wiss.^ II, A, 7, b and c.— 

Trans. 

* 
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Adding these three formulae, we finally find the general Green’s theorem lor 
triple integrals : 

///(S'" 

~f z)dydz + Q{x, y, z)dzdx + R{z, y, z)datdy^ 

where the surface integrals are to be taken, as before, over the exterior of the 
bounding surface. 

If, for example, we set = x, Q = B = 0 or Q = y, P = 22 = 0 or it = «, 
P = Q = 0 , it is evident that the volume of the solid bounded by 5 is equal to 
any one of the surface integrals 

( 29 ') C f xdydz, f f ydzdx^ f f zdxdy. 

J J(S) J J(sy J J(Sy 



160. Multiple integrals. The purely analytical definitions which have been 
given for double and triple integrals may be extended to any number of vari¬ 
ables. We shall restrict ourselves to a sketch of the general process. 

Let xi, X 2 , • • •, x„ be n independent variables. We shall say for brevity 
that a system of values xj, x^, • • •, x^ of these variables represents a poirU in 
space of n dimensions. Any equation P(xi, X 2 ) • • •, x„) = 0, whose first member 
is a continuous function, will be said to represent a surface; and if P is of the 
first degree, the equation will be said to represent a plane. Let us consider the 
totality of all points whose coordinates satisfy certain inequalities of the form 

(30) Xa, .. x„)<0, i = 1, 2, .. fc. 

We shall say that the totality of these points forms a domain Z> in space of n 
dimensions. If for all the points of this domain the absolute value of each of 
the coordinates x,* is less than a fixed number, we shall say that the domain X> is 
finite. If the inequalities which define 2> are of the form 

(31) Xi^Xi<x}, x2<X2<xJ, ••*, 

we shall call the domain a prismoidy and we shall say that the n positive quan¬ 
tities x] — Xj are the dimensions of this prismoid. Finally, we shall say that a 
point of the domain D lies on the frontier of the domain if at least one of the 
functions yj/i in (30) vanishes at that point. 

Now let P be a finite domain, and let /(xi, Xa, • ■ •, x„) be a function which 
is continuous in that domain. Suppose P divided into subdomains by planes 
parallel to the planes x,- = 0 (i = 1, 2, • • •, n), and consider any one of the pris- 
moids determined by these planes which lies entirely inside tEe domain P. 
Let Axi, Ax 2 , • • •, AXn be the dimensions of this prismoid, and let , (s, • • <, 
be the coordinates of some point of the prismoid. Then the sum 

(32) S — S/(fi, (h) AxiAxa* • ■ Az^, 

formed for all the prismoids which lie entirely inside the domain P, approaches 
a limit I as the number of the prismoids is increased indefinitely such a way 
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that all of the dimensions of each of them approach zero. We shall call this 
limit I the n-tuple integral of/(*i, , Xn) taken in the domain D and shall 

denote it by the symbol 


I = ff- - Xn)dxidx^ • ■ • dXn. 

The evaluation of an n-tuple integral may be reduced to the evaluation of 
n successive simple integrals. In order to show this in general, we need only 
show that if it is true for an (n — l)-tuple integral, it will also be true for an 
7 i-tuple integral. For this purpose let us consider any point (xi, x^,***, x„) 

of X). Discarding the variable x„ for the moment, the point (xi, X 2 , • •*, x„_i) evi¬ 
dently describes a domain 1/ in space of (n — 1) dimensions. We shall suppose 
that to any point (xi, xs, x„_i) inside of D" there correspond just two 
points on the frontier of D, whose coordinates are (xi, X 2 , ■ • x„-i; and 
(xi, X 2 , • • •» where the coordinates x^*^ and xjf^ are continuous func¬ 

tions of the n — 1 variables Xi, x^, • • •, x„_i inside the domain I/. If this con¬ 
dition were not satisfied, we should divide the domain D into domains so small 
that the condition would be met by each of the partial domains. Let us now 
consider the column of prismoids of the domain D which correspond to the 
same point (Xi, X 2 , • • •, x„_i). It is easy to show, as we did in the similar case 
treated in § 124, that the part of S which arises from this column of prismoids is 


Axi Ax 2 - • • Ax, 




/(X1,X2, •••,x„)(ix„ + e 



where [ e [ may be made smaller than any positive number whatever by choos¬ 
ing the quantities Ax*- sufficiently small. If we now set 

(33) 4»(Xi, X 2 , • ••, x„_i) = J /(xi, X 2 , • ••, x„)(Zx„, 


it is clear that the integral I will be equal to the limit of the sum 

S4>(Xi, 0^21 •• •» Xn-l)AXiAX2- • • AXn-l, 

that is, to the (n — l)-tuple integral 


(34) 


^=///• • , X2, • • Xn-l)dXi- • -dXn- 


ll 


in the domain I/. The law having been supposed to hold for an (n — l)-tuple 
integral, it is evident, by mathematical induction, that it holds in general. 

We might have proceeded differently. Consider the totality of points 
(Xi, X 2 , • • ■, Xn) for which the coordinate Xn has a fixed value. Then the 
point (Xi, X 2 , • • •, x„_i) describes a domain 5 in space of (n — 1) dimensions, 
and it is easy to show that the n-tuple integral I is also equal to the expression 


(35) 


/.*<*) 
^ " Lm 


where 0{Xn) is the — l)-tuple integral ///• • ■//dxi • • • dXn —1 extended through¬ 
out the domain 5. Whatever be the method of carrying out the process, the limits 
for the various integrations depend upon the nature of the domain D, and 



MULTIPLE INTEGRALS 


312 


[VII. i 150 


vary in general for di^erent orders of integration. An exception exists in case 
i> is a prisraoid defined by inequalities of the form 

^ -^1 1 * * * ? ^ ^ -^i » * • • • 


The multiple integral is then of the form 



and the order in which the integrations are performed may be permuted in any 
way whatever without altering the limits which correspond to each of the 
variables. 

The formula for change of variables also may be extended to n-tuple integrals. 
Let 


(36) Xi — 01 (ail, x*2, • • •, Xn)} i — 1| 2^ > * *, n ^ 

be formulae of transformation which establish a one-to-one correspondence between 
the points (xi^ x'^ ., • • • <, x'n) of a domain 1/ and the points (xi, X 2 , • • x„) of a 

domain D. Then we shall have 



The proof is similar to that given in analogous cases above. A sketch of the 
argument is all that we shall attempt here. 

1) If (37) holds for each of two transformations, it also holds for the trans¬ 
formation obtained by carrying out the two in succession. 

2) Any change of variables may be obtained by combining two transforma¬ 
tions of the following types ; 


(38) xi = x(, X 2 = x$, x„_i = x^_i, x„ = 0„(x(, x$, •.x;), 

(39) xi = fi(xj, - - x;,), .x„_i = f„_i(xi,. •x;,), x„ = x;. 


3) The formula (37) holds for a transformation of the type (38), since the 
given n-tuple integral may be written in the form (34). It also holds for any 
transformation of the form (39), by the second form (35) in which the multiple 
integral may be written. These conclusions are based on the assumption that 
(37) holds for an (n — l)-tuple integral. The usual reasoning by mathematical 
Induction establishes the formula in general. 

As an example let us try to evaluate the definite integral 

a:"'X2«--x*"(l —Xi-Xa-dxi dxa • •«dxn, 

where ai, aa, • (tn* P are certain positive constants, and the integral is to be 
extended througliout the domain D defined by the inequalities 

Ogxi, 0<X2, •••, 0<Xn, xi + Xa-f 

The transformation 
xi + Xa + • • • + a:„ = ^i, Xa + * * * + 
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carries D into a new domain If defined by the inequalities 

and it is easy to show as in § 148 that the value of the functional determinant is 

DiXi, • ••, Xn) ^ ^n-2 ^ 

I>{i\ ^ la) • ■ • * In) 

q'he new integrand is therefore of the form 


1 


-+•+ a- + H ■“ 2 


• • • • (1 - f") 




and the given integral may be expressed, as before, in terms of r functions : 


(40) 


r(ai + 1) r(a2 + 1) 


r(a„ + i)r(^ + i) 


T(ai + aa + • • • + 4* /3 + n + 1) 


II. INTEGRATION OF TOTAL DIFFERENTIALS 


151. General method. Let P(x, y) and Q(x, y) be two functions of 
the two independent variables x and y. Then the expression 

Pdx -f Qdy 

is not in general the total differential of a single function of the two 
variables x and 7j, For we have seen that the equation 


(41) 


du = Pdx Qdy 


is equivalent to the two distinct equations 


(42) 


If = > 


du 

dy 


— Q{x* y)’ 


Differentiating the first of these equations with respect to y and the 
second with respect to x, it appears that u{x,y) must satisfy each 

of the equations 


d^u _ dP{x, y) 
dx dy dy 


d^u _ dQ(Xy y) 

dy dx dx 


A necessary condition that a function u{x, y) should exist which 
satisfies these requirements is that the equation 


dP dQ 
dy dx 

should be identically satisfied. 

This condition is also sufficient. For there exist an infinite 
number of functions u{x, y) for which the first of equations (42) 
is satisfied. All these functions are given by the formula 




x + Y, 
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where is an arbitrary constant and K is an arbitrary function of y. 
In order that this function u{x, y') should satisfy the equation (41), 
it is necessary and sufficient that its partial derivative with respect 
to X should be equal to Q(x, y), that is, that the equation 

’'dp , dY 

should be satisfied. But by the assumed relation (43) we have 

^dp 




dy 


dx 


j 2/) - Q(*o, y), 


whence the preceding relation reduces to 


dy 


= Q(xo, y). 


The right-hand side of this equation is independent of a?. Hence 
there are an infinite number of fimctions of y which satisfy the 
equation, and they are all given by the formula 

V 

Q(xo, y) dy -t- C, 

where y^ is an arbitrary value of y, and C is an arbitrary constant. 
It follows that there are an infinite number of functions m(x, y) 
which satisfy the equation (41). They are all given by the formula 



(44) 


1 




and differ from each other only by the additive constant C. 
Consider, for example, the pair of functions 


^ x + my 

’ 




which satisfy the condition (43). Setting Xq = 0 and y^ = 1, the 
formula for u gives 


“=X 


X + my 


x» + y 


dx -H 


Ji y 






whence, performing the indicated integrations, we find 

« = ^ [log(x* + y*)]’ + m ^arc + log y + C, 


or, simplifying, 


M = i log(x* + y^) + m arc tan ® + C. 

^ y 
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The preceding method may be extended to any number of inde¬ 
pendent variables. We shaU give the reasoning for three variables. 
Let P, Q, and R be three functions of x, y, and z. Then the total 

differential equation 



du = Pdx Qdy Rdz 


is equivalent to the three distinct equations 



Calculating the three derivatives c'^u/dxdy, d'^u/dydzy d^u/dzdx in 
two different ways, we find the three following equations as neces¬ 
sary conditions for the existence of the function u : 

dP_dQ dR 

ly'^'dx' dz~ dy' dx dz 

Conversely, let us suppose these equations satisfied. Then, by the 
first, there exist an infinite number of functions u(Xy y, z) whose 
partial derivatives with respect to x and y are equal to P and Q, 
respectively, and they are all given by the formula 


r p{^, 2/i + r ^y 

*0 *^*'0 


where Z denotes an arbitrary function of z. In order that the deriva¬ 
tive du/dz should be equal to R, it is necessary and sufficient that 


the equation 

should be satisfied. Making use of the relations (47), which were 
assumed to hold, this condition reduces to the equation 


dZ 


R{x, y, z') - R(x„, y, z) -f- E(x„, y, z) - R(xo, yo, *) + ’ 


or 


d Z N 

*3— — Voy 

dz 


It follows that an infinite number of functions m(x, y, z) exist 
which satisfy the equation (45). They are all given by the formula 


f P{3:jy,^)dx~\- f Q(xQ,y,z)dy+ j 
Jx. *^=0 


where a;,,, y^, z^ are three arbitrary niunerical values, and C is an 
arbitrary constant. 
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152. The integral P dxQ dy. The same subject may be 
treated from a different point of view, which gives deeper insight 
into the question and leads to new results. Let P(x, y) and Q(x, y) 
be two functions which, together with their first derivatives, are 
continuous in a region A bounded by a single closed contour C, 
It may happen that the region A embraces the whole plane, in 
which case the contour C would be supposed to have receded to 
infinity. The line integral 



Pdx Qdy 


taken along any path D which lies in A will depend in general upon 
the path of integration. Let us first try to find the conditions under 
which this integral depends only upon the coordinates of the extremb 
ties (xq, y^ and (xj, y,) of the path. Let M and N be any two points 
of region A, and let L and V be any two paths which connect these 
two points without intersecting each other between the extremities. 
Taken together they form a closed contour. In order that the values 
of the line integral taken along these two paths L and V should be 
equal, it is evidently necessary and sufficient that the integral taken 
around the closed contour formed by the two curves, proceeding 
always in the same sense, should be zero. Hence the question at 
issue is exactly equivalent to the following : What are the conditims 
under which the line integral 



Pdx Qdy 


taken around any closed contour whatever which lies in the region A 
should vanish ? 

The answer to this question is an immediate result of Green’s 
theorem : 



dp\ 

»y/ 


dx dyy 



where C is any closed contour which lies in A, and where the double 
integral is to be extended over the whole interior of C, It is clear 
that if the functions P and Q satisfy the equation 



dP dQ 
dy dx ’ 


the line integral on the left will always vanish. This condition is 
also necessary. For, if dPfdy — dQ/dx were not identically ssero 
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in the region A, since it is a continuous function, it would surely be 
possible to find a region a so small that its sign would be constant 
inside of a. But in that case the line integral taken around the 

boundary of a would not be zero, by (49). 

If the condition (43') is identically satisfied, the values of the 
integral taken along two paths L and V between the same two 
points M and N are equal provided the two paths do not intersect 
between M and N. It is easy to see that the same thing is true 
even when the two paths intersect any number of times between M 
and N. For in that case it would be necessary only to compare 
the values of the integral taken along the paths L and L' with its 
value taken along a third path L", which intersects neither of the 
preceding except at M and N. 

Let us now suppose that one of the extremities of the path of 
integration is a fixed point (xo, yo), while the other extremity is a 
variable point (x, y) ot A. Then the integral 

J <> (X. V) 

Pdx + Qdij 

taken along an arbitrary path depends only upon the coordinates 
(*) y) variable extremity. The partial derivatives of this 

function are precisely P(x, y) and Q(x, y). For example, we have 

(* + Ax, V) 

P(x, y)dx, 

(X, y) 

for we may suppose that the path of integration goes from (xq, y©) 
to (x, y), and then from (x, y) to (x + Ax, y) along a line parallel to 
the X axis, along which dy = 0. Applying the law of the mean, we 

may write 

F(x + Ax, y) - F{x^ ^ ^ 0<e<l. 

Ax 

Taking the limit when Ax approaches zero, this gives F^. = P. 
Similarly, Fj, = Q. The line integral F(x, y), therefore, satisfies the 
total differential equation (41), and the general integral of this 
equation is given by adding to F(x, y) an arbitrary constant. 

This new formula is more general than the formula (44) in that 
the path of integration is still arbitrary. It is easy to deduce (44) 
from the new form. To avoid ambiguity, let (Xoi l/o) and (x,, y,) be 
the coordinates of the two extremities, and let the path of integra¬ 
tion be the two straight lines x = Xo, y = yi- Along the former. 
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a: - x„, dx = 0, and y varies from y, to y,. Along the second, 

y - Vu dy = 0, and a: varies from to x,. Hence the integral ('SO'l 
is equal to ^ ' 

yi)dx, 

which differs from (44) only in notation. 

But It might be more advantageous to consider another path of 
intepation. Let x = f(t), y = the equations of a curve 

joining (xq, yo) and (x,, y,), and let t be supposed to vary con¬ 
tinuously from 4 to as the point (x, y) describes the curve 
between its two extremities. Then we shall have 


L. = J, y)f'(*) + «(*. y) <^'(0] dt, 

where there remains but a single quadrature. If the path be 
a straight line, for example, we should set x = Xg -f- ^(xj — a:^) 
y = yo + t{yi — yo), and we should let t vary from 0 to 1.* ’ 

Conversely, if a particular integral 3>(x, y) of the equation (41) 
be known, the line integral is given by the formula ^ 

Pdx-^Qdy = 4.(x, y) - ^(x^, y ^), 

(»0* Vo) 

which is analogous to the equation (6) of Chapter IV. 


153. Periods. More general cases may be investigated. In the 
first place. Green’s theorem applies to regions bounded by several 
contours. Let us consider for definiteness a region A bounded by 

an exterior contour C and two contours C' and 
C" which lie inside the first (Fig. 36). Let P 
and Q be two functions which, together with 
their first derivatives, are continuous in this 
region. (The regions inside the contours C' 
and C" should not be considered as parts of 
the region A, and no hypothesis whatever is 

^ regarding P and Q inside these regions.) 

Let the contours C' and C" be joined to the contour C by trans¬ 
versals ab and cd. We thus obtain a closed contour ahmcdndopbaga, 
or r, which may be described at one stroke. Applying Green’s 
theorem to the region bounded by this contour, the line integrals 
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which arise from the transversals ab and cd cancel out, since each 
of them is described twice in opposite directions. It follows that 



where the line integral is to be taken along the whole boundary of 
the region A, i.e. along the three contours C, C\ and C", in the senses 
indicated by the arrows, respectively, these being such that the 

region A always lies on the left. 

If the functions P and Q satisfy the relation dQ/dx = dP/dy in 

the region A, the double integral vanishes, and we may write the 
resulting relation in the form 


r i^dx + Qdy = \ Pdx + Qdy + f Pdx + Qdy, 

^ ^ J(C) ^CC") 

where each of the line integrals is to be taken in the sense desig¬ 


nated above. 

Let us now return to the region A bounded by a single contour 
C and let P and Q, be two functions which satisfy the equation 
^Pjcy = dQjdx, and which, together with their first derivatives, ai’e 

continuous except at a finite number 
of points of at which at least one of 
the functions P or Q is discontinuous. 

We shall suppose for definiteness that 
there are three points of discontinuity 
a, bj c in A, Let us surround each of 
these points by a small circle, and then 
join each of these circles to the contour 
C by a cross cut (Fig. 36). Then the 
integral jpdx + Qdy taken from a fixed 
point (xo, yo) to a variable point (x, y) Fig. 36 

along a curve which does not cross any 

of these cuts has a definite value at every point. For the contour C, 
the circles and the cuts form a single contour which may be described 
at one stroke, just as in the case discussed above. We shall call 
such a path direct, and shall denote the valu e of th e line integral 

taken along it from Mo(xo, yo) to M(x, y) by F(x, y). 

We shall call the path composed of the straight line from to 

a point a\ whose distance from a is infinitesimal, the circumference 

of the circle of radius aa^ about a, and the straight line a'M^, a, loojj- 

circuit. The line integral / Pdx + Qdy taken along a loop-circuit 
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reduces to the line integral taken along the circumference of the 
circle. This latter integral is not zero, in general, if one of the 
functions P or Q is infinite at the point a, but it is independent of 
the radius of the circle. It is a certain constant ± A, the double 
sign corresponding to the two senses in which the circumference 
may be described. Similarly, we shall denote by ± B and ± C the 
values of the integral taken along loop-circuits drawn about the two 
singular points b and c, respectively. 

Any path whatever joining Mq and iM may now be reduced to a 
combination of loop-circuits followed by a direct path from to M, 
For example, the path Movide/M may be reduced to a combination 
of the paths MomdMo, M^deM^, and M^fM, The path 

M^mdM^ may then be reduced to a loop-circuit about the singular 
point a, and similarly for the other two. Finally, the path M^fM 
is equivalent to a direct path. It follows that, whatever be the path 
of integration, the value of the line integral will be of the form 


(52) F(x, y) = y) + wiA + wB ^C, 

where n, and p may be any positive or negative integers. The 
quantities A, B, C are called the periods of the line integral. That 
integral is evidently a function of the variables x and y which 
admits of an infinite number of different determinations, and the 
origin of this indetermination is apparent. 

Remark. The function F(x, y) is a definitely defined function 
m the whole region A when the cuts aa, bp, cy have been traced. 
But it should be noticed that the difference F(^ — F(^ between 
the values of the function at two points m and m' which lie on 
opposite sides of a cut does not necessarily vanish. For we have 


which may be written 



ButJ^ is zero; hence 



F(m) - F(m^ = A. 


It follows that the difference F(i)i) — F(ni*) is constant and equal 

to A all along aa. The analogous proposition holds for each of 
the outs. 
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Example. The line integral 



(■r, y) 


( 1 . 0 ) 


xdy — ydx 

+ y^ 


has a single critical point, the origin. In order to find the corre¬ 
sponding period, let us integrate along the circle i/ ^ 
Along this circle we have 

a: = pCOSw, y = psin<D, xdy--ydx 

whence the period is equal to //"rfcu = 27r. It is easy to verify 
this, for the integrand is the total differential of arc tan y/x. 

164. Common roots of two equations. Let X and Y be two functions of the 
variables x and y which, together with their first partial derivatives, are con¬ 
tinuous in a region A bounded by a single closed contour C. Then the expres¬ 
sion {XdY - YdX)/{X'^ -1- T^) satisfies the condition of integrability, for it is 
the derivative of arc tan Y/X. Hence the line integral 


(53) 



XdY - YdX 


(C> 


+ y2 


taken along the contour C in the positive sense vanishes provided the coeffi¬ 
cients of dx and dy in the integrand remain continuous inside C, i.e. if the two 
curves X = 0, F = 0 have no common point inside that contour. But if these 
two curves have a certain number of common points a, 6, c, • • • inside C, the value 
of the integral will be equal to the sum of the values of the same integral taken 
along the circumferences of small circles described about the points a, 6, c, • • • as 
centers. Let (a, be the coordinates of one of the common points. We shall 
suppose that the functional determinant D(X, F)/D(x, y) is not zero, i.e. that 
the two curves X = 0 and F = 0 are not tangent at the point. Then it is pos¬ 
sible to draw about the point (a, /3) as center a circle c whose radius is so smal 
that the point (X, F) describes a small plane region about the point (0, 0) 
which is bounded by a contour y and which corresponds point for point to the 

circle c (§§ 25 and 127). ... 

As the point (x, y) describes the circumference of the circle c m the positive 

sense the point (X, F) describes the contour y in the positive or in the negative 

sense! according as the sign of the functional determinant inside the circle c is 

positive or negative. But the definite integral along the circumference of c is 

equal to the change in arc tan Y/X in one revolution, that is, ± Similar 

reasoning for all of the roots shows that 


(54) 



XdF- YdX 
X2 + F» 


= 2«'(P - N ), 


where F denotes the number of points common to the two curves at which 
I>(X, F)/I)(x, y) is positive, and N the number of common points at which the 

determinant is negative. 
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The definite integral on the left is also equal to the variation in arc tan Y/Ji 

in going around c, that is, to the index of the function Y/X as the point (» «\ 

describes the contour C. If the functions X and Y are polynomials, and if the 

contour C is composed of a finite number of arcs of unicursal curves, we are led 

to calculate the index of one or more rational functions, which involves only 

elementary operations (§ 77). Moreover, whatever be the functions X and Y 

we can always evaluate the definite integral (54) approximately, with an error 

less than tc, which is all that is necessary, since the right-hand side is alwavs a 
multiple of 27r. ^ 

The formula (54) does not give the exact number of points common to the 
two curves unless the functional determinant has a constant sign inside of C 
Picard’s recent work has completed the results of this investigation.* 


156. Generalization of the preceding. The results of the preceding paragraphs 

may be extended without essential alteration to line integrals in space. Let P 
Q, and R be three functions which, together with their first partial derivatives' 
are continuous in a region (Rj of space bounded by a single closed surface 8. 
Let us seek first to determine the conditions under which the line integral 

/i-i-v ww /'Ca*. V. *) 

(58) U=\ Pdx+Qdy + Rdz 

depends only upon the extremities (xo, yo, ^o) and (x, y, z) of the path of inte¬ 
gration. This amounts to inquiring under what conditions the same integral 
vanishes when taken along any closed path P. But by Stokes’ theorem (§ 130) 
the above line integral is equal to the surface integral 

extended over a surface 2 which is bounded by the contour P. In order that 

this surface integral should be zero, it is evidently necessary and sufficient that 
the equations 

(66) = ^ dR _dP 

dy 0x ’ dz ~ By'' dz ~'dz 


should be satisfied. If these conditions are satisfied, C7’ is a function of the vari¬ 
ables X, y, and z whose toUl differential isPdx + QdyBdz, and vyhich is single 
valued in the region (E), In order to find the value of U at any point, the path 
of integration may be chosen arbitrarily. 

If the functions P, Q, and R satisfy the equations ( 66 ), but at least one of 
them becomes infinite at all the points of one or more curves in (Jff), results 
analogous to those of § 163 may be derived. 

If, for example, one of the functions P, Q, R becomes infinite at all the points 
of a closed curve 7, the integral U will admit a period equal to the value of the 

line integral taken along a closed contour which pierces once and only once a 
surface <r bounded by 7 , 

We may also consider questions relating to surface integrals which are exactly 
analogous to the questions proposed above for line integrals. Let A, B, and C 
be three functions which, together with their first partial derivatives, are 


* d* Analyse, Vol. H. 
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isontinuous in a region {JB) of space bounded by a single closed 
be a surface inside of {E) bounded by a contour r of any form 

the surface integral 


surface S. 

a 

any form whatever. 


(57) 


2 = f f A dy dz B dz dx 




Let S 
Then 


d ends in general, upon the surface S as well as upon the contour T. In order 
that the integral should depend only upon T, it is evidently necessary and suffi¬ 
cient that its value when taken over any closed surface in {E) should vanish. 
Green’s theorem (§ 149) gives at once the conditions under which this is true. 
For we know that the given double integral extended over any closed surface is 

equal to the triple integral 

extended throughout the region bounded by the surface. In order that this latter 
integral should vanish for any region inside it is evidently necessary that the 
functions A, B. and C should satisfy the equation 

(^) dx dy dz 


This condition is also sufficient. ^ t> j n 

Stokes’ theorem affords an easy verification of this fact. For if A, B. and C 

are three functions which satisfy the equation ( 68 ), it is always possible to deter¬ 
mine in an infinite number of ways three other functions P, Q, and R such that 



>y 02 ' Bz Bx 505 By 


In the first place, if these equations admit solutions, they admit an infinite 
number, for they remain unchanged if P, Q, and R be replaced by 


P + 


ax 

a«’ 



R + 


Bz 


respectively, where X is an arbitrary function of x, y, and 2 . Again, setting 
B = 0, the first two of equations (69) give 

p = J B(x, y, *)dz + 0(x, y), Q = -£a(x, y, z)dz + Hx.y), 

where <p(x, y) and ^(x, y) are arbitrary functions of x and y. Substituting these 
values in the last of equations (69), we find 




B^ d<p 
Bx By 


C(x, y, z ), 


or, making use of ( 68 ), 

_ ^ = C(x, y, xo). 

Bx By 


One of the funoOors « or ^ may stiU be chosen at random. 

The functions P, Q, and R having been determined the surface 
Stokes* theorem, is equal to the line integral fixyP^ + + * 

evidently depends only upon the contour r. 
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EXERCISES 

1. Find the value of the triple integral 

- y)» + Zaz - 4a2](ia:%d!z 

extended throughout the region of space defined by the inequalities 

2:2 + y»-oz<0, + 22 - 2a2<0. 

[Licence, Montpellier, 1896.1 

2. Find the area of the surface 

a:2 . J.2 . ^2 = + 

a2a:2 +622^2 ’ 

and the volume of the solid hounded by the same surface. 

3. Investigate the properties of the function 

F{X, Y,Z)=r dz f dy f /(x, y, z)dz 

‘'^0 •'y# 

considered as a function of X, Y, and Z. Generalize the results of § 126. 

4. Find the volume of the portion of the solid bounded by the surface 

(«“ + + z 2)8 Za^xyz 

which lies in the first octant. 

6 . Reduce to a simple integral the multiple integral 

//■ ■ + Zj + . . . + Xn)dXidXi...dx^ 

extended throughout the domain D defined by the inequalities 

0<a:3, 0^x„, »i + X2 + *--+Xn<a. 

[Proceed as in § 148.] 


6 . Reduce to a simple integral the multiple integral 




8 **^fi 


f 6 )"' 




( S )'1 


dxi dxs • • • dXn 


extended throughout the domain D defined by the inequalities 


0 S » 0 ^ ®21 


7*. Derive the formula 




0<*., 


er 


A • • 


+ 




///•■•/*'»*=* 


■ • 


d*H = 


n 


r(| +1) 
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where the multiple integral is extended throughout the domain D defined by the 


inequality 


x? + + • • • -h < 1. 


8 *. Derive the formula 


f J 0 + hsiii0 cos 0 + c sin 0 sin <p) sin 6 dtp ='lit j F{u R) du , 

where a, b, and c are three arbitrary constants, and where R = Va-^ + 6 ^ + c^. 

[Poisson.] 


[First observe that the ^ven double integral is equal to a certain surface inte¬ 
gral taken over the surface of the sphere x'^ -h = \. Then take the plane 

^ ^ cz = 0 as the plane of xy in a new system of coordinates.] 


9 * Let p = F{0^ <P) be the equation in polar coordinates of a closed surface. 
Show that the volume of the solid bounded by the surface is equal to the double 

integral 

(<r) § ff» ^ ^ 

extended over the whole surface, where d<T represents the element of area, and 7 
the angle which the radius vector makes with the exterior normal. 


10*. Let us consider an ellipsoid whose equation is 



and let us define the positions of any point on its surface by the elliptic coordi¬ 
nates K and p, that is, by the roots which the above equation would have if m 
were regarded as unknovm (cf. § 147). The application of the formula (29) to 
the volume of this ellipsoid leads to the equation 



(v2 - p2) V(c2-p^)(c^-»>=^) 

V (62 - p 2)(»-2 _ 62) 



Likewise, the formula (a) gives 



(»»2 — p^)dv _ 

V(62 - p2)(c2 - p 2 )(l »2 _ (,2)(c2 



[Lame.] 


11. Determine the functions P(i, y) and Q{x, y) which, together with their 
partial derivatives, are continuous, and for which the line integral 

f P{x -i- a, y + /3)dx + Q(x + a, v + ^)dy 

taken along any closed contour whatever is independent of the constants a and 

8 and depends only upon the contour itself. ^ . t 1 1 nnn t 

p Auu ucp jr if [Licence, Pans, July, 1900.] 
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12*. Consider the point transformation defined by the equations 

r a; = / (X', y', z"), 

J y = i>{x\ y', zO) 

I 2= = f . 

As the point (x', y', describes a surface S% the point (x, y, z) describes a sur¬ 
face S. Let a, be the direction angles of the normal to S; o', /S', •/ the 
direction angles of the corresponding normal to the surface 8 '; and da and da* 
the corresponding surface elements of the two surfaces. Prove the formula 


cos vAr = i: d<r' I COS o' -f 

iD{y',sn 


-D(g» y) 

D{zr, X') 


cos/S' + 


■P(g* y) 
in 


cos 7 ' 



13*. Derive the formula (16) on page 304 directly. 

[The volume P may be expressed by the surface integral 


P = / z cos 7 da , 

and we may then make use of the identity 

^ 1_ U Pif< ») K e J(/, ») ) a ( !)(/. ») ) 

y',z') ex' r J>(y', Z')) ay' r i)(z', *0) ^ az' r D(»', jo 1 * 

which is easily verified.] 


CHAPTER VIII 


INFINITE SERIES 

I. SERIES OF REAL CONSTANT TERMS 
GENERAL PROPERTIES TESTS FOR CONVERGENCE 

156. Definitions and general principles. Sequences. The elementary 
properties of series are discussed in all texts on College Algebra 
and on Elementary Calculus. We shall review rapidly the principal 
points of these elementary discussions. 

First of all, let us consider an infinite sequence of quantities 

(1) So, Si, Sgj • • •> 

in which each quantity has a definite place, the order of precedence 
being fixed. Such a sequence is said to be convergent if approaches 
a limit as the index n becomes infinite. Every sequence which is 
not convergent is said to be divergent. This may happen in either 
of two ways: may finally become and remain larger than any 

preassigned quantity, or may approach no limit even though it 
does not become infinite. 

In order that a sequence should be convergent^ it is necessary and 
sujficient that, corresponding to any preassigned positive number c, a 
positive integer n should exist such that the difference s„^p — is 
less than « in absolute value for any positive integer p. 

In the first place, the condition is necessary. For if approaches 
a limit s sls n becomes infinite, a number n always exists for which 
each of the differences s — s„, s — • • > « — • • • is less than 

c/2 in absolute value. It follows that the absolute value of — s„ 
will be less than 2 c/2 = c for any value of p. 

In order to prove the converse, we shall introduce a very impor¬ 
tant idea due to Cauchy. Suppose that the absolute value of each 
of the terms of the sequence (1) is less than a positive number N, 
Then all the numbers between — N and -f- N may be separated into 
two classes as follows. We shall say that a number belongs to the 
class A if there exist an infinite number of terms of the sequence (1) 
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which are greater than the given number. A number belongs to 
the class B if there are only a finite number of terms of the 
sequence (1) which are greater than the given niimber. It is 
evident that every number between — N and + N belongs to one 
of the two classes, and that every number of the class A is less 
than any number of the class B. Let .S^ be the upper limit of the 
numbers of the class which is obviously the same as the lower 
limit of the numbers of the class B. Cauchy called this number the 
greatest limit (la plus grande des limites') of the terms of the 
sequence (1).* This number S should be carefully distinguished 
from the upper limit of the terms of the sequence ( 1 ) (§ 68 ). For 
instance, for the sequence 


1 i 1 

2 * 3 ' 


,.., 


n 


the upper limit of the terms of the sequence is 1 , while the greatest 
limit is 0 . 

The name given by Cauchy is readily justified. There always 
exist an infinite number of terms of the sequence ( 1 ) which lie 
between .S' — e and 5 + c, however small c be chosen. Let us then 
consider a decreasing sequence of positive numbers ci, cj, ... 
c„, *• ., where the general term c„ approaches zero. To each num¬ 
ber c, of the sequence let us assign a number a- of the sequence ( 1 ) 
which lies between 5 — and 5 + «,. We shall thus obtain a 
suite of numbers ai, ^ 3 , a„, ••• belonging to the sequence ( 1 ) 

which approach 5 as their limit. On the other hand, it is clear 
from the very definition of S that no partial sequence of the kind just 
mentioned can be picked out of the sequence ( 1 ) which approaches 
a limit greater than S, Whenever the sequence is convergent its 
limit is evidently the number S itself. 

Let us now suppose that the difference of two terms of 

the sequence ( 1 ) can be made smaller than any positive number c 
for any value of by a proper choice of w. Then all the terms of 
the sequence past s„ lie between s„ — € and s, - 1 - «. Let S be the 
greatest limit of the terms of the sequence. By the reasoning just 
given it is possible to pick a partial sequence out of the sequence ( 1 ) 
which approaches N as its limit. Since each term of the partial 
sequence, after a certain one, lies between c and + c, it is 


• Resumes analytiques rfe Twrin, (CoUected Works, 2d series, Vol. X, p, 49). 

The definition may be extended to any assemblage of numbers whieU has an unner 
limit. 
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clear that the absolute value of - s„ is at most equal to c. Now 
let s„. be any term of the sequence (1) whose index m is greater 

than”n. Then we may write 

s„ — S = (s„ — s„) + (s, — S), 

and the value of the right-hand side is surely less than 2«. Since e 
is an arbitrarily preassigned positive number, it foUows that the 
general term s„ approaches S as its limit as the index m increases 

indefinitely. 

Note. If S is the greatest limit of the terms of the sequence (1), 
every number greater than S belongs to the class B, and every num¬ 
ber less than S belongs to the class A. The number S itself may 

belong to either class. 

157. Passage from sequences to series. Given any infinite sequence 


Mo, Wl, “2 


u 


n} 


the series formed from the terms of this sequence, 


( 2 ) 


■Uo + *9 + ^2 + • ■ ■ + “n + 


is said to be convergent if the sequence of the successive sums 

5o = «o, 5, = Mo + “i, •••, •S„ = «o + Mi + --- + “n> 

is convergent. Let S be the limit of the latter sequence, i.e. the 
limit which the sum S„ approaches as n increases indefinitely: 




S = lim S„ = 

nsQO ® Q 


Then S is called the sum of the preceding series, and this relation is 
indicated by writing the symbolic equation 




5 = Wo -i- -f 


• • • 


+ w„ 4- • * * — * 




A series which is not convergent is said to he diverg^ent. 

It is evident that the problem of determining whether the series 
is convergent or divergent is equivalent to the problem of determin¬ 
ing whether the sequence of the successive suras So, Si, S^, is 
convergent or divergent. Conversely, the sequence 

So, *1) ^3> * ■ *> 

will be convergent or divergent according as the series 

So +(«1 - So) +(«2 - Si) + • • • +(s„ - S„_i) + ••• 
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is convergent or divergent. Eor the sum of the first n -f 1 terms 
of this series is precisely equal to the general term of the given 
sequence. We shall apply this remark frequently. 

The series (2) converges or diverges with the series 



Up 4- + i H- • •' 4“ ^p+g “!“•••? 


obtained by omitting the first p terms of (2). Eor, if S^(np^ 
denote the sum of the first n 4- 1 terms of the series (2), and 
the sum of the n — p 1 first terms of the series (3), i.e. 


— Wp 4- 4- * • • 4- w 


n> 


the difference -b H-h “p-i is independent of n. 

Hence the sum approaches a limit if approaches a limit, 
and conversely. It follows that in determining whether the series 
converges or diverges we may neglect as many of the terms at the 
beginning of a series as we wish. 

Let S be the sum of a convergent series, the sum of the first 
n 4-1 terms, and the sum of the series obtained by omitting the 
first 71 4- 1 terms, 


“ '^n + 1 + “n+2 4“ * * * 4“ ^n + p + * * *. 
It is evident that we shall always have 


5 = + R,. 


It is not possible, in general, to find the sum 5 of a convergent 
series. If we take the sum S of the first 4- 1 terms as an approxi¬ 
mate value of S, the error made is equal to R^, Since approaches 
.S’ as n becomes infinite, the error approaches zero, and hence the 
number of terms may always be taken so large—at least theoret* 
ically — that the error made in replacing 5 by is less than any 
preassigned number. In order to have an idea of the degree of 
approximation obtained, it is sufficient to know an upper limit 
of R^. It is evident that the only series which lend themselves 
readily to numerical calculation in practice are those for which 


the remainder R^ approaches zero rather rapidly. 

A number of properties result directly from the definition of con¬ 
vergence. We shall content ourselves with stating a few of them. 


1) If each of the terms of a given series be multiplied bg a constant 
k different from zero, the new series obtained will converge or diverge 
with the given semes; if the given series converges to a sum 5, the sum 
of the second series is hS, 
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2) If there be given two convergent series 

«o 4* 4- ^2 + • ■ • + H" ’ ’ ■ > 

^'o + 4" ^2 4- • • • 4- 4- * • * > 

whose ^ms are S arid 5", respectively^ the new series obtained by 
adding the given series term by term, namely, 

(uq 4- Vo) 4- (vi + Vi) H-h (w„ 4- v„) H-, 

converges, arid its sum is S S*. The analogous theorem holds for 
the term-by-term addition of p convergent series. 

3) The convergence or divergence of a series is not affected if the 
values of a finite number of the terms he changed. For such a change 
would merely increase or decrease all of the sums after a certain 
one by a constant amount. 

4) The test for convergence of any infinite sequence, applied to 
series, gives Cauchy’s general test for convergence; * 

In order that a semes be convergent it is necessary and sufficient 
that, corresponding to any preassigned positive number €, an integer 
n should exist, such that the sum of any number of terms whaU 
ever, starting with + is less than e in absolute value. For 

+ — ^n + 1 4“ ^n4-2 4“ ’ * * 4" U^x + p' 

In particular, the general term «„ + i = must approach 

zero as n becomes infinite, 

Cauchy’s test is absolutely general, but it is often difficult to 
apply it in practice. It is essentially a development of the very 
notion of a limit. We shall proceed to recall the practical rules most 
frequently used for testing series for convergence and divergence. 
None of these rules can be applied in all cases, but together they 
suffice for the treatment of the majority of cases which actually arise. 


158. Series of positive terms. We shall commence by investigating 
a very important class of series, — those whose terms are all posi- 
. tive. In such a series the sum increases with n. Hence in 
order that the series converge it is sufficient that the sum should 
remain less than some fixed number for all values of n. The most 
general test for the convergence of such a series is based upon com¬ 
parisons of the given series with others previously studied. The 
following propositions are fundamental for this process: 


*Exercioes de Mathematiqttes, 1827. {Collected Vol. VII, 2d series, p. 267.) 
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1) If each of the terms of a given series of positive terms is less 
than or at most equal to the corresponding term of a known convergent 
series of positive terms, the given series is convergent. For the sum 

of the first n terms of the given series is evidently less than the 

sum S' of the second series. Hence approaches a limit S which 
is less than .S*'. 

2) If each of the terms of a given series of positive terms is greater 

than or equal to the corresponding term of a known divergent series 

of positive termsy the given series diverges. For the sum of the first 

n terms of the given series is not less than the sum of the first 

n terms of the second series, and hence it increases indefinitely 
with n. 


We may compare two series also by means of the following 
lemma. Let 

(^) "^0 "h ^2 + * • • + , 

( ^) ^0 "b ^1 “ 1 “ ^2 “h ■ ■ ■ “f~ “f" ■ * • 

he Uvo series of positive terms. If the series (U) converges, and if 
after a certain term, we always have v^^Jv^ < the series (V) 

also converges. If the series (U) diverges, and if after a certain 
term, we always have the semes (F) also diverges. 

In order to prove the first statement, let us suppose that 

whenever n>p. Since the convergence of a 
series is not affected by multiplying each term by the same con¬ 
stant, and since the ratio of two consecutive terms also remains 
unchanged, we may suppose that and it is evident that we 

sliould have + etc. Hence the series (F) 

must converge. The proof of the second statement is similar. 

Given a series of positive terms which is known to converge or 

to diverge, we may make use of either set of propositions in order 

to determine in a given case whether a second series of positive 

terms converges or diverges. For we may compare the terms of 

the two senes themselves, or we may compare the ratios of two 
consecutive terms. 


159. Cauchy’s test and d’Alembert’s test. The simplest series which 
can be used for purposes of comparison is a geometrical progression 
whose ratio is r. It converges if r < 1, and diverges if r > 1. The 
comparison of a given series of positive terms with a geometrical 
progression leads to the following test, which is due to Cauchy; 
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If the nth root of the general term of a series of positive 
terms after a certain term is constantlyjiess than a fixed number less 
than unity, the series converges. If -^u^ after a certain term is con¬ 
stantly greater than unity, the series diverges. 

For in the first case ■<fu„<k<l, whence u^<k^. Hence each 
of the terms of the series after a certain one is less than the corre¬ 
sponding term of a certain geometrical progression whose ratio is 
less than unity. In the second case, on the other hand, >1, 
whence w„>l* Hence in this case the general term does not 

approach zero. 

This test is applicable whenever approaches a limit. In 
fact, the following proposition may be stated; 

If -ywi! approaches a limit I as n becomes infi7iite, the se^'ies will 
converge if I is less than unity, and it will diverge if I is greater than 

unity. ^ _ 

A doubt remains 2 /^ = 1, except when remains gi'eater than 

unity as it approaches unity, in which case the series surely diverges. 

Comparing the ratio of two consecutive terms of a given series 
of positive terms with the ratio of two consecutive terms of a 
geometrical progression, we obtain d'Alembert’s test: 

If in a given series of positive terms the ratio of any term to the 
preceding after a certain term remains less than a fixed number 
less than unity, the series converges. If that ratio after a certain 
term remains greater than unity, the series diverges. 

From this theorem we may deduce the following corollary: 

If the ratio w„+i/w„ approaches a limit I as n becomes infinite, the 

series converges if I and diverges if I 

The 07 ily doubtful cause is that in which / = 1; even then, if + i 

remains greater than unity as it approaches unity, the series is divei^gent. 

General commentary. Cauchy’s test is more general than d’Alembert’s. For 
suppose that the terms of a given series, after a certain one, are each less than 
the corresponding terms of a decreasing geometrical progression, i.e. that the 
general term Un is less than Ar^ for all values of n greater than a fixed integer p, 
where A is a certain constant and r is less than unity. Hence Vun < and 

the second member of this inequality approaches unity as n becomes infinite. 
Hence, denoting by fc a fixed number between r and 1, we shall have after a cer¬ 
tain term < k. Hence Cauchy’s test is applicable in any such case. But it 
may happen that the ratio u„ + i/Un assumes values greater than unity, however 
far out in the series we may go. For example, consider the series 

1 + r 1 sin a 1 + r® 1 sin 2 a 1 -h + r" 1 sin na I -h •••, 
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where r< land where a is an arbitrary constant. Inthiscase 

whereas the ratio 


Un4-\ 

U- 


= r 


sin(n + l)a: 
sin na 


may assume, in general, an infinite number of values greater than nnitv as n 
increases indefinitely. j m n 

Nevertheless, it is advantageous to reUin d’Alembert’s test, for it is more 
convenient in many cases. For instance, for the series 


1 1 . 21 . 2.3 






1.2 


« ft 


n 


+ 


the ratio of any term to the preceding is x/(n +1), which approaches zero as n 
becomes infinite; whereas some consid eration is necessary to determine inde. 
pendently what happens to VS; = z/ as n becomes infinite 

^ter we have shown by the applicaUon of one of the preceding tests that each 
of the terms of a given series is less than the corresponding term of a decreasinir 

TmTofTh P'-ogression A, Ar, Ar^ ..., Am, it is easy to find an uppef 

limit of the error made when the sum of the first m terms is taken in plac^of 

e sum of the series. For this error is cerUinly less than the sum of the 
geometrical progression 

Ar”* + Alr«+i + ^r^ + 2 + ... — 

1 - r 

expressions and approaches a limit, the 

two limits are necessarily the same. For, let us consider the auiUiary setiU 

W ^ +'UlX + Uix'^ + ■ ■ ■ + U„x''+ • • •, 

where x is positive. In this series the ratio of any term to the preceding 
approaches the limit lx, where I is the limit of the ratio Un+i/Un. Hence the 

l^i^rof ^^"bv® F T" "" ^ * > Vi. Denoting the 

th • ^^pression Vu^ also approaches a limit I'x and 

two ZT ^ > vr. In order thi^t the 

contradictory results, it is evidently necessary that I 
nd I should be equal. H, for instance, I were greater than V, the se^^ would 

convergent, by Cauchy’s test, for any number x between I/I and l/l', whereas 

limu^i V ® ** “" + approaches a limit I, -5^ approaches the same 

limit.* For suppose that, after a certain term, each of the ratios 


Wn + l 


Wn + 8 


^w-4-p 
W«+p-l 


Un+i 

*’ •* ‘® * P“‘‘Ve number which may he taken 

w email as wo please by taking « sufficiently large. Then we shall liro 


or 


(»-«)'>< ^<(i + e)J>, 

(I - f)"+«> < ^ e)^. 


•Cauchy, Court d’Anal^M. 
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the number p increases indefinitely, while n remains fixed, the two terms on 
h extreme right and left of tliis double inequality approach I + e and I - 
Mpectively. Hence for all values of m greater than a suitably chosen number 

we shall have 

1 — 2e < Vu^ < i 4- 2e, 


and since « is an arbitrarily assigned number, it follows that approaches 

the number I as its limit. 

It should be noted that the converse is not true. Consider, for example, the 
sequence ^ 

here a and 6 are two different numbers. The ratio of any term to the preced¬ 
ing is alternately a and b, whereas the expression approaches the limit 

as TV becomes infinite. 

The preceding proposition may be employed to determine the limits of cer- 
P.Toressions which occur in undetermined forms. Thus it is evident that 
the expression-v^l. 2 • • ^ increases indefinitely with n, since the ratio n\/{n -1) 1 
increases indefinitely with n. In a similar manner it may be shown that each of 
the expressions ^ and -v^logn approaches the limit unity as n becomes infinite. 


160 AppUcation of the greatest limit. Cauchy formulated the preceding test 
in a more general manner. Let a„ be the general term of a series of positive 

Urms. Consider the sequence 



a\ 


a 


1 

2 

2 * 


a 


3 


3’ 


a 


I 

Ti 
n » 


If the terms of this sequence have no upper limit, the general term a„ will not 
annroach zero, and the given series will be divergent. If all the terms of the 
sequence ( 6 ) are less than a fixed number, let u be the greatest limit of the terms 

of the sequence. 

The aeries Sa„ is convergent if is less than unUg, and divergent if is greater 
than unity- 


In order to prove the first part of the theorem, let 1 - a be a number between 
u and 1. Then, by the definition of the greatest limit, there exist but a finite 
number of terms of the sequence ( 6 ) which are greyer than 1 - a It follows 

that a positive integer p may be found such that < 1 - “ " 

irreater than p. Hence the series Za, converges. On the other hand, >I “ > 1’ 
tet 1 + a be a number between 1 and Then there are an infinite number of 

urms of the sequence ( 6 ) which are greater than 1 + a, and ^ 

infinite number of values of n for which a„ is greater than unity. It follows that 
the series Za„ is divergent in thU case. The case in which u. = 1 remams in doubt. 


161 Cauchy’s theorem. In case m„+i/m„ and both approach 

unity without remaining constantly greater than unity, neither 
d’Alembert’s test nor Cauchy’s test enables us to decide whet er 
the series is convergent or divergent. We must then take as a 
comparison series some series which has the same characteristic 
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but which is known to be convergent or divergent. The following 
proposition, which Cauchy discovered in studying definite integrals, 
often enables us to decide whether a given series is convergent or 
divergent when the preceding rules fail. 

Let 4f>(x) be a function which is positive for values of x greater 
than a certain number a, and which constantly decreases as x 
increases past x = a, approaching zero as x increases indefinitely. 
Then the x axis is an asymptote to the curve y = <l>(x), and the 
definite integral 

<f>(x) dx 

may or may not approach a finite limit as I increases indefinitely. 
The seTdes 



( 6 ) 


“f” ^ "f" 1) "b * * * + ^ (a + -+* 


converges if the preceding integral approaches a limits and diverges if 
it does not. 

For, let us consider the set of rectangles whose bases are each 
unitg and whose altitudes are <f>(a), <f>(a -f- 1 ), • - <t>(a n), respec¬ 

tively. Since each of these rectangles extends beyond the curve 
y = the sum of their areas is evidently greater than the ai*ea 

between the x axis, the curve y = <^(x), and the two ordinates x = a 
X = a -h n, that is, 


<^(a) -f- ^(a 4 " 1 ) + - • • <f>(a -)- w) 



a-f n 


fji^X^dx, 


On the other hand, if we consider the rectangles constructed 
inside the curve, with a common base equal to unitg and with the 
altitudes <l>(a-{-!), ^(a. -f 2 ), • • •, <f>^a + n), respectively, the sum of 
the areas of these rectangles is evidently less than the area under 
the curve, and we may write 


a + ii 


+ (a+ «-)-< <^(a) 

Hence, if the integiBl fj<f>(x)dx approaches a limit i as ^ increases 

indefinitely, the sum <f>(a) 4 -... 4 - n) always remains less than 

4>(a)-\-L. It follows that the sum in question approaches a limit; 

hence^the series ( 6 ) is convergent. On the other hand, if the inte- 

increases beyond all limit as n increases indefinitely, 
the same is true of the sum 


<t>(a) 4* ^(a 4-1) H-1- i>(a + n), 



vm, § 161 ] 


CONSTANT TERMS 


337 


as is seen from the first of the above inequalities. Hence in this 
case the series ( 6 ) diverges. ( 

Let us consider, for example, the function <(>{x) = l/x*^y where fx 
is positive and a =1. This function satisfies all the requirements 
of the theorem, and the integral // dx approaches a limit as 

I increases indefinitely if and only if fx is greater than unity. It 
follows that the series 



converges if is greater than unity, and diverges if ^ < 1 . 

Again, consider the function <f>{x) = l/[x(\ogx)^^, where log a; 
denotes the natural logarithm, /i. is a positive number, and a = 2 . 
Then, if ft = 7 ^ 1, we shall have 



dx 

a: (log x) 




-T [(log n)*-'* - (log 2 )'-'*]. 

(X ± 


The second member approaches a limit if /x >1, and increases 
indefinitely with n if < 1. In the particular case when /x = 1 it 
is easy to show in a similar manner that the integral increases 
beyond all limit. Hence the series 


2(log2)'‘"^3(log 


1 

n(log n)*^ 



converges if > 1 , and diverges if ^ ^ 1 . 

More generally the series whose general term is 

_ 1 _ 

11 log n log* n log® n •' log^“* 7 ?.(log^ n)^ 

converges if /^ > 1, and diverges if fx<l. In this expression log* 7 ^ 
denotes log log n, log® n denotes log log log n, etc. It is understood, 
of course, that the integer n is given only values so large that 
log 71 , log* 71 , log® 71 , •••, logPTi are positive. The missing terms in 
the series considered are then to be supplied by zeros. The 
theorem may be proved easily in a manner similar to the demon¬ 
strations given above. If, for instance, fx^l, the function 

__ 1 _ 

X log X log* X • • • (log^ x)^ 


is the derivative of (log^ - ft), and this latter function 

approaches a finite limit if and only if /a > 1 . 
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Cauchy’s theorem admits of applications of another sort. Let os suppose 
that the function satisfies the conditions imposed above, and let us con¬ 
sider the sum 

0(n) 4- + 1) + • * * + 4- p). 


where n and p are two integers which are to be allowed to become infinite. If the 
series whose general term is 0(n) is convergent, the preceding sum approaches 
zero as a limit, since it is the difference between the two sums Sn+p+i and 8 
each of which approaches the sum of the series. But if this series is divergent 
no conclusion can be drawn. Returning to the geometrical interpretation given 
above, we find the double inequality 



0(a:) dx < 0(ti) 4- 0(n 4-1) 4- • • • 4- 0(n + P) < 0(n.)r4- 


^n+p 

J ^(x)da;. 


Since 0(n) approaches zero as n becomes infinite, it is evident that the limit of 
the sum in question is the same as that of the definite integral 
and this depends upon the manner in which n and p become infinite. 

For example, the limit of the sum 


1 

-4- 

n 


1 

n 4-1 



n 4- p 


is the same as that of the definite integral [\/x\dz = log(l 4 - p/n). It is 
clear that this integral approaches a limit if and only if the ratio p/n approaches a 
limit. If a is the limit of this ratio, the preceding sum approaches log(l 4 - cr) 
as its Limit, as we have already seen in § 49. 

Finally, the limit of the sum 


L 

4- 


Vn Vn 4-1 


4- 


• « • 


Vn 4- p 


is the same as that of the definite integral 



In order that this expression should approach a limit, it is necessary that the 
ratio p/Vn should approach a limit a. Then the preceding expression may he 
written in the form 



P 

Vn 4- p 4- Vn 



and it is evident that the limit of this expression is tr. 


162. Logarithmic criteria. Taking the series 


1 




as a couipaiison series, Cauchy deduced a new test for convergence 
which is entirely analogous to that which involves 
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If after a certain term the expression log(l/w„)/log w is always 
greater than a fixed number which is greater than unity^ the series 
converges. If O'fter a certain term log(l/w„)/log n is always less 

than unity, the series diverges. 

If log (1/U'a)/ log n approaches a limit I as n increases indefinitely, 
the series converges if 1>1, and diverges if 1<1, The case tn 
which 1=1 remains in doubt. 

In order to prove the first part of the theorem, we will remark 
that the inequality 

log — > A: log n 


is equivalent to the inequality 




since k>l, the series surely converges. 

Likewise, if 

log — < logn, 

we shall have m. > 1/n, whence the series surely diverges. 

This test enables us to determine whether a given series con¬ 
verges or diverges whenever the terms of the series, after a certain 
one, are each less, respectively, than the corresponding terms of 

the series 

^ J. ^ -1. 

— 4 - — -t- • • • + T ) 


where .4 is a constant factor and /a > 1. 



For, if 


we shall have log -H log « < log A or 



_ log^l 
log n ' ^ log ^ 

and the right-hand side approaches the limit ^ n increases 
indefinitely. If K denotes a number between unity and p, 

shall have, after a certain term, 


log» 


>K. 
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Similarly, taking the series 

1 ^ 1 

n log w(log^n)^’ 

as comparison series, we obtain an infinite suite of tests for con¬ 
vergence which may be obtained mechanically from the preceding 
by replacing the expression log(l/w„)/log by log[l/(nw„)]/log2n, 
then by 

1 

nu^ log n 
log® n ^ 




and so forth, in the statement of the preceding tests.* These tests 
apply in more and more general cases. Indeed, it is easy to show 
that if the convergence or divergence of a series can be established 
by means of any one of them, the same will be true of any of those 
which follow. It may happen that no matter how far we proceed 
with these trial tests, no one of them will enable us to determine 
whether the series converges or diverges. Du Bois-Reymond f and 
Pringsheim t have in fact actually given examples of both convergent 
and divergent series for which none of these logarithmic tests deter¬ 
mines whether the series converge or diverge. This result is of great 
theoretical importance, but convergent series of this type evidently 
converge very slowly, and it scarcely appears possible that they 
should ever have any practical application whatever in problems 
which involve numerical calculation.? 


163. Raabe’s or DuhamePs test. Retaining the same comparison 

series, but comparing the ratios of two consecutive terms instead 
of comparing the terms themselves, we are led to new tests which 
are, to be sure, less general than the preceding, but which are 
often easier to apply in practice. For example, consider the series 
of positive terms 

(7) «t) + + Wa -I-1- H-, 


♦ See Bertrand, Traits de Calcul diff^rentiel et int^gralt Vol. I, p. 238; Journal 
de LiouvilUt Ist series, Vol. VII, p. 35. 

t Ueber Convergenz von Reihen . . . {CreUe^s Journal^ Vol. LXXVI, p. 85,1873). 

J Allgemeine Theorie der Divergem . . . (Afa^Aema^tacAe Xnnofen, Vol. XXXV, 
1890). 

? In an example of a certain convergent series due to du Bois-Reymond it would 
be necessary, according to the author, to take a number of terms eqi^ to the volume 
of the earth expressed in cubic millimeters in order to obtain merely half the sum of 
the series. 
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in which the ratio «„ + ,/«„ approaches unity, remaining constantly 
less than unity. Then we may write 

1 + 

where approaches zero as n becomes infinite. The comparison of 
this ratio with [«/(n +1)]'* leads to the following rule, discovered 
first by Raabe* and then by Duhamel.t 

If after a certain term the product na^ is always greater than a 
fixed number which is greater than unity, the series converges. If 
after a certain term the same product is always less than unity, the 

series diverges. 

The second part of the theorem follows immediately. For, since 
na„<l after a certain term, it follows that 


1 

1 + 



n 

n +1 


and the ratio + is greater than the ratio of two consecutive 
terms of the harmonic series. Hence the series diverges. 

In order to prove the first part, let us suppose that after a certain 
term we always have Let /a be a number which lies 

between 1 and k, l<g.<k. Then the series surely converges if 
after a certain term the ratio is less than the ratio 

1)]^* of two consecutive terms of the series whose general 
term is n~^. The necessary condition that this should be true 


is that 

( 8 ) 



1 + ^ 


n 





9 


or, developing (1 + l/nY by Taylor’s theorem limited to the term 


in l/n% 

n rr 


where X,. always remains less than a fixed number as n becomes 
infinite. Simplifying this inequality, we may write it in the form 


n 



* Zeitschrift fiir Mathematik und Physik, Vol. X, 1832. 
^Journal de Liouville, Vol. IV, 1838. 
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The left-hand side of this inequality approaches as its limit as n 
becomes infinite. Hence, after a sufficiently large value of w, the 
left-hand side will be less than na^, which proves the inequality (8). 
It follows that the series is convergent. 

If the product na„ approaches a limit Z as n becomes infinite, we 
may apply the preceding rule. The series is convergent if ^>1, 
and divergent if ^<1. A doubt exists if l—l, except when na, 
approaches unity remaining constantly less than unity: in that case 
the series diverges. 


If the product nan approaches unity as its limit, we may compare the ratio 
Un + with the ratio of two consecutive terms of the series 

2(log^ **" ‘ n(logn)»‘ 

which converges if M>li aiid diverges if The ratio of two consecative 

terms of the given series may be written in the form 


tin 


1 + 


1 


where /3n approaches zero as n becomes infinite. If after a certain term the 
product /3n log n is always greater than a fixed number which is greater than unity, 
the series converges. If after a certain term the same product is aiuM^s less (Aan 
unify, the series diverges. 

In order to prove the first part of the theorem, let us supposethat logn >A; > 1, 
Let /i he a number between 1 and k. Then the series will surely converge if after 
a certain term we have 

u, + i n r logn Y 

u, nH-1 Llog(n-t-l)J ’ 


which may be written in the form 


1 + 




or, applying Taylor’s theorem to the right-hand aide, 

where always remains less than a fixed number as n becomes infinit e 
Simplifying this inequality, It becomes 


/s.logn > m(« + ^ 


X,(n+l)[log(l+b 
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The product (n 4-1) log (1 4- 1/n) approaches unity as n becomes infinite, for it 
may be written, by Taylor's theorem, in the form 

(10) (n4-l)log^l4- = ^ + 

where e approaches zero. The right-hand side of the above inequality therefore 
approaches /i as its limit, and the truth of the inequality is established for suffi¬ 
ciently large values of n, since the left-hand side is greater than fc, which is itself 

greater than fi. 

The second part of the theorem may be proved by comparing the ratio 
Un + i/Un with the ratio of two consecutive terms of the series whose general 
term is l/(nlogn). For the inequality 

Un + i ^ n log^ 

Un n 4-1 log(n 4-1)’ 


which is to be proved, may be written in the form 



The right-hand side approaches unity through values which are greater than 
unity, as is seen from the equation (10). The truth of the inequality is there¬ 
fore established for sufficiently large values of n, for the left-hand side cannot 
exceed unity. 

From the above proposition it may be shown, as a corollary, that if the prod¬ 
uct log n approaches a limit f as n becomes infinite, the series converges if f>l, 
and diverges if f <1. The case in which I — 1 remains in doubt, unless logn 
is always less than unity. In that case the series surely diverges. 

If /3„logn approaches unity through values which are greater than unity, we 
may write, in like manner, 


Un-f 1 

ttn 


1 



1 4- 7i> 
n logn 




where yn approaches zero as n becomes infinite. It would then be possible to 
prove theorems exactly analogous to the above by considering the product 
7 „log*n, and so forth. 

Corollary. If in a series of positive terms the ratio of any term to the pre¬ 
ceding can be vnritten in the form 

u„+i , r , b:„ 

= 1 — — + —-- 1 

u„ n 

where /x is a positive number, r a constant, and ffn u quantity whose absolute 
value remains Jess than a fixed number as n increases indefinitely, t?i€ series con¬ 
verges ifris greater than unity^ and diverges in all other cases. 
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For if we set 


we shall have 


Wn + l 


u 


n 


1+ an 


r — 


TUXn = 


nft 


n + 


and hence Urn na„ = r. It follows that the series converges if r > 1, and diverges 

ifr<l. The only case which remains in doubt is that in which r = 1. In order 
to decide this case, let mb set 


From this we find 


Un-H _ 


1 + ^ + 2= 
n n 


logn 


^nlogn = 


n 


n+1 „ logn 
n n^ 


1 + ^ 
n + 


and the right-hand side approaches zero as n becomes infinite, no matter how 
small the number /x may be. Hence the series diverges. 

Suppose, for example, that u„ + i/u„ is a rational function of n which ap¬ 
proaches unity as n increases indefinitely: 

Un-n nP + + ognP-^ + ■ • ■ 

Un nJ® + 6inP”^ + + • • • 


Then, performing 
may write 


the division indicated and stopping with the term in 1/n*, we 


Un+l 

«n 



where ^(n) is a rational function of n which approaches a limit as n becomes 
infinite. By the preceding theorem, the necessary and sufficient condition tAot 

the series should converge is that 

bi "> ai -\-X, 

This theorem is due to Gauss, who proved it directly,* It was one of the first 
general tests for convergence. 


164. Absolute convergence. We shall now proceed to study series 
whose terms may be either positive or negative. If after a certain 
term all the terms have the same sign, the discussion reduces to 
the previous case. Hence we may restrict ourselves to series 
which contain an infinite number of positive terms and an infinite 


* {Collected WorJfca, Vol. Ill, p. 138.) Disguisifioneaffenerofeactrcatferiemin/IiUfam 

a./3 
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number of negative terms. We shall prove first of all the fol¬ 
lowing fundamental theorem: 

A.ny stTxes whatever is convergent if the series formed of the abso~ 
lute values of the terms of the given series converges. 

Let 

(11) Ux -h H- 

be a series of positive and negative terms, and let 

( 12 ) + + - ' 

be the series of the absolute values of the terms of the given series, 
where = | w„ |. If the series (12) converges, the series (11) like¬ 
wise converges. This is a consequence of the general theorem of 
§ 157. For we have 

|«n -b H-b “n+p | < + ^n+l H-b ^„+p, 

and the right-hand side may be made less than any preassigned num- 
ber by choosing n sufficiently large, for any subsequent choice of p. 
Hence the same is true for the left-hand side, and the series (11) 
surely converges. 

The theorem may also be proved as follows: Let us write 

= K + ^n) - 

and then consider the auxiliary series whose general term is -f , 

(13) («o + C^o) -b («i -f C/x) + .. • + («„ -b f/„) -b ■ • •• 

Let and denote the sums of the first n terms of the series 

(11), (12), and (13), respectively. Then we shall have 

= 5 ;; - 

The series (12) converges by hypothesis. Hence the series (13) 
also converges, since none of its terms is negative and its general 
term cannot exceed 2U„. It follows that each of the sums S'„ and 
Sll, and hence also the sum approaches a limit as n increases 
indefinitely. Hence the given series (11) converges. It is evident 
that the given series may be thought of as arising from the subtrac¬ 
tion of two convergent series of positive terms. 

Any series is said to be absolutely convergent if the series of the 
absolute values of its terms converges. In such a series the order of 
the terms may he changed in any way whatever without altering the 
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sum of the series. Let us first consider a convergent series of posi- 
tive terms, 

(14) ^0 + % 4-1- H- y 

whose sum is 5, and let 

(15) 6© + + * * * + + '' ■ 

be a series whose terms are the same as those of the first series 
arranged in a different order, i.e. each term of the series (14) is to 
be found somewhere in the series (15), and each term of the series 
(15) occurs in the series (14), 

Let be the sum of the first m terms of the series (15)* Since 
all these terms occur in the series (14), it is evident that n may be 
chosen so large that the first m terms of the series (15) are to be 
found among the first n terms of the series (14). Hence we shall have 

S; < < S, 

which shows that the series (15) converges and that its sum does 
not exceed S. In a similar manner it is clear that S 5 S\ Hence 
5' — The same argument shows that if one of the above series 
(14) and (15) diverges, the other does also. 

The terms of a convergent series of positive terms may also he 
grouped together in any manner^ that is, we may form a series each 
of whose terms is equal to the sum of a certain number of terms of 
the given semes without altering the sum of the series.* ■ liCt us first 
suppose that consecutive terms are grouped together, and let 

(16) AqA i - A^-i - 

be the new series obtained, where, for example, 

Ao — aQ-\- -= - 

-da = +-h 

Then the sum Sl^ of the first m terms of the series (16) is equal to 
the sum of the first N terms of the given series, where N>m. 
As m becomes infinite, N also becomes infinite, and hence 5^, also 
approaches the limit S. 

Combining the two preceding operations, it becomes clear that any 
convergent series of positive terms may be v^lc^ed by another seines 
each of whose terms is the S7im of a certain number of ^srnts of the 
given series taken in any order whatevery without odterxng the suni of 

* It is often said that porenfAwM may 6e imerted in a conweryent wrie* pofttiye 
term# in any manner toAafever toiCAouf offeriny (Ae «um tA« MriM> ^TaAKi. 
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the series. It is only necessary that each term of the given series 
should occur in one and in only one of the groups which form the 
terms of the second series. 

Any absolutely convergent series may be regarded as the differ¬ 
ence of two convergent series of positive terms ; hence the preceding 
operations are permissible in any such series. It is evident that an 
absolutely convergent series may be treated from the point of view 
of numerical calculation as if it were a sum of a finite number of 
terms. 


165. Conditionally convergent series. A series whose terms do not all 
have the same sign may be convergent without being absolutely con¬ 
vergent. This fact is brought out clearly by the following theorem 
on alternating series, which we shall merely state, assuming that it 
is already familiar to the student.* 

A semes whose terms are alternately positive and negative converges 
if the absolute value of each term is less than that of the preceding^ 
and ify in additiony the absolute value of the terms of the series 
diminishes indefinitely as the number of terms increases indefinitely. 

Eor example, the series 


converges. We saw in § 49 that its sum is log 2. The series 
of the absolute values of the terms of this series is precisely the 
harmonic series, which diverges. A series which converges but 
which does not converge absolutely is called a conditionally conver¬ 
gent series. The investigations of Cauchy, Lejeune-Dirichlet, and 
Riemann have shown clearly the necessity of distinguishing between 
absolutely convergent series and conditionally convergent series. 
For instance, in a conditionally convergent series it is not always 
allowable to change the order of the terms nor to group the terms 
together in parentheses in an arbitrary manner. These operations 
may alter the sum of such a series, or may change a convergent 
series into a divergent series, or vice versa. For example, let us 
again consider the convergent series 



1 

271 - 1-1 


1 

2/1 -|- 2 



* It is pointed out in § 166 that this theorem is a special case of the theorem proved 
there. — Trans. 
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whose sum is evidently equal to the limit of the expression 




ns 


as m becomes infinite. Let us write the terms of this series in another 
order, putting two negative terms after each positive term, as follows: 

111 


^ 2 4^3 6 8 ^2n4-l 


4n -t- 2 4re + 4 


+ 


• • « 


It is easy to show from a consideration of the sums 53„, and 

5- that the new series converges. Its sum is the limit of the 

3it ^ 2 

expression 

1 


X (2;rTT “ 


4n + 2 


_ 1-) 

4n -h 4/ 


as m b^omes infinite. From the identity 

1 1 1 


= 1/-^_1 

2 \2n + 1 2n H 


271 4-1 47J- 4- 2 4n 4- 4 2 \27i. 4-1 2n 4- 2 

it is evident that the sum of the second series is half the sum of 
the given series. 


In general, given a series which is convergent hut not absolutely convergent, 
it is possible to arrange the terms in such a way that the new series converges 
toward any preassigned number A whatever. Let Sp denote the sum of the 
first p positive terms of the series, and S', the sum of the absolute values of the 
first q negative terms, taken in such a way that the p positive terms and the q 
negative terms constitute the first pq terms of the series. Then the sum of 
the first p + 9 terras is evidently Sp - S',. As the two numbers p and q increase 
indefinitely, each of the sums Sp and S^ must increase indefinitely, for otherwise 
the series would diverge, or else converge absolutely. On the other hand, since 
the series is supposed to converge, the general term must approach zero. 

We may now form a new series whose sum is A in the following manner; 
Let us take positive terms from the given series in the order in which they occur 
in it until their sum exceeds A. Let us then add to these, in the order in which 
they occur in the given series, negative terms until the total sum is less than A, 
Again, beginning with the positive terms where we left off, let us add powtive 
terms until the total sum is greater than A. We should then return to the 
negative terms, and so on. It is clear that the sum of the first n terms of the 
new series thus obutined is alternately greater than and then less than A, and 
that it differs from A by a quantity which approaches zero as its limit. ^ 


166. Abel's teat. The following test, due to Abel, enables us to establish the 
convergence of certain series for which the preceding tests i^il. The proof is 
based upon the lemma stated and proved in § 76. 

Let 


t4c 4 Ui + • •' 4 ^*114* 


• at 
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be a series which converges or which is indetenninate (that ^Kich the sum 

of the first n terms is always less than a fixed number A in absolute value). 

Again» let 

eoi Cl, •••, e„, ••• 

be a monotonically decreasing sequence of positive numbers which approach 
zero as u becomes infinite. Then the seriBS 

( 17 ) eoUo + eiWi + • * • + c„ltn + • • • 

converges under the hypotheses made above. 

For by the hypotheses made above it follows that 

for any value of n and p. Hence, by the lemma just referred to, we may write 

I U„ +1 €rt +1 + • ■ * 4" Wh + 7> Cn + p I < 2 A e,! +1. 

Sine • €„+i approaches zero as n becomes infinite, n may be chosen so large that 
the absolute value of the sum 

en + lUn + l + ■ • • + ^n + p^m + p 

will be less than any preassigned positive number for all values of p. The 
series (17) therefore converges by the general theorem of § 157. 

When the series uo + ui + • • • + 4* * * ■ reduces to the series 


l-H-l-l + l-l..., 


whose terms are alternately 4 -1 and - 1. the theorem of this article reduces to 
the theorem stated in § 165 with regard to alternating series. 

As an example under the general theorem consider the series 

sin & 4* sin 2 4* sin 3 0 4- • ■ ■ 4* sin n 0 4- * • • i 


which is convergent or indeterminate. For if sin 0 = 0, every term of the series 
is zero, while if sin 0 0, the sum of the first n terms, by a formula of Trigo¬ 

nometry, is equal to the expression 


. nd 



sin - 
2 


which is less than 11/sin (0/2) | in absolute value. It follows that the series 


sin 0 sin 20 


• • 


sinn.0 

n 


• • 


1 2 

converges for all values of 0. It may be shown in a similar manner that the 


senes 


cos 0 CQ8 2 0 ^ 




cos nO 
n 


• « 


converges for all values of 0 except 0 — 2kit. 
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Corollary. Restricting ourselves to convergent series, V7e may state a more 
general theorem. Let 

Uo + ui 4* ' • * + Un + • • • 
be a convergent series, and let 

be any monotonically increasing or decreasing sequence of positive numbers 
which approach a limit k different from zero as n increases indefinitely. Then 
the series 


(18) €oUo 4* flUi + • ‘ • 4* «wUn + • • • 

also converges. 

For definiteness let us suppose that the e*B always increase. Then we may 
write 

— ei = A; — ai, = ^ — *•*, 

where the numbers uro, uxt • * *1 • form a sequence of decreasing positive 

numbers which approach zero as n becomes infinite. It follows that the two 

series 

kuo + 'ku\ + • • •' 4- kUn + • * • f 


OCqUh 4" 4* • • • + OCn^n 4" • * • 

« 


both converge, and therefore the series (18) also converges. 


II. SERIES OF COMPLEX TERMS MULTIPLE SERIES 

167. Definitions. In this section we shall deal with certain gen¬ 
eralizations of the idea of an infinite series. 

Let 

(19) w* + Wi 4- Wa -h ■ ■ ■ + “n H- 

be a series whose terms are imaginary quantities: 

I 

Wo = 4-«i = ai4-^ii> • ’*, = + "*• 

Such a series is said to be convergent if the two series formed of 
the real parts of the successive terms and of the coefficients of the 
imaginary parts, respectively, both converge: 

(20) ttj, 4- ^3^1 4- 4" * • * 4- 4- ’ ■' “ ^ > 

(21) ^0 4" 4“ 4-i- 4“ • ■ • = 

Let S' and S" be the sums of the series (20) and (21), lespeotively* 
Then the quantity 5 = N' 4- iS" is called the sum of the smes (19). 
It is evident that 5 is, as before, the limit of the sum of the first 

n terms of the given series as n becomes infinite. It is evident 

* 

that a series of complex terms is essentially only a combination of 
two series of real terms. 




VIII, §168] COMPLEX TERMS MULTIPLE SERIES 


351 


When 
( 22 ) 


VaS + *2 + V“! + + • • • + V®- + + • ■ • 


crniverges, each of the seizes (20) and ( 21) e_Mently converges abso¬ 
lutely, for |a.lg and \bj ^ 

In this case the series (19) is said to be absolutely convergent. The 

sum of such a series is not altered by a change in the order of the 
terms, nor by grouping the terms together in any way. 

Conversely, if each of the series (20) an d (21) converges absolutely, 
the series (22) converges absolutely^ for ^ l®nl + l^«l* 

Corresponding to every test for the convergence of a series of 
positive terms there exists a test for the absolute convergence of 
any series whatever, real or imaginary. Thus, if the absolute value 
of the ratio of two consecutive terms of a series \u„ + i/n„\, after a cet 
tain term, is less than a fixed number less than unity, the series con¬ 
verges absolutely. For, let f/. = |n. 1 • Then, since j u„^ ./«„ \<k<\ 
after a certain term, we shall have also 


V 




which shows that the series of absolute values 

Uo-\- Ui-\ -h ^- 

converges, i/1 approaches a limit I as n becomes infinUe, 

the series converges if I <1, and diverges if l>\. The first half is 
self-evident. In the second case the general term does not 
approach zero, and consequently the series (20) and (21) cannot 
both be convergent. The case I = 1 remains in doubt. 

More generally, it a- be the greatest limit of as n becomes infinite, the 

series (19) conter<,es (/.<!, and diverges if .>1. For m 

modulus of the general term does not approach zero (see § 161). The cMe n 

which « = 1 remains in doubt — the series may be absolutely convergent, simply 

convergent, or divergent. 


168. MultipUcation of series. Let 

(23) Mo + «! + “2 -I-1- d-, 

(24) r„ -4- 1-1 + '-2 H-1- d- 

be any two series whatever. Let us multiply terms of the first 
series by terms of the second in all possible ways, and then group 
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together all the products u^Vj for which the sum z -f-y of the sub¬ 
scripts is the same; we obtain in this way a new series 


(25) 


^0^0 -f (^0^1 4- M, Vo) + (Mq Vj + ^ -f l/j Vq) 4- 
“f" (^o^n H- 4-... 4- u^Vq) 4- • • 


each of the series (23) anrf (24) is absolutely convergent, the 

senes (25) converges, and its sum is the product of the sums of the 

two given series. This theorem, which is due to Cauchy, was gener 

alized by Mertens,* who showed that it stiU holds if only one of the 

series (23) and (24) is absolutely convergent and the other is merelv 
convergent. ^ 

Let us suppose for definiteness that the series (23) converges 
absolutely, and let w„ be the general term of the series (26): 


W'. = + MlV.-, + 




•• V FI • —X I I 

The proposition will be proved if we can show that each of the 
differences ® 

+ + - -(Uo + u^ + ... + u„) (Wo + V, + ...-I.V,), 

w„ + w, + ... + - (Ua + u, + ... + w„+.)(ti„ -f t,, + ... + 

approaches zero as n becomes infinite. Since the proof is the same 

in Pfl.Ah 


• -- jtxiuui IS me same 

in each case, we shall consider the first difference only. Arraneinir 
it according to the m’s, it becomes 

« = + • • • + V^„) +U,(v„^, + ... + + ... + 

+ M, + , («0 + ■ • • + Vn-l) + M„ + j(t;o + . . . + v„_,) + . . . + U,„V^. 

Since the series (23) converges absolutely, the sum Uo+Ui + .-. + rr 

IS less than a fixed positive number A for all values of n. Like* 

wise, since the series (24) converges, the absolute value of the sum 

Va + Vi-\ t- is less than a fixed positive number B. Moreover 

corresponding to any preassigned positive number e a number m 
exists such that 


^.+1 -I-f- Un+p < 


A +B 


V 


W+X 


+ • • • 4- v 


*»+j» 


A-\-B 


for any value of p whatever, provided that n>m. Having so chosen 
• that all the., toequ Jitie, are .atiaiied, m upper Unit of tin qnn. 
t% g„e. b, replaolngby (r., .,.T, 



• CreUe*s Journal, Vol. 
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respectively, Vn + i + + * * * + ^n + p by €/(^ + R), and finally each 

of the expressions Vq + + ■ • • + ^n-n ■ 4* v„_ 2 , - • *, Vq by B. 

This gives 

I * I < ^0 + • • • + ^-> 


or 


i«i 


+ U„ 

+1 B + 

^n + 2 B + --- + U^,B, 

{i/„ + + • •• + + B{u„^i + —h r/2„) 


^ ■ -I 

eA eB 

A ^B A + b' 


whence, finally, | S | < c. Hence the difference S actually does approach 
zero as n becomes infinite. 


169. Double series. Consider a rectangular network which is lim¬ 
ited upward and to the left, but which extends indefinitely down¬ 
ward and to the right. The network will contain an infinite number 
of vertical columns, which we shall number from left to right from 
0 to + 00 . It will also contain an infinite number of horizontal 
rows, which we shall number from the top downward from 0 to + oo . 
Let us now suppose that to each of the rectangles of the network a 
certain quantity is assigned and written in the corresponding rec¬ 
tangle. Let be the quantity which lies in the tth row and in the 
kth column. Then we shall have an array of the form 


(26) 


We shall first suppose that each of the elements of this array is real 
and positive. 

Now let an infinite sequence of curves Ci, Cg, • • •, C,, • be drawn 

across this array as follows : 1) Any one of them forms with the two 
straight lines which bound the array a closed curve which entirely 
surrounds the preceding one; 2) The distance from any fixed point 
to any point of the curve C„, which is otherwise entirely arbitrary, 
becomes infinite with n. Let 5^ be the sum of the elements of the 
array which lie entirely inside the closed curve composed of C,- and 
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the two straight lines which bound the array. If S„ approaches a 
limit S as w becomes infinite, we shall say that the double series 


(27) 

t«o 

converges, and that its sum is S. In order to justify this definition 
it is necessary to show that the limit S is independent of the form 
of the curves C. Let C|, C^, • -• be another set of curves 
which recede indefinitely, and let S! be the sum of the elements 
inside the closed curve formed by C! and the two boundaries. If m 
be assigned any fixed value, n can always be so chosen that the 
curve C„ lies entirely outside of c;. Hence S'„< S„, and therefore 
‘■’m = for any value of m. Since S'„ increases steadily with m, it 
must approach a limit S' ^ S as m becomes infinite. In the same 
way it follows that S < S’. Hence 5' = S. 

For example, the curve Cj may be chosen as the two lines which 
form with the boundaries of the array a square whose side increases 
indefinitely with i, or as a straight line equally inclined to the two 
boundaries. The corresponding sums are, respectively, the following; 

“OO + (“lO + *11 + aoi) H-|-(a„o + «„1 H-“nn + «„-i,, 4-1- *0.) » 

*00 +(*10 + *0i)+(*20 + *11 + *0j) 4 -l-(*„o 4 - *„_ 1,1 4 -h a,,). 

If either of these sums approaches a limit as n becomes infinite, the 
other will also, and the two limits are equal. ’ 

The array may also be added by rows or by columns. For, sup¬ 
pose that the double series (27) converges, and let its sum be S. It 
is evident that the sum of any finite number of elements of the series 

cannot exceed S. It follows that each of the series formed of the 
elements in a single row 


(28) 


^iO 


-f ®il H" ' • ‘ + 


i = 0, 1, 2, 


converges, for the sum of the first n 1 terms a,o 4- . -f a 

cannot exceed S and increases steadily with n. Let <r. be the sum of 
the series formed of the elements in the ith row. Then the new series 


(29) 


• ft 


+ o-j H-h <r, 4- 

For, let us consider the sum of the terms of the 


surely converges. 

array 2*.^ for which i<p, k<r. This sum cannot exceed S, and 
increases steadily with r for any fixed value of hence it 

approaches a limit as r becomes infinite, and that limit is equal to 

*0 4- Cl 4" • • • 4" <r„ I 
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for any fixed value of p. It follows that o-q + <ri + • ■ - -f cannot 
exceed S and increases steadily with p. Consequently the series (29) 
converges, and its sum 2 is less than or equal to 5. Conversely, if 
each of the series (28) converges, and the series (29) converges to a 
sum 2 , it is evident that the sum of any finite number of elements 
of the array (26) cannot exceed 2. Hence 5 < 2, and consequently 

2 = 

The argument just given for the series formed from the elements 
in individual rows evidently holds equally well for the series formed 
from the elements in individual columns. The sum of a convergent 
double series whose elements are all positive may be evaluated by 
rowsj by columns^ or by means of curves of any foimi which recede 
indefinitely. In particular^ if the series converges when added by rows, 
it will surely converge when added by columns, and the sum will be the 
same. A number of theorems proved for simple series of positive 
terms may be extended to double series of positive elements. For 
example: if each of the elements of a double series of positive elements 
is less, respectively, than the corresponding elements of a known con¬ 
vergent double series, the first series is also convergent ; and so forth. 

A double series of positive terms which is not convergent is said 
to be divergent. The sum of the elements of the corresponding 
array which lie inside any closed curve increases beyond all limit 
as the curve recedes indefinitely in every direction. 

Let us now consider an array whose elements are not all positive. 
It is evident that it is unnecessary to consider the cases in which 
all the elements are negative, or in which only a finite number of 
elements are either positive or negative, since each of these cases 
reduces immediately to the preceding case. We shall therefore sup¬ 
pose that there are an infinite number of positive elements and an 
infinite number of negative elements in the array. Let a, 4 . be the 
general term of this array T, If the array Tj of positive elements, 
each of which is the absolute value | a,*| of the corresponding element 
in T, converges, the airay T is said to he absolutely convergent. Such 
an array has all of the essential properties of a convergent array of 
positive elements. 

In order to prove this, let us consider two auxiliary arrays T 
and T\ defined as follows. The array T is formed from the array T 
by replacing each negative element by a zero, retaining the positive 
elements as they stand. Likewise, the array T" is obtained from 
the array T by replacing each positive element by a zero and chang¬ 
ing the sign of each negative element. Each of the arrays T and T" 
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converges whenever the array converges, for each element of V 

for example, is less than the corresponding element of T^. The sum 

of the terms of the series T which lie inside any closed curve is 

equal to the difference between the sum of the terms of T which 

lie inside the same curve and the sum of the terms of T" which 

he inside it. Since the two latter sums each approach limits as 

the curve recedes indefinitely in all directions, the first sum also 

approaches a limit, and that limit is independent of the form of 

the boundary curve. This limit is called the sum of the array T 

The argument given above for arrays of positive elements shows 

that the same sum will be obtained by evaluating the array T by 

rows or by columns. It is now clear that an array whose elemente 

are indiscriminately positive and negative, if it converges absolutely 

may be treated as if it were a convergent array of positive terms! 

But it is essential that the series T, of positive terms be shown to 
be convergent. 


If the array Ti diverges, at least one of the arrays T' and T" diverges If 
only one of them, T' for example, diverges, the other T" being convergent the 
sum of the elements of the array T which lie inside a closed curve C become^ 
infinite as the curve recedes indefinitely in all directions, irrespective of the 
form of the curve. If both arrays T' and T" diverge, the above reasoning 
shows only one thing, — that the sum of the elements of the array T inside 
a closed curve C is equal to the diSerence between two sums, each of which 
increases indefinitely as the curve C recedes indefinitely in all directions It 
may happen that the sum of the elements of T inside C approach different 
hmite according to the form of the curves C and the manner in which thev 
recede, that is to say, according to the relative rate at which the number of 
positive terms and the number of negative terms in the sum are made to increase 
The sum may even become infinite or approach no limit whatever for certain 
methods of recession. As a particular case, the sum obtained on evaluating bv 
rows may be entirely different from that obtained on evaluating by coluZ, ff 
the array is not absolutely convergent. 

The foliowing example is due to Arndt. • Let us consider the array 




(31) 


2\2/ 3 V3 





• • 



F + 1 \J> + 1/ ’ 



• • 




• Grunert’s -IrcAty, Vol. XI, p. 319. 
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which contains an infinite nunober of positire and an infinite number of negative 
elements. Bach of the series formed from the elements in a single row or from 
those in a single column converges. The sum of the series formed from the 
terms in the nth row is evidently 

2\2/ + i 

Hence, evaluating the array (31) by rows, the result obtained is equal to the 
sum of the convergent series 

22 ^ 28 2 ** + » * 


which is 1/2. On the other hand, the series formed from-the elements in the 
(p — l)th column, that is, 



converges, and its sum is 


p - I _ p _ — 1 _ 1 _ 1. 

P P + 1 PiP 4-1) ~ p + 1 p* 


Hence, evaluating the array (31) by columns, the result obtained is equal to the 
sum of the convergent series 



which is — 1/2. 

This example shows clearly that a double series should not be used in a 
calculation unless it is absolutely convergent. 


We shall also meet with double series whose elements are complex 
quantities. If the elements of the array (26) are complex, two other 
arrays 2"' and T” may be formed where each element of T' is the 
real part of the corresponding element of T and each element of T" 
is the coefficient of i in the corresponding element of If the 
array of absolute values of the elements of T, each of whose 
elements is the absolute value of the corresponding element of T, 
converges, each of the arrays T' and T" converges absolutely, and 
the given array T is said to be absolutely convergent. The sum of 
the elements of the array which lie inside a variable closed curve 
approaches a limit as the curve recedes indefinitely in all directions. 
This limit is independent of the form of the variable curve, and it 
is called the sum of the given array. The sum of any absolutely 
convergent array may also be evaluated by rows or by columns. 
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170. An absolutely convergent double series may be replaced by a simple 
series formed from the same elements. It will be sufficient to show that the 
rectangles of the network (26) can be numbered in such a way that each rec¬ 
tangle has a definite number, without exception, different from that of any other 
rectangle. In other words, we need merely show that the sequence of natural 
numbers 

(32) 0, 1, 2, •••, n, 

and the assemblage of all pairs of positive integers (i, Jfc), where i^O, A>0, can 
be paired off in such a way that one and only one number of the sequence (32) 
will correspond to any given pair (i. k), and conversely, no number n corresponds 

to more than one of the pairs (i, k). Let us write the pairs (i, k) in order as 
follows: 

( 0 . 0 ), ( 1 , 0 ), ( 0 , 1 ), ( 2 , 0 ), ( 1 , 1 ), ( 0 , 2 ), 

where, in general, all those pairs for which ik ~ n are written down after 
those for which i + k<n have all been written down, the order in which those 
of any one set are written being the same as that of the values of i for the various 
pairs beginning with (n, 0) and going to (0, n). It is evident that any pair (i, k) 
will be preceded by only a finite number of other pairs. Hence each pair will 
have a distinct number when the sequence just written down Is counted off 
according to the natural numbers. 

Suppose that the elements of the absolutely convergent double series are 
written down in the order just determined. Then we shall have an ordinary series 

(33) Ooo -f UlO + (loi + 0.20 + flll -H 002 + • ■ • + CtnO + On— 1,1 ■+■•** 

whose terms coincide with the elements of the given double series. This simple 
series evidently converges absolutely, and its sum is equal to the sum of the given 
double series. It is clear that the method we have employed is not the only pos¬ 
sible method of transforming the given double series into a simple series, since 
the order of the terms of the series (33) can be altered at pleasure. Conversely, 
any absolutely convergent simple series can be transformed into a double series 
in an infinite variety of ways, and that process constitutes a powerful instrument 
in the proof of certain identities.* 

It is evident that the concept of double series is not essentially different from 
that of simple series. In studying absolutely convergent series we found that 
the order of the terms could be altered at will, and that any ^n«c number of 
terms could be replaced by their sum without altering the sum of the series. 

An attempt to generalize this property leads very naturally to the introduction 
of double series. 


171. Multiple series. The notion of double series may be generalized. 
In the first place we may consider a series of elements with two 
subscripts m and ti, each of which may vary from — oo to oo. 
The elements of such a series may be arranged in the rectangles of 
a rectangular network which extends indefinitely in all directions j 


variable, 
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it is evident that it may be divided into four double series of the 
type we have just studied. 

A more important generalization is the following. Let us consider 
a series of elements of the type where the subscripts 

mi, rrh 9 • * *> values from 0 to -f- oo, or from — c» 

to + 00 , but may be restricted by certain inequalities. Although no 
such convenient geometrical form as that used above is available 
when the number of subscripts exceeds three, a slight consideration 
shows that the theorems proved for double series admit of immediate 
generalization to multiple series of any order p. Let us first sup¬ 
pose that all the elements are real and positive. Let Si 

be the sum of a certain number of elements of the given series, S^ 
the sum of Si and a certain number of terms previously neglected, 
Ss the sum of ^2 and further terms, and so on, the successive sums 
Si, S 2 , ", ••• being formed in such a way that any particular 

element of the given series occurs in all the sums past a certain one. 
If approaches a limit 5 as n becomes infinite, the given series 
is said to be convergent, and S is called its sum. As in the case of 
double series, this limit is independent of the way in which the 
successive sums are formed. 

If the elements of the given multiple series have different signs 
or are complex quantities, the series will still surely converge if the 
series of absolute values of the terms of the given series converges. 

172. Generalization of Cauchy’s theorem. The following theorem, 
which is a generalization of Cauchy’s theorem (§ 161), enables us to 
determine in many cases whether a given multiple series is conver¬ 
gent or divergent. Let /(x, y) be a function of the two variables x 
and y which is positive for all points (x, y) outside a certain closed 
curve r, and which steadily diminishes in value as the point (x, y) 
recedes from the origin.* Let us consider the value of the double 
integralJ*//(a:, y')dx dy extended over the ring-shaped region between 
r and a variable curve C outside r, which we shall allow to recede 
indefinitely in all directions; and let us compare it with the double 
series 2/(w, n), where the subscripts m and n may assume any posi¬ 
tive or negative integral values for which the point (m, n) lies out¬ 
side the fixed curve V. Then the double series converges if the double 
integral approaches a limit, and conversely. 


* All that is necessary for the present proof is that /(xi, yi) >/(x 2 , ^ 2 ) whenever 
* 1^*2 ontf outside F. It is easy to adapt the proof to still more general 

hypotheses.—T rans. 
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The lines x — 0 , a: — i ai — i: 2, • • • a,iid. y = 0, 
divide the region between T and C into squares or portions of squares. 
Selecting from the double series the term which corresponds to that 
corner of each of these squares which is farthest from the origin it 
is evident that the sum S/(m, n) of these terms will be less than the 
value of the double integral f ff(x, y) dx di/ extended over the region 
between T and C. If the double integral approaches a limit as C 
recedes indefinitely in all directions, it follows that the sum of any 
number of terms of the series whatever is always less than a fixed 
number; hence the series converges. Similarly, if the double series 
converges, the value of the double integral taken over any finite 
region is always less than a fixed number; hence the integral 
approaches a limit. The theorem may be extended to multiple 
series of any order p, with suitable hypotheses; in that case the 
integral of comparison is a multiple integral of order p. 

As an example consider the double series whose general term is 
l/(m^ _|_ where the subscripts m and n may assume all integral 
values from — oo to + go except the values m — n = 0, This series 
converges for > 1, and diverges for /£<1. For the double integral 


(34) 


If 


dx dy 


-h 


extended over the region of the plane outside any circle whose 

center is the origin has a dehnite value if yx > 1 and becomes 
infinite if /x<l (§ 133). 

More generally the multiple series whose general term is 


[m\ + w| + 

where the set of values mi = m^ 
verges if 2ft. >p.* 


-H rniy 

= • • • = = 0 is excluded, 


con- 


IIr. SERIES OF VARIABLE TERMS UNIFORM CONVERGENCE 
173. Definition of uniform convergence. A series of the form 

(35) Mo (*) + Ml (x) -I-h M, (®) H-, 

whose terms are continuous functions of a variable * in an inter¬ 
val (a, l>), and which converges for every value of st b^onging to 
that interval, does not necessarily represent a continuous function. 


• More general theorems are to be found in Jordan’s Court d'Aaaiyse, V«»l. I, p. 163. 
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as we might be tempted to believe. In order to prove the fact we 
need only consider the series studied in § 4 : 




X 


1 + »• 



(1 + xy 



(1 + xy 



which satisfies the above conditions, but whose sum is discontinuous 
for x = 0. Since a large number of the functions which occur in 
mathematics are defined by series, it has been found necessary to 
study the properties of functions given in the form of a series. The 
first question which arises is precisely that of determining whether 
or not the sum of a given series is a continuous function of the 
variable. Although no general solution of this problem is known, 
its study has led to the development of the very important notion 
of uniform convergence. 

A series of the type (35), each of whose terms is a function of x 
which is defined in an interval (a, i), is said to be uniformly con¬ 
vergent in that interval if it converges for every value of x between 
a and b, and if, corresponding to any arbitrarily preassigned positive 
number e, a positive integer N, independent of x, can be found such 
that the absolute value of the remainder of the given series 


= w. + i (^) + m„+ 2 (*) H-h H- 

is less than c for every value of n'^N and for every value of x 
which lies in the interval (a, b). 

The latter condition is essential in this definition. Eor any pre¬ 
assigned value of X for which the series converges it is apparent 
from the very definition of convergence that, corresponding to any 
positive number c, a number N can be found which will satisfy 
the condition in question. But, in order that the series should con¬ 
verge imiformly, it is necessary further that the same number N 
should satisfy this condition, no matter what value of a: be selected 
in the interval (a, b). The following examples show that such is not 
always the case. Thus in the series considered just above we have 

(^)^ (1 + X^O. 

The series in question is not uniformly convergent in the inter¬ 
val (0, 1). For, in order that it should be, it would be necessary 
(though not sufl&cient) that a number N exist, such that 

1 
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for all values of a: in the interval (0, 1), or, what amounts to tho 
same thing, that 

Whatever be the values of W and e, there always exist, however 
positive values of x which do not satisfy this inequality, since the 
right-hand side is greater than imity. 

Again, consider the series defined by the equations 

S„(x}=nxe-^, S^(x)=0^ u,(x) S, - n = l, 2, .... 

The sum of the first n terms of this series is evidently (x), which 
approaches zero as n increases indefinitely. The series is therefore 
convergent, and the remainder (x) is equal to — nxe~”^. In order 
that the series should be uniformly convergent in the interval (0 1) 
it would be necessary and sufficient that, corresponding to any arbi¬ 
trarily preassigned positive number «, a positive integer N exist such 
that for all values of 7i> N 


< c, 0<x<l. 

But, if X be replaced by 1/n, the left-hand side of this inequality is 

equal to which is greater than 1/e whenever n > 1. Since c 

may be chosen less than 1/e, it follows that the given series is not 
uniformly convergent. 

The importance of uniformly convergent series rests upon the 
following property: 

The sum of a series whose terms are continuous functions of a 
variable x in an interval (a, h') and which converges uniformly in that 
interval^ is itself a continuous funMion of x in the same interval. 

Let Xo be a value of x between a and by and let Xo -H A be a value 
in the neighborhood of x© which also lies between a and h. Let n 
be chosen so large that the remainder 

(^) = +1 ( 35 ) H- (x) -f- . . . 

is less than c/3 in absolute value for all values of x in the interval 
(a, b)y where c is an arbitrarily preassigned positive number. Let/(x) 
be the sum of the given convergent series. Then we may write 

f(x)=^^(x) + R^(x)y 

where <^(x) denotes the sum of the first n -f 1 terms, 

^(x) = Uq(x) + ttj(x) • -f- «u(x). 
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Subtracting the two equalities 

/(*o) = + ^„(a:o)> 

/(*„ + A) = + A) + + A), 

we find 

/(aJo + A) —/(*o) = [‘#'(*0 + A) — <#>(a:o)] + + A) — -R„(*o)- 

The number n was so chosen that we have 

l^n(®o)|<|- |iJ„(a;o +A)l<|- 

On the other hand, since each of the terms of the series is a continu¬ 
ous function of x, <f>(x) is itself a continuous function of x. Hence 
a positive number r} may be found such that 

I <I>(Xq -h h)— «A(^o)l < I 

whenever |A| is less than rj. It follows that we shall have, afortioriy 


|/(Xo+A)-/(Xo)|<3| 


whenever | 
for X = a?o* 



is less than -q. 


This shows that fix') is continuous 


Note* It would seem at first very difficult to determine whether 
or not a given series is uniformly convergent in a given interval. 
The following theorem enables us to show in many cases that a 
given series converges uniformly. 

Let 

(36) Wq (a;) -h + * * • "f- (®) + • * • 

he a series each of whose terras is a continiu/us function of x in an 
interval (a, b), and let 

(37) Mo-b -h H- 

he a convergent series whose terms are positive constants. Then, 
if I I < for all values of x in the interval (a, b) and for all 
values of n, the first series (36) converges uniformly in the interval 
considered. 

For it is evident that we shall have 

l^fi + l + ^n + 2 H-I ^-^n+1 + -^n+2 H- 
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for all values of a: between a and b. If JV be chosen so large that 
the remainder J{„ of the second series is less than t for all values 
of n greater than iV, we shall also have 


|“n+l + '“n + 2 4-I < 

whenever n is greater than N, for all values of a; in the interval (d b) 
For example, the series '' ’ 

sin X itfj sin 2x -f- ■ ■ ■ -f- sin nx 

where Afo, Af,, ■■■ have the same meaning as above, converges 
uniformly in any interval whatever. ® 


174. Integration and differentiation of series. 

Any series of continuous functions which converges uniformly in an 
interval (a, b) may he integrated term by term, provided the limits of 
integration are finite and lie in the interval (a, b). '' 

Let x^ and a:, be any two values of x which lie between a and b 

and let iV be a positive integer such that | «„ (x)| < e for all values 

of X in the interval (a, b) whenever n> N. Let /(x) be the sum of 
the series 

/(pc) = Uq (x) -f- Uj (x) -f- . . . -f- (x) -f- ■ - 

and let us set 



The absolute value of D„ is less than e|xi -x„| whenever n>N. 

Hence approaches zero as n increases indefinitely, and we have 
the equation 


jjfix)dx=£\(^x)dx+j^ Wj *4“ * • • 

Considering x# as fixed and x, as variable, we obtain a series 




which converges uniformly in the interval (a, b) and represents a 
continuous function whose derivative is 
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Conversely, any convergent series may he differentiated term by term 
if the resulting series converges uniformly* 

lot 

' /(x) = Wo (a:) + (x) H-h W„ (a:) 4- 

be a series which converges in the interval (a, Z»), Let us suppose 
that the series whose terms are the derivatives of the terms of the 
given series, respectively, converges uniformly in the same interval, 
and let <^(x) denote the sum of the new series 


\ a- 4- 


^ dx^ ‘ 


Integrating this series term by term between two limits Xo and x, 
each of which lies between a and 6, we find 


or 



— Wo(Xo)] + [Wi (x) - Ml (Xo)] H- 



= /(®) - /(®o) • 


This shows that </)(x) is the derivative of /(x). 


Examples. 


1) The integral 



cannot be expressed by means of a finite number of elementary 
functions. Let us write it as follows : 


J ^dx ^ ^ ^ x^ ^ ^ ^ X ^ 

The last integral may be developed in a series which holds for all 
values of x. For we have 


e* 


= 1 + 


X 


+ 


X 


X 


1.2 1.2.3 


+ • • • + 


X 


n —1 


1.2 • • • w 


H- 


• • « 


and this series converges uniformly in the interval from — /e to + 
no matter how large R be taken, since the absolute value of any 


• It is assumed in the proof also that each term of the new series is a continuous 
function. The theorem is true, however, in general. — Trans. 
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term of the series is less than the corresponding term of the con 
vergent series 

1 9 + z —r- !-•••• 

-L . ^ 1 . J ... 71 

It follows that the series obtained by term-lqr-term integration 

converges for any value of x and represents a function whose derive 
tive IS («F — 1) /x. '.vtiva- 

2) The perimeter of an ellipse whose major axis is 2o and whose ecrentH-i. 

IS e IS equal, by § 112, to the definite integral ocentricity 

IT 

^ ~ ~ e^sin^^ . 

0 1). Hence the radical is equal to the 

sum of the senes given by the binomial theorem 


l-eaain20 = i_l 


-e^sin^^ — —i-c*sin*^ — .. 

^ 2*4 


1.3.6 • > • (2n — 3) ^ 

^r4.6...2n 


• « • 


^e series on the right converges uniformly, for the absolute value of each of 
jte terms IS less than the corresponding term of the convergent series obtatoed 

sLe, bJVnV " term by term/and 


we shall have 


r*8ln**Ad0 = l»3.6- -(2n-l) jr 

•'® 2.4.6-..2n 2 ’ 


ff 

^*Vl — e^siQa^d^ = ^|i _ 


^ 64 266 


« • • 


1.3.6- 

2.4.6 


(2n - 3)~ [« 

• •»2n J 


J (2n -1) 


I- 


u “"*“**’ * approximaUon to the exact value of the 

inte^al is obtained by computing a few terms. 

Similarly, we may develop the integral 

^^Vi— e*8iii*^d0 

in a seriM for any value of the upper limit 

1 rf a. to. kM 


/ 


e*ain*^ 


-IH 
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The definition of uniform convergence may be extended to series 
whose terras are functions of several independent variables. For 

example, let 

Wo (35, y) + Ml (35. y) d-h “n (3> y) H — 


be a series whose terms are functions of two independent variables x 
and y, and let us suppose that this series converges whenever the 
oint*(a:, y) lies in a region R bounded by a closed contour C. 
The series is said to be uniformly convergent in the region R if, 
corresponding to every positive number t, an integer N can be found 
such that the absolute value of the remainder is less than £ 
whenever n is equal to or greater than N, for every point (a;, y) 
inside the contour C. It can be shown as above that the sum of 
such a series is a continuous function of the two variables x and 
?/ in this region, provided the terms of the series are all continu- 

ous in R- . , 1 A 

The theorem on term-by-term integration also may be generalized. 

If each of the terms of the series is continuous in R and if /(x, y) 

denotes the sum of the series, we shall have 


Jj'fix, y)dxdy=Jj^ihix, y)dxdy+ ff (x, y)dxdy + ■ ■ ■ 




X, y)dxdy 



where each of the double integrals is extended over the whole inte¬ 
rior of any contour inside of the region R. 

Again, let us consider a double series whose elements are functions 

of one or more variables and which converges absolutely for all sets 
of values of those variables inside of a certain domain D. Let the 
elements of the series be arranged in the ordinary rectangular array, 
and let R^ denote the sum of the double series outside any clos^ 
curve C drawn in the plane of the array. Then the given double 
series is said to converge uniformly in the domain D if correspond¬ 
ing to any preassigned number c, a closed curve K, not dependent 
on the values of the variables, can be drawn such that iRd < « for 
any cuive C whatever lying outside of K and for any set of values 

of the variables inside the domain T>. 

It is evident that the preceding definitions and theorems may be 

extended without difficulty to a multiple series of any order whose 
elements are functions of any number of variables. 



368 


INFINITE SERIES 


[VIII, § m 


Note, If a series does not converge uniformly, it is not always allowable to 
integrate it term by term. For example, let us set 

S„{x) = nxe—^, So{x) = 0, u„(®) = — 5„_i. n = l, 2,.... 

The series whose general terra is Un (x) converges, and its sum is zero, since (») 
approaches zero as n becomes infinite. Hence we may write 


/(x) = 0 = Ui (X) + U2 (x) + • • • + u„ (x) H-, 

whence f^/ix) dx = 0. On the other hand, if we integrate the series term by 
term between the limits zero and unity, we obtain a new series for which tiie 
sum of the first n terms is 






which approaches 1/2 as its limit as n becomes infinite. 


175. Application to differentiation under the integral sign. The proof 
of the formula for differentiation under the integral sign given in 
§ 97 is based essentially upon the supposition that the limits Xq 
and X are finite. If X is infinite, the formula does not always hold. 
Let us consider, for example, the integral 



sin ax 

X 



a>0. 


This integral does not depend on 
tion y = ax it becomes 



a, for if we 



II 


ake the substitu- 


If we tried to apply the ordinary formula for differentiation to P(a), 
we should find 



+ » 

cos ax dx 


This is surely incorrect, for the left-hand side is zero, while the 
right-hand side has no definite value. 


Sufficient conditions may be found for the application of the 


ordinary formula for differentiation, even when one of the limits 
is infinite, by connecting the subject with the study of series. Let 
us first consider the integral 



f{x)dx, 


which we shall suppose to have a determinate value (§ 90 ). Let 
ai, Oj, • • •, • • • be an infinite increasing sequence of numbers^ all 
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greater than ao, where a„ becomes infinite with 71 . If we set 
Uo = f'^/(x)dx, 1/1= f 'f{x)dxy ■ • ^n = f 'f{x)dx, 

Joq *-'“1 

the series 

f/o + + ^2 + • • • + • 


converges and its sum is dx, for the sura S„ of the first n terms 

is equal to i^f(x)dx. 

It should be noticed that the converse is not always true. 
If, for example, we set 

/(x) = cosx, ^ 0=^7 «i = 7r> * •» a„ = n7r, 

we shall have 

j ^(n+ On- 

cos X dx = 0. 

nn 

Hence the series converges, whereas the integral cos x dx ap¬ 
proaches no limit whatever as I becomes infinite. 

Now lety’(x, or) be a function of the two variables x and a which 
is continuous whenever x is equal to or greater than and a lies 
in an interval (ao> If integral j^f{x,a)dx approaches a 

limit as I becomes infinite, for any value of a, that limit is a 
function of a, 

+ go 

/(x, a) dx , 

“o 

which may be replaced, as we have just shown, by the sum of a 
convergent series whose terms are continuous functions of a : 


f f{x,a)dx, C/i(a)= f{x,a)dx, 

Oo 

This function i^(a) is continuous whenever the series converges uni¬ 
formly. By analogy we shall say that the integral a)dx 

converges uniformly in the interval (ao, ai) if, corresponding to any 
preassigned positive quantity c, a number N independent of a can 
be found such that a)dx| ■< e whenever l^N, for any value 

of a which lies in the interval (ao, ai).* If the integral converges 


* See W. F. Osgood, Annals of MathematicSy 2d series, Vol. Ill (1902), p. 129. 
Trans. 
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uniformly, the series will also. For if be taken greater IF 
we shall have * 



hence the function F(a') is continuous in this case throughout the 
interval (ao, aj). 

Let us now suppose that the derivative d//3a is a continuous 
function of x and a when x > «„ and S cr < «!, that the integral 

has a finite value for every value of a in the interval (a,, aj), and 
that the integral converges uniformly in that interval. The integial 
in question may be replaced by the sum of the series 


where 



^ 0 («) 4- • • • + V;,(a) 4- • ‘ 




The new series converges uniformly, and its terms are equal to the 
corresponding terms of the preceding series. Hence, by the theorem 
proved above for the differentiation of series, we may write 



In other words, tAe formula for differentiation under the integral sign 
still holds, provided that the integral on the right converges uniformly. 

The formula for integration under the integral sign (§ 123) also 
may be extended to the case in which one of the limits becomes 
infinite. Let /(x, a) be a continuous function of the two variables 

« and a, for X > ao, ao s « S « 1 . If the integral j* */(*, a) is uni- 

formly convergent in the interval (a*, aj), we sh^l have 


(A) 





To prove this, let us first select a number I > 0*; then we shall 
nave 


(B) 



^ o:)da — r da C a)dbB. 
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As I increases indefinitely the right-hand side of this equation 
approaches the double integral 

da j f(x, a)dx, 

for the difference between these two double integrals is equal to 



da 



00 


f(Xf a)dx. 


Suppose N chosen so large that the absolute value of the integral 

a)dx is less than e whenever I is greater than N, for any 
value of a in the interval (ao, aj). Then the absolute value of the 
difference in question will be less than cjai — ao|» therefore it 
will approach zero as I increases indefinitely. Hence the left-hand 
side of the equation (B) also approaches a limit as I becomes infi¬ 
nite, and this limit is represented by the symbol 



4 -« 


dx 


f /(=»=. 


a) da. 


This gives the formula (A) which was to be proved.* 


176. Examples. 1) Let us return to the integral of § 91: 



where a is positive. 


The integral 



«*sinxdx, 


* The formula for differentiation may be deduced easily from the formula (A). For, 
suppose that the two functions/(*, a) andA(x. a) are continuous for ao<a^ai, 
X ; that the two integrals F{a) = ct) dx and <I>(a) = ^fa (x, a) dx have 

finite values; and that the latter converges uniformly in the interval (ao, ai). From 
the formula (A), if a lies in the interval (oro. ori). we have 

C^du f^'^fu(x,u)dx= f^^dx f fuix,u)du, 

where for distinctness a has been replaced by u under the integral sign. But this 
formula may be written in the form 

C du = f ^ */(*. a)dx~ r ^ */(*. ^o) dx = F(a) - F(ao ), 

Ja^ Ja^ 

whence, taking the derivative of each side with respect to a, we find 
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obtained by differentiating under the integral sign with respect to a, conYergea 
uniformly for all values of a. greater than an arbitrary positive number h. For 
we have 

+ « ! /» 

V, 


\f. 


“ sin X dx 


+ « 1 

^-axdz = — e-®', 

a 


and hence the absolute value of the integral on the left will be less than e for all 
values of a greater than k, if 1 > N, where N is chosen so large that > 1/e, 
It follows that 

J f% + <C 

c-«*sinx(Zx. 

0 


The indefinite integral was calculated in § 119 and gives 


F'{a) 


whence we find 


=[ 


g-tfx ^cos X + a sin x)”| + ® 


1+ a‘ 


] +» 
0 


-1 


1+ a- 


F{a) = C — arc tan a , 


and the constant C may be determined by noting that the definite integral F{a) 
approaches zero as a becomes infinite. Hence C = 7t/2^ and we finally find the 
formula 


(38) 



9 D 


smx - ,1 

e~ "- ax = arc tan —. 

X a 


This formula is established only for positive values of a, but we saw in § 91 that 
the left-hand side is the sum of an alternating series whose remainder is always 
less than 1/n. Hence the series converges uniformly, and the integral is a con¬ 
tinuous function of a, even for a = 0. As a approaches zero we shall have in 
the limit 

+ « 


(39) 


2) If in the formula 



sin X - n 

-ox = —• 

2 


X 


X 


0 2 


of § 134 we set X = y Va, where a is positive, we find 


(40) 


X 


+ <o 

g- ay* dy = ^ 

0 2 


Vff_j 


and it is easy to show that all the integrals derived from this one by successive 
differentiations with respect to the parameter a converge uniformly, provided 
that a is always greater than a certain positive constant A:. From the preceding 
formula we may deduce the values of a whole series of integrals: 


{ 2/2 g- «y* _ 


( 41 ) 


vs __a 

OC i| 


X + • 

y4 


22 

1.3 


28 




[X y*** c“ "i'* dy 


_ 1.3.6 ■ (2n-l) 


2M + t 


--!&±1 

Viror * 
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By combining these an infinite number of other integrals may be evaluated. 
We have» for example, 


X + » 

c- cos 2/33/ 



+ « 


dy 




+ 


' ' 1.2...2n 


• • 


] 


=x 


+ SO 


e- dy 


_jr 


+ ( 


-"■f. 


•f ao 


1.2-..2n 


• • 


All the integrals on the right have been evaluated above, and we find 


X 


+ « 


g—oy* COS 


j 1 /ff (2/3)3 a-l 

2/33/dy = - V-T-r- -^ + • • • 

2 \ a 1.2 2 2 


+ (-!)" 


(2/3)2 


1.2.3* * * 2/1 2 


1.3.6...(2n-l) _22±1 
-i- La ‘-i + 


• » 


2" 


or, simplifying, 
(42) 


X + » 

e-«*'*cos 


1 Itt 

2/3y dy = --y/-c «. 

2 \a 


EXERCISES 


1. Derive the formula 


1.2.. . n dx" 


^ [x" (log x)”] = 1 + Sx log X + ^ (log x)3 d- + 


S, 


1.2 


1 • 2 • • • 71 


(logx)», 


where Sp denotes the sum of the products of the first n natural numbers taken p 
at a time. 


[Start with the formula 


[Murphy. J 


X" + « = xn fl + a logx + + ... + £1^" + .. .■] 

L 1*2 l«2***7t J 


aud differentiate n times with respect to x.] 

2. Calculate the value of the definite integral 



+ » 


1- c-** 
X3 


dx 


by means of the formula for differentiation under the integral sign. 


3. Derive the formula 



+ « 




z3 dx = 


V^.-Sa 


[First show that dJ/da — — 2J.] 
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4. Derive the formula 





by making use of the preceding exercise. 


6. From the relation 


derive the formula 







x^dx 


CHAPTER IX 


POWER SERIES TRIGONOMETRIC SERIES 

In this chapter we shall study two particularly important classes 
of series—power series and trigonometric series. Although we shall 
speak of real variables only, the arguments used in the study of 
power series are applicable without change to the case where the 
variables are complex quantities, by simply substituting the expres¬ 
sion modulus or absolute value (of a complex variable) for the expres¬ 
sion absolute value (of a real variable).* 


I. POWER SERIES OF A SINGLE VARIABLE 


177. Interval of convergence. Let us first consider a series of the form 


(1) Ao + A^X + -f • • • + A„X- + . 

where the coefficients Aq, A,, Aj, ••• are all positive, and where 
the independent variable X is assigned only positive values. It is 
evident that each of the terms increases with X. Hence, if the 
series converges for any particular value of X, say Xi, it converges 
a fortiori for any value of X less than Xx> Conversely, if the series 
diverges for the value X^y it surely diverges for any value of X 
greater than X^, We shall distinguish the following cases. 

1) The series (1) may converge for any value of X whatever. 
Such is the case, for example, for the series 



2) The series (1) may diverge for any value of X except = 0 
The following series, for example, has this property; 

1 -f- JC -|-1.2 X^ -f- -f-1.2.3'**7iA" -f- • • •, 

3) Finally, let us suppose that the series converges for certain 
values of X and diverges for other values. Let Aj be a value of X 
for which it converges, and let X^ be a value for which it diverges. 


• See Vol. II, §§ 266-275. — Tbaus. 
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From the remark made above, it follows that Xi is less than X*. The 
series converges if X<Xi, and it diverges if X>X,. The only 
uncertainty is about the values of X between Xi and X^. But all 
the values of X for which the series converges are less than X,, and 
hence they have an upper limit, which we shall call iJ. Since all the 
values of X for which the series diverges are greater than any value 
of X for which it converges, the number iJ is also the lower limit of 
the values of X for which the series diverges. Ifence the series (1) 
diverges for all values of X greater than R, and converges for aU values 
of X less than R. It may either converge or diverge when X = R. 

For example, the series 

converges if X <1, and diverges if X>1. In this case R =1, 

This third case may be said to include the other two by suppos¬ 
ing that R may be zero or may become infinite. 

Let us now consider a power seriesy i.e. a series of the form 


( 2 ) 


ao + aiX -b -h -1-, 


where the coefficients and the variable x may have any real values 
whatever. From now on we shall set .4; = la.l, X = jx]. Then the 
series (1) is the series of absolute values of the terms of the series (2). 
Let R be the number defined above for the series (1). Then the 
series (2) evidently converges absolutely for any value of x between 
— R and + i?, by the very definition of the number R. It remains 
to be shown that the series (2) diverges for any value of x whose 
absolute value exceeds R. This follows immediately from a funda¬ 
mental theorem due to Abel: * 

If the series (2) converges for any particxdar value x®, it converges 
absohitelg for any values of x whose absohUe value is less than [xol- 

In order to prove this theorem, let us suppose that the series (2) 
converges for x = Xq, and let M be a positive number greater than 
the absolute value of any term of the series for that value of x. 
Then we shall have, for any value of n, 


and we may write 


A„|Xol*< 






• Recherche «up ia arfria 1+ y x -I - ^ ^ 
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It follows that the series (1) converges whenever X<\xo\, which 
proves the theorem. 

In other words, if the series (2) converges for x = Xq, the series (1) 
of absolute values converges whenever X is less than |a;o|. Hence 
\xq\ cannot exceed R, for R was supposed to be the upper limit of 
the values of X for which the series (1) converges. 

To sum up, given a power series (2) whose coefficients may have 
either sign, there exists a positive number R which has the follow¬ 
ing properties : The series (2) converges absolutely for any value of x 
between — R and -h 7?, and diverges for any value of x whose absolute 
value exceeds R. The interval (— R, + 72) is called the interval of 
convergence. This interval extends from — co to + «> in the case in 
which 72 is conceived to have become infinite, and reduces to the 
origin if ^ = 0. The latter case will be neglected in what follows. 

The preceding demonstration gives us no information about what 
happens when x = 72 or a: = — 72. The series (2) may be absolutely 
convergent, simply convergent, or divergent. For example, 72 = 1 
for each of the three series 


% 




!+ — + — + • 


-h — + 

n 

x’' 

H^ + 

n^ 


for the ratio of any term to the preceding approaches x as its limit 
in each case. The first series diverges for a; = ±1. The second 
series diverges for a: = 1, and converges for a; = — 1. The third con¬ 
verges absolutely for a; = ±1. 

Note. The statement of AbePs theorem may be made more general, 
for it is sufficient for the argument that the absolute value of any 
term of the series 

“h *' ■ "h ®fi^o + ■ ■ * 

be less than a fixed number. Whenever this condition is satisfied, 
the series (2) converges absolutely for any value of x whose absolute 
value is less than |xo|. 


The number R is connected in a very simple way with the number w defined 
in § 160, which is the greatest limit of the sequence 

-di, y/ VAj, •••, y/A„^ 

For if we consider the analogous sequence 

A^X, v'31:^, VA^, 
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•u is evident tbsit tlie greatest limit of the terms of the new set^nence is *Fhe 

sequence (1) therefore converges if ^ < 1/w, and diverges if ^ > 1/w j hence 
R=l/u* 


178. Continuity of a power series, Let be the sum of a power 
series which converges in the interval from — i2 to 4- 

(3) f(x) = ao + aix H-h -, 

and let R' be a positive number less than R. We shall first show 
that the series (3) converges uniformly in the interval from — R’ 
to -f- For, if the absolute value of x is less than R'^ the 

remainder 

4-• • •-h ■ 

% 

of the series (3) is less in absolute value than the remainder 

of the corresponding series (1). But the series (1) converges for 
X = R', since R'< R^ Consequently a number N may be found 
such that the latter remainder will be less than any preassigned 
positive number « whenever n^N. Hence |j < « whenever n>N 
provided that jx] < i?'. 

It follows that the sum f(x) of the given series is a continuous 
function of x for all values of x between — R arid 4~ For, let 
be any number whose absolute value is less than R. It is evident 
that a number R^ may be found which is less than R and greater 
than l^ol- Then the series converges uniformly in the interval 
(_ R\ -I- i2'), as we have just seen, and hence the sum/(x) of the 
series is continuous for the value x©) since belongs to the interval 
in question. 

This proof does not apply to the end points 4* R and — i? of the 
interval of convergence. The function f(x) remains continuous, 
however, provided that the series converges for those values. 
Indeed, Abel showed that if the series (3) converges for x = iJ, its 
sum for X = Ris the limit ivhich the sumf(x) of the series ajgproaches 
as X approaches R through values less than iJ.f 
Let S be the sum of the convergent series 

5 = + ttj 72 -|- ttj 72® + • ■' 4" 12** + ' • ‘ > 


*This theorem was proved by Cauchy in his Cour^^d’Analyse. It was rediscovered 
by Hadamard in his thesis. 

t As stated above, these tlieorems can be immediately generalised to the case of 
series of Imaginary terms. In this case, however, care is necessary in formulating 
the generalization. See Vol. 11, § 2(SC. — Traks% 
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and let nhe b, positive integer such that any one of the sums 

is less than a preassigned positive number c. If we set x = ROf and 
then let 0 increase from 0 to 1, a: will increase from 0 to R, and we 
shall have 

y(x) =f(0R') = Uq a^OR + a^O^R^ + ■ ■ • + 

If 72. be chosen as above, we may write 

rs -f(x) = a,R{l-e) + a^R\l - + •. ■ + a^R^(l - 0”) 

(4) J + + * + --• ++ 

[ - + --, 

and the absolute value of the sum of the series in the second line can¬ 
not exceed «. On the other hand, the numbers + 

form a decreasing sequence. Hence, by AbePs lemma proved in § 75, 
we shall have 

+ + H-H + + < €. 

It follows that the absolute value of the sum of the series in the 
third line cannot exceed e. Finally, the first line of the right-hand 
side of the equation (4) is a polynomial of degree n in 0 which 
vanishes when 6=1, Therefore another positive number rj may be 
found such that the absolute value of this polynomial is less than c 
whenever 6 lies between 1 — rj and unity. Hence for all such values 
of 6 we shall have 

\S-f(x)\<3^, 

But c is an arbitrarily preassigned positive number. Hence f(x) 
approaches S as its limit as x approaches R. 

In a similar manner it may be shown that if the series (3) con¬ 
verges for x = — Rf the sum of the series for x = — R is equal to 
the limit which f(x) approaches as x approaches — R through values 
greater than — R. Indeed, if we replace x by — a:, this case reduces 
to the preceding. 

An application. This theorem enables us to complete the results of § 168 
regarding the multiplication of series. Let 

(6) S = Wo + Wi 4* U2 + • • • + Wft + • • ■, 

(6) = Vo 4- Wi 4- V2 O/i -(-•• • 

be two convergent series, neither of which converges absolutely. The series 

(7) tloVo 4- (WqVi -f WiVo) (ttoVn «+'••• + WntJo) 4“ 


• • • 
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may converge or diverge. If it converges, its sum S is equal to the product of 
the sums of the two given series, i.e. S = 55'. For, let us consider the three 
power series 

f(x) = uo + ui a: + • • • + w*®" + • • • ? 

0(x) = Vo + Vi® -H • • • + -I- 1 

yf/{x) — UoVo + (WqUi + UiWo)X + * ‘ * + (Uo»ii + ' * * 4* + '* *- 

Each of these series converges, by hypothesis, when x =1, Hence each of them 
converges absolutely for any value of x between — 1 and + 1. For any such 
value of X Cauchy’s theorem regarding the multiplication of series applies and 

gives us the equation 

( 8 ) /{x)^(x) = ^(®). 

By Abel’s theorem, as x approaches unity the three functions /(x), ^(x), ^(x) 
approach 5, S', and 2, respectively. Since the two sides of the equation (8) 
meanwhile remain equal, we shall have, in the limit, 2 = 55'. 

The theorem remains true for series whose terms are imaginary, and the proof 

follows precisely the same lines. 

179. Successive derivatives of a power series. If a power series 


f(x) = Oq - 1 - a^a: + -h ■ • • 4- -f- • * • 

which converges in the interval (— R, R) he differentiated term 
by term, the resulting power series 

(9) ai + 2a^x H-H 4 - 

converges in the same interval. In order to prove this, it will be 
sufficient to show that the series of absolute values of the terms of 
the new series, 

4-2A2X 4- • 4- » 4----, 

where A, = |a.l and X = |x|, converges for X<R and diverges for 
X>R. 

For the first part let us suppose that X<Ry and let R' be a num¬ 
ber between X and R, X<R'< R, Then the auxiliary series 


R' R* \R7 ^ if' \R7 


converges, for the ratio of any term to the preceding approaches 
X/R*, which is less than unity. Multiplying the successive terms 
of this series, respectively, by the factors 


Aiif', A^R 




• « » 


A^R 


In 


% ^ % 
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each of which is less than a certain fixed number, since R' < R, we 
obtain a new series 

+ 2A^X -1--h 7iA„X”-' - 

which also evidently converges. 

The proof of the second part is similar to the above. If the series 

Ai + 2^12A'l + • ■ ■ + 

where -Yi is greater than were convergent, the series 

yli A'l + 2.i2A'5 + • • • + nA^Xl + - • • 

4 * y> 

would converge also, and consequently the series 2^„A7 would con¬ 
verge, since each of its terms is less than the corresponding term of 
the preceding series. Then II would not be the upper limit of the 
values of X for which the series (1) converges. 

The sum/i(x) of the series (9) is therefore a continuous function 
of the variable x inside the same interval. Since this series con¬ 
verges uniformly in any interval (— i?', + I^')y where 7i'-< 
is the derivative of f{x) throughout such an interval, by § 174. 
Since 72' may be chosen as near 72 as we please, we may assert that 
the function/(x) possesses a derivative for any value of x between 
— 72 and -h 72, and that that derivative is represented by the series 
obtained by differentiating the given series term by term : * 

(10) /'(x) = tti -h 202^: -1-h -. 

Repeating the above reasoning for the series (10), we see that/(x) 
has a second derivative, 

f"(x) = 2a^ 4- Oagx -h n(n — l)a„x"-- H-, 

and so forth. The function f(x) possesses an unlimited sequence of 
derivatives for any value of x inside the interval (— 72, + 72), and 
these derivatives are represented by the series obtained by differen¬ 
tiating the given series successively term by term: 

(11) /^"\x) = 1 .2-'‘na„ + 2.3 •• •n(7i -f- l)an + i® H-• 

If we set X = 0 in these formulae, we find 

«o=/(0), a,=f(0), 02 = 

or, in general, 

'* 1.2 • • • n 

•Although the corresponding theorem is true for series of imaginary terms, the 
proof follows somewhat different lines. See Vol. 11, § 260. — Trans. 
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The development of/(x) thus obtained is identical with the develop¬ 
ment given by Maclaurin’s formula: 

= /(O) + f /'(O) + Yn + • • • + l~2~n ■*■ • • • • 


The coefficients ao, ••• are equal, except for certain 

numerical factors, to the values of the function f(x) and its succes¬ 
sive derivatives for x = 0. It follows that no function can have two 
distinct developments in power series. 

Similarly, if a power series be integrated term by term, a new 
power series is obtained which has an arbitrary constant term and 
which converges in the same interval as the given series, the given 
series being the derivative of the new series. If we integrate again, 
we obtain a third series whose first two terms are arbitrary; and so 
forth. 


Examples. 1) The geometrical progression 

1 — ic + a:* — x* + -**H- (— l)”x" + • • •, 

whose ratio is — x, converges for every value of x between — 1 and 
+1, and its sum is 1/(1 d- ic). Integrating it term by term between 
the limits 0 and x, where [x] < 1, we obtain again the development 
of log (1 + x) found in § 49 : 


log (1 -f X) = I 



+ (-!)" 


X 


n+ 1 


n +1 


-h 



This formula holds also for x = 1, for the series on the right con¬ 
verges when X = 1. 

2) For any value of x between — 1 and +1 we may write 
—i—, = 1 - + a:* - *• H-+ (- + • • •. 

1 -|- X* 

Integrating this series term by term between the limits 0 and x, 
where |x| < 1, we find 


Since the new series converges for x = 1, it follows that 



1 4-1 _ i + 

3 5 7 


+ (- 1 ) 


2n+l. 


% % 
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3) Let F(x) be the sum of the convergent series 


m. m(m-l) „ , , -1) ■ ■ ■ (»» -P + '^) . +... 

Fix)=l+^x + -\^x^+-+ 1.2..-P ^ ’ 


1 . trf • • ‘p 


where m is any number whatever and jx] < 1. Then we shall have 


F'(x) = m 1^1 +X ^ •-r 1.2...(/>-!) “ J 

Let us multiply each side by (1 + x) and then collect the terms in 
like powers of x. Using the identity 

7m-1V..<'m-n+ll . (m-l) - (m-p) ■ ■ (m-p+1) 


* • • H" 


m — 


1.2 1 . 2 .. 

which is easily verified, we find the formula 

. . r. . w . w(m -1) o 


1.2 • • 




m(m — 1) • • ■ (rti — J? H~ 
1 . 2 * ■ • ^ 


or 


(1 + x) F'(x) = mF(x). 
From this result we find, successively, 


F(x) 1 + a: 

log = w log (1 + x) + log C , 


or 


F(x) = C(1 + x)™. 

To determine the constant C we need merely notice that F(0)=1. 
Hence C = 1. This gives the development of (1 + found in § 50 : 

(i+xr=i+jx + -.. + -^—- *+■■■■ 

4) Replacing x by — x® and m by —1/2 in the last formula above, 
we find 

1 1 1.3 . 1.3.5-. (2n —1) , 

-—^ 2.4.6.. 27i 


Vl-X* 


2.4 


This formula holds for any value of x between —1 and +1. Inte¬ 
grating both sides between the limits 0 and x, where ]x|<Cl, we 
obtain the following development for the arcsine: 

X 1 X® 1.3 X® 1.3.5 . ■ • (2n —1) x^" ^ 

aTcsmx = j + 2 3 +^;5 + •••+ 2.4.6 ..2re 2^+1"^ 
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180. Extension of Taylor’s series. Let/(a:) be the sum of a power 
series which converges in the interval (— i2, + i2), a point inside 
that interval, and h another point of the same interval such, 
that I Xo I +1 A. I < The series whose sum is /(xq -f A), 

+ A)^ H-h a^(xo 4* A)” H-, 

may be replaced by the double series obtained by developing each 
of the powers of (x^ -f- A) and writing the terms in the same power 
of A upon the same line: 

ao4-aia:o4- a^xl H- a^x” -\ - 

4-aiA + 2^2®©^ 4* • • • + ^ + ..» 

4- ^2 H-a* H- 

.. 

This double series converges absolutely. For if each of its terms 
be replaced by its absolute value, a new double series of positive 
terms is obtained; 

^04-^11x014- A^lx^l^ -1-1- -d^lxol" -I- 

4" IA I 4" 2^21^0 A [ 4" ■ ■ * -f- ^ I 4"* • ■ 

+. . 

If we add the elements in any one column, we obtain a series 

•^0 + 4-1^1] 4- • ■ • 4“ |xo| 4- |A|3" 4- 

which converges, since we have supposed that |xo| 4-|Al < iZ. Hence 
the array (12) may be summed by rows or by columns. Taking 
the sums of the columns, we obtain /(x^^ 4- A). Taking the sums 
of the rows, the resulting series is arranged according to powers of 
A, and the coefficients of A, A®, ••• are /'(i®©)?respec¬ 
tively. Hence we may write 

(14) /(*„ + h) = fix,) + |/'(*o) + • • • +17^4;;+ • • *, 




if we assume that | A | < — | Xo|. 

This formula surely holds inside the interval from Xq — +l3fo| 
to Xq + /S ~|xo|, but it may happen that the series on the right 
converges in a larger interval. As an example consider the function 


• y 





POWER SERIES 


385 


IX, § 180] 


(1 + x)", where m is not a positive integer. Ihe development 
according to powers of x holds for all values of x between -1 and 
+ 1. Let x„ he a value of x which lies in that interval. Then we 

may write 

(1 + x)”' = (1 + X„ + X — Xo)" = (1 + a:o)"' (1 + *)“> 


where 


z 


X — Xq 

1 "h 


We may now develop (1 + «)’" according to powers of s, and this 
new development will hold whenever |«| < 1, i-e. for all values of x 
between -1 and 1 + 2x„. If x„ is positive, the new interval will be 
larger than the former interval (— 1, + !)• Hence the new foimu a 
enables us to calculate the values of the funetion for values of the 
variable which lie outside the original interval. Further investiga¬ 
tion of this remark leads to an extremely important notion, — that 
of analytic extension. We shall consider this subject in the second 

volume. 


Note. It is evident that the theorems proved for series arranged 
according to positive powers of a variable x may be extended immedi¬ 
ately to series arranged according to positive powers of x - a, or, 
more generally still, to series arranged according to positive powers 
of any continuous function <#>(x) whatever. We need only consider 
them as composite functions, <#>(x) being the auxiliary function. 
Thus a series arranged according to positive powers of 1/x con¬ 
verges for all values of x which exceed a certain positive constant in 
absolute value, and it represents a continu ous fun ction of x for all 
such values of the variable. The function Vx“ — o, for example, may 
be written in the form ± x(l - a/x»)‘. The expression (1 - o/x») 
may be developed according to powers of 1/x* for all values of x 
which exceed Va in absolute value. This gives the formula 



1 1.2 .3-(2p-3) g” 

2.4 X* " 2.4.6 • • • 2/) x*"-' 



which constitutes a valid development of V^— a whenever x > Va. 
When X < — V^, the same series converges and represents the 
tion — Vx* - a. This formula may be used advantageously to obtain 
a development for the square root of an integer whenever the first 
perfect square which exceeds that integer is known. 
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181. Dominant functions. The theorems proved above establish a 

close analogy between polynomials and power series. Let (— r, + r) 
be the least of the intervals of convergence of several given power 
series •••, /„(x). When \x\<r, each of these series 

converges absolutely, and they may be added or multiplied together 
by the ordinary rules for polynomials. In general, any integral poly¬ 
nomial in /i(x),/ 2 (x), • may be developed in a convergent 

power series in the same interval. 

For purposes of generalization we shall now define certain expres¬ 
sions which will be useful in what follows. Let /(x) be a power 
series 

f(x) = cto + OiX + H-1- a„x" H-, 


and let ^(x) be another power series with 


positive coefficients 


<t>(x) = a© + ^1® + a2X^ + • • * 4 - 4- •. • 


which converges in a suitable interval. Then the function ^(x) is 
said to dominate * the function f(x) if each of the coefficients a is 
greater than the absolute value of the corresponding coefficient of 
/(*): 


a 


0 


a 


Of 


ai 




« « • 


a. 


a 




Poincar^ has proposed the notation 


/(x) < 

to express the relation which exists between the two functions f(x) 
and <^(x). 

The utility of these dominant functions is based upon the fol¬ 
lowing fact, which is an immediate consequence of the definition. 
Let P(aQ, «!, *, aj be a polynomial in the fii*st n-\-l coefficients 

of f(x) whose coefficients are all real and positive. If the quanti¬ 
ties tti, • ■ a„ be replaced by the corresponding coefficients of 
<^(x), it is clear that we shall have 


a„)|<P(ao, ai, a,). 

For instance, if the function <f>(x) dominates the function 
the series which represents [<#>(x)]» will dominate [^(x)]* and so 
on. In general, I4>(x)y^ will dominate [/(x)]- Similarly, if ^ and 
are dominant functions for f and fi , respectively, the product 
will dominate the product and so forth. 


•This expression will be used as a translation of the phrase “♦(x) est roa]orante 

pour la fonction/(x).” Likewise, “dominant functions “ will be used for “ fonotions 
majorantes.** Traks. 
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Given a power series/(a:) which converges in an interval (- R, + R), 
the problem of determining a dominant function is of course indeter¬ 
minate But it is convenient in what follows to make the domi¬ 
nant function as simple as possible. Let r be any number less than 
R and arbitrarily near R. Since the given senes converges for a; _ r, 
the absolute value of its terms will have an upper limit, which we 
shall call it/. Then we may write, for any value of n, 


A„r"<M or 



Hence the series 

iV/ + il/-h ' • * “h 

r 


A/x" 

r" 




t 



X 

r 


whose general term is A/(x"/r”), dominates the given function/(x). 
This is the dominant function most frequently used. If the series 
f(x) contains no constant term, the function 





may be taken as a dominant function. 

It is evident that r may be assigned any value less than R, and 
that M decreases, in general, with r. But M can never be less than 
Aq. If Aq is not zero, a number p less than R can always be foimd 
such that the function Ao/(l - x/p) dominates the function /(x). 
For, let the series 

X- 

M A- M — M-^A'‘•'A'M—A’”’i 

T 'T r" 


where M > .<4o, be a first dominant function. If p be a number less 
than rA^JM and n ^ 1, we shall have 

whence |a„p"| <C Aq. On the other hand, |a(,| = Aq. Hence the series 

^0 4- -4„- -I- i4(,^ -I-1- 4o — 4- 

dominates the function f(x). We shall make use of this fact pres¬ 
ently. More generally still, any number whatever which is greater 
than or equal to Ao may be used in place of M. 
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It may be shown in a similar manner that if = 0, the function 




1-2 

P 


— P- 


is a dominant function, where /x is any positive number whatever. 

Note. The knowledge of a geometrical progression which dominates the func¬ 
tion f{x) also enables us to estimate the error made in replacing the function 
f{x) by the sum of the first n + 1 terms of the series. If the series Jf/(1 — x/r) 
dominates/(x), it is evident that the remainder 




• ♦ 


of the given series is less in absolute value than the corresponding remainder 


y yn + 1 + 2 


+ 


of the dominant series. It follows that the error in question will be less t.haw 


if 




1-2 


182. Substitution of one series in another. Let 


(15) 


« ^Ay) = -f- ai3/ H-4- + 


be a series arranged according to powers of a variable y which con¬ 
verges whenever I y I < R, Again let 


(16) 


y — <^(x) = ^0 4- 4“ • • • 4- ^1,35** 4“ 


be another series, which converges in the interval (— r, 4- r). If 
Vy 2/®> * • in the series (15) be replaced by their developments in 
series arranged according to powers of x from (16), a double series 


(17) 


^ 4* ^0 "b ^ 4“ 

4 " (i\hiX 4 ” ^<1% 4 “ 

4" 4" "1“ 260dj)x* 4“ 

+. 


• 0 • 


+ + 

+ na,«5-‘d,* + 


s « o 


is obtained. We shall now investigate the conditions under which 
this double series converges absolutely. In the first plaoe, it is 
necessary that the series written in the first row, 


tto + + 




• ** V, 


> <« 


% « • 
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should converge absolutely, i.e. that \bo \ should be less than R* This 
condition is also sufficient. For if it is satisfied, the function <j>{x) 
will be dominated by an expression of the form m/{l — x/p), where 
m is any positive number greater than |6o| and where p < r. We 
may therefore suppose that m is less than R. Let R' be another 
positive number which lies between m and R. Then the function 
f(y) is dominated by an expression of the form 






If y be replaced by 7n/{l — ^/p) last series, and the powers 

of y be developed according to increasing powers of x by the binomial 
theorem, a new double series 


(18) 


M-^ M 


(I) 




• » 




m X 


R' P 


4- nM 


/m\” X 
\R^) P 


+ 




• « » 


4- 


is obtained, each of whose coefficients is positive and greater than 
the absolute value of the corresponding coefficients in the array (17), 
since each of the coefficients in (17) is formed from the coefficients 
Uq, aif Uz, •• *, Kj ^ 1 ) ‘ means of additions and multiplications 

only. The double series (17) therefore converges absolutely pro¬ 
vided the double series (18) converges absolutely. If x be replaced 
by its absolute value in the series (18), a necessary condition for abso¬ 
lute convergence is that each of the series formed of the terms in any 
one column should converge, i.e. that \x \ < p. If this condition be 
satisfied, the sum of the terms in the (n 4- l)th column is eqxial to 



Then a further necessary condition is that we should have 

or 

(19) 


* The case in which the series (15) converges for y - R (Aee § 177) will be neglected 
in what follows. — Trans. 
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Since this latter condition includes the former, \x\<p, it follows 
that it is a necessary and sufficient condition for the absolute con¬ 
vergence of the double series (18). The double series (17) will 
therefore converge absolutely for values of x which satisfy the 
inequality (19). It is to be noticed that the series <l>(x) converges 
for all these values of x, and that the corresponding value of y is 
less than R' in absolute value. For the inequalities 


\<l>(x)\< 





Tit 


necessitate the inequality |<^(a:)| < Taking the sum of the series 
(17) by columns, we find 

«(» + + « 2 [<#»(^)]'* H-h <^„[<^(®)]”H-, 

that is,/[<^>(ir)]. On the other hand, adding by rows, we obtain a 
series arranged according to powers of x. Hence we may write 


(20) /[<#»(a:)] = Co rf- c^x + q--f 


• « 


where the coefficients Co, Ci, c^, • • • are given by the formulae 



f Cq = ao 4- 4- • * • + + *' •> 

I Cl = dibi + 2 ^ 361^0 7 ia^bQ~^bx 

C 2 = 4" (^1 "1" 2&o^2) 4" * • *> 


which are easily verified. 

The formula (20) has been established only for values of x which 
satisfy the inequality (19), but the latter merely gives an under 
limit of the size of the interval in which the formula holds. It may 
be valid in a much larger interval. This raises a question whose 
solution requires a knowledge of functions of a complex variable. 
We shall return to it later. 


Special cases, 1) Since the number JR' which occurs in (19) may 
be taken as near R as we please, the form\ila (20) holds whenever a; 
satisfies the inequality \x \ < p(l— 7n/R), Hence, if the series (16) 
converges for any value of y whatever, R may be thought of as infinite, 
p may be taken as near r as we please, and the formula (20) applies 


whenever \x\ <r, that is, in the same interval in which the series 
(16) converges. In particular, if the series (16) converges for all 
values of x, and (15) converges for all values of y, the formula (20) 
is valid for all values of x. 
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2) When the constant term of the series (16) is zero, the func¬ 
tion is dominated by an expression of the form 

m 

-m, 

1-^ 

P 

where p <i t and where m is any positive number whatever. An 
argument similar to that used in the general case shows that the 
formula (20) holds in this case whenever x satisfies the inequality 

(22) 

where 72' is as near to 72 as we please. The corresponding interval 
of validity is larger than that given by the inequality (19). 

This special case often arises in practice. The inequality 
< 72 is evidently satisfied, and the coefficients c„ depend upon 
ao» ■***> only: 

Co = «o) = ^2 = ai^2 + “2^1 j •••) • 4- 


Examples. 1) Cauchy gave a method for obtaining the binomial theorem from 
the development of log(l -H *). Setting 


we may write 


y = >*log(H- X) z= M 




(1 + X)M = CMlogd +x) = etf = 1 4. ^ + 



whence, substituting the first expansion in the second, 


(1 + x)M = 1+ ^ 




/x _ ^ ^ Y 

I. 2 V 1 2 3 " 7 


If the right-hand side be arranged according to powers of x, it is evident that 
the coeflScient of x" will be a polynomial of degree n in /u, which we shall call 
This polynomial must vanish when /a = 0, 1, 2, • ■ 71 — 1, and must 

reduce to unity when ^ = n. These facts completely determine P„ in the form 




fijfi — !)•»♦ (/A — n +1) 

1.2 • • • Ji 


2) Setting z = (1 -{- x)*/*, where x lies between — 1 and -+• 1, we may write 


where 


V 




y = ~ log (1 -H X) = 1 - - + - - 

X 2 3 


+ (-!)" 


X" 


71+1 
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The first expansion is valid for all values of y, and the second is valid whenever 
\x\< 1. Hence the formula obtained by substituting the second expansion in 
the first holds for any value of x between — 1 and + 1. The first two terms of 
this formula are 





^24) (1 + x) 


J. x/ 

* = c-( 

2V 


1 + 1 + 


1.2 


+ ...+ 


1.2 


• • 


n 


+ 


+ 


» • 




It follows that (1 + approaches e through values less than e as x approaches 
zero through positive values. 

183. Division of power series. Let us £rst consider the reciprocal 

1 +- &! X + -|- ... 

of a power series which begins with unity and which converges in 
the interval (— r, +- r). Setting 

y = biX +- ftaX® H-, 

we may write 


/(^) 


1 + y 


= 1—y-hy* — + 


whence, substituting the first development in the second, we 
an expansion for /(pc') in power series, 



(25) 


f(x) = 1 — 4- 


which holds inside a certain interval. In a similar manner a devel¬ 
opment may be obtained for the reciprocal of any power series 
whose constant term is different from zero. 

Let us now try to develop the quotient of two convergent power 
series 

_ Oq +- ajX 4- 4- .. • 

^0 + + ^2*^ 4- • • • 

If b^ is not zero, this quotient may be written in the form 


iL(x^ 

^ = (a„ + a^x + a,x* + 


« • » 


)X 


^0 4- bix 4“ ^2**4- 


Then by the case just treated the left-hand side of this equation is the 
product of two convergent power series. Hence it may be written 
in the form of a power series which converges near the origin; 


(26) 


qp 4- ttia; 4- a%x^ 4- 
6p 4- + ^%x^ + 


• ft 


= Cg 4- Cl® 4- + 


ft ft 


Clearing of fractions and equating the ooeffloients of like powers 
of X, we find the formulae 


V 
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(27) = he,, + + • • • + Kco. n = 0, 1, A • • - , 

from which the coefficients Cq, Ci, c„ may be calculated succes¬ 
sively. It will be noticed that these coefficients are the same as 
those we should obtain by performing the division indicated by the 
ordinary rule for the division of polynomials arranged according to 

increasing powers of ax 

If = 0, the result is different. Let us suppose for generality 
that = where A: is a positive integer and is a 

power series whose constant term is not zero. Then we may write 

^ 1 (x<^) ^ 

x^ (x) 

and by the above we shall have also 

= Co-{~CiX-\ -h C4._ia:*-' + c^x>= + H -- 

(^) 

It follows that the given quotient is expressible in the form 




X 


where the right-hand side is the sum of a rational fraction which 
becomes infinite for a: = 0 and a power series which converges near 

the origin. 

Note. In order to calculate the successive powers of a power series, it is con¬ 
venient to proceed as follows. Assuming the identity 

(ao + aix +-h H-)"* = Co + cix H-h c„x» -f • • •, 

let us take the logarithmic derivative of each side and then clear of fractions. 
This leads to the new identity 

fm(ai H- 2aox + ■ • • -1- na„x«-i H-)(co + CjX +-h c„x" + • • •) 

j = (ao + aix -I- -h OnX" -f • - •){ci -f 2c2X -I -+ nc„x"-i + • ■ •)• 

The coefficients of the various powers of x are easily calculated. Equat¬ 
ing coefficients of like powers, we find a sequence of formulse from which 
Co» Cii • ■ Cn, • • ■ may be found successively if Co be known. It is evident that 

Co = a^. 


184. Development of Let us develop l/Vl—2x2 + 2 “ 

according to powers of z. Setting y = 2x2 — 2 “, we shall have, when |y| < 1, 




or 


(30) 


- ^ - = 1 + + 5(2X2 - 22)2 + 

Vl — 2x2 + 2“ 2 8 


« • • 
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Collecting the terms which are divisible by the same power of z, wo obtain an 
expansion of the form 


(31) 

where 


Vl — 2zz + z* 


= Po + PlZ + PlZ^ + -h PnZ^ + 


s • 


Po = li Pl = X, 




• • 


and where, in general, Pn is a polynomial of the nth degree in ®. These poly, 
nomials may be determined successively by means of a recurrent formula. Dif¬ 
ferentiating the equation (31) with respect to z, we find 


a: “ z 


(1 - 2a;z + z^)* 


= Pi -f* 2 P 2 z nPnZ** “ ^ Hh • • •, 


or, by the equation (31), 


(X - z)(Po H- Piz + ... + P„z« + • • •) = (1 - 2xz + z2)(Pi + 2 P 2 Z + 
Equating the coefficients of z’*, we obtain the desired recurrent formula 

(n + 1) Pn + i = (2n 4- l)xPn - nP„_i . 

/ 

This equation is identical with the relation between three consecutive Legendre 
polynomials (§ 88), and moreover P© = Xo, Pi = JTi, Pa = X 2 . Hence P» = X 
for all values of n, and the formula (31) may be written 


(32) 


Vl — 2xz 4- z2 


= 14 - Xi z 4- Xa z* 4 - ► • • 4 - X««»* 4 - • 


where X„ is the Legendre polynomial of the nth order 


Xn = 


d« 


2.4.6 • • • 2n dx" 


[(** -1)"]. 


We shall find later the interval in which this formula holds. 


II. POWER SERIES IN SEVERAL VARIABLES 


185. General principles. The properties of power series of a single 
variable may be extended easily to power series in several independ¬ 
ent variables. Let us first consider a double series where 

the integers m and n vary from zero to 4 - 00 and where the coeffi¬ 
cients may have either sign. If no element of this series exceeds 
a certain positive constant in absolute value for a set of values 

® = ^09 y = series converges cUtsolutely for all values ofx and 

y which satisfy the inequalities |a;| < |ac^|, |y | < |yo|* 

For, suppose that the inequality 

or la • ^ 


a 


m% 


mn 


|av>l"lyo|'‘ 
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is satisfied for all sets of values of m and n. Then the absolute value 
of the general element of the double series is less than the 

corresponding element of the double series ^M\x/xQ\’^\i//i/fy\\ But 
the latter series converges whenever |x|<lxo|, \!/\<\j/o\> and its 


sum is 



as we see by taking the sums of the elements by columns and then 
adding these sums. 

Let r and p be two positive numbers for which the double series 

converges, and let R denote the rectangle formed by the 
four straight lines x — r, x — — y = p, y — — p. For every point 
inside this rectangle or upon one of its sides no element of the 
double series 


(33) 


F(x, y)= 2a„„x"’y’‘ 


exceeds the corresponding element of the series in abso¬ 

lute value. Hence the series (33) converges absolutely and uni¬ 
formly inside of 72, and it therefore defines a continuous function 
of the two variables x and y inside that region. 

It may be shown, as for series in a single variable, that the 
double series obtained by any number of term-by-term diiferen- 
tiations converges absolutely and uniformly inside the rectangle 
bounded by the lines a: = r — c, x = — r + E, ?/ = p — c', ?/=—p + c', 
where e and ^ are any positive numbers less than r and p, respec¬ 
tively. These series represent the various partial derivatives of 
F(x, y). For example, the sum of the series is equal 

tocF/^x. For if the elements of the two series be arranged accord¬ 
ing to increasing powers of x, each element of the second series is 
equal to the derivative of the corresponding element of the first. 
Likewise, the partial derivative is equal to the sum 

of a double series whose constant factor is . 2 • - • . 1.2 ■ • • n. 

Hence the coefficients are equal to the values of the correspond¬ 
ing derivatives of the function F(x, y) at the point x = y = 0, except 
for certain numerical factors, and the formula (33) may be written 


in the form 



(34) 


y)=^ 


1.2'**77l.l.2***7l- 


x”*y*. 
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It follows, incidentally, that no f miction of two variahles can hav$ 
two distinct developments in power series. 

If the elements of the double series be collected according to 
their degrees in x and y, a simple series is obtained: 


(35) 


2/) = *+• 4“ H-f" + 


where is a homogeneous polynomial of the ?ith degree in x and 
y which may be written, symbolically, 


= 1 ( 
1.2 • • • 71 \ 


dF dFYny 


The preceding development therefore coincides with that given by 
Taylor's series (§ 51). 

Let (x 0 f 2 /o) be a point inside the rectangle R, and (xq + A, -f- ^) 
be a neighboring point such that | Xq | +1A | < r, | y© | ■+* | ^ 1 < p. Then 
for any point inside the rectangle formed by the lines 

x=Xo±[r-\xa\'\, y = yo=t[p-|2'o|], 

the function F(xy y) may be developed in a power series arranged 
according to positive powers of x — x^, and y y^i 


(36) 


/^+njfr\ 


For if each element of the double series 

2amn(a;o4-^)"(yo+ 

be replaced by its development in powers of A and k, the new mtdtL 
pie series will converge absolutely under the hypotheses. Arrang¬ 
ing the elements of this new series according to powers of A and ft, 
we obtain the formula (36). 

The reader will be able to show without difficulty that all the 
preceding arguments and theorems hold without essential altera¬ 
tion for power series in any number of variables whatever. 


186. Dominant functions. Given a power series y, --<) in n 
variables, we shall say that another series in n variables ^(ae, y, «,<•#) 
dominates the first series if each coefficient of ^(ac, y, a, * • -) is posit&Te 
and greater than the absolute value of the corresponding ooeffioiiEgit 

^7 "*)* argument in § 186 depends essenti^y ui^ 
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the use of a dominant function. For if the series con¬ 

verges for x = r, y = p, the function 



where M is greater than any coefficient in the series 2|a,„„r”p"|, 
dominates the series The function 



is another dominant function. For the coefficient of in y) 
is equal to the coefficient of the corresponding term in the expan¬ 
sion of M(x/r-\- and therefore it is at least equal to the 

coefficient of a:"'y" in <f)(x, y). 

Similarly, a triple series 

Ax, y, z) = y”z", 


which converges absolutely for x = v, y — r', z ■= r", where r, r', r" 
are three positive numbers, is dominated by an expression of the 

form 

M 


2 /> «) = 



and also by any one of the expressions 



If/(^» contains no constant term, any one of the preceding expres¬ 

sions diminished by may be selected as a dominant function. 

The theorem regarding the substitution of one power series in 
another (§ 182) may be extended to power series in several variables. 


If each of the variables in a convergeyit power series in p variables 
Vu 3 ^ 2 ) *•*» replaced by a convergent power series in q variables 

«i) 3 ^ 2 ) ■**) which has no constant term, the result of the substitu¬ 
tion may be written in the form of a power series arranged according 
to powers of x^, x., • • •, x^, provided that the absolute value of each 
of these variables is less than a certain constant. 
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Since the proof of the theorem is essentially the same for any 
number of variables, we shall restrict ourselves for definiteness to 
the following particular case. Let 



*)= 


be a power series which converges whenever 


y|<raiid|«|<r',aiidlet 



( y = hyx 4- 4-h 4-, 

\ z ^ CxX 4- 4- ... 4- 4- ... 


be two series without constant terms both of which converge if the 
absolute value of x does not exceed p. If y and z in the series (37) 
be replaced by their developments from (38), the term in becomes 
a new power series in x, and the double series (37) becomes a triple 
series, each of whose coefficients may be calculated from the coeffi¬ 
cients and c„ by means of additions and multiplications 

only. It remains to be shown that this triple series converges abso¬ 
lutely when the absolute value of x does not exceed a certain con¬ 
stant, from which it would then follow that the series could be 
arranged according to increasing powers of x. In the first place 
the function f(y, z) is dominated by the function 



and both of the series (38) are dominated by an expression of the form 


(40) 


N 


+ oo 


1-^ 

p 


- = 



1 


where M and N are two positive numbers. If y and z in the double 
series (39) be replaced by the function (40) and each of the products 
y^z" be developed in powers of x, each of the coefhcients of the result¬ 
ing triple series will be positive and greater than the absolute value 
of the corresponding coefScient in the triple series found above. It 
will therefore be sufficient to show that this new triple series con¬ 
verges for sufficiently small positive values of *. Now the sum of 

the terms which arise from the expansion of any term of the 
series (39) is 


M 





014*11 


(»- 1 ) 
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which is the general term of the series obtained by multiplying the 
two series 


X 


m 


X 




1 -^ 


term by term, except for the constant factor M. Both of the latter 
series converge if x satisfies both of the inequalities 


X <. p 


r N 


X < p 


_i_ Tvr 


It follows that all the series considered will converge absolutely, 
and therefore that the original triple series may be arranged accord¬ 
ing to positive powers of x, whenever the absolute value of x is less 
than the smaller of the two liumbers pr/(r + N) and pr’/(r’ + N). 

Note, The theorem remains valid when the series (38) contain 
constant terms h and Co, provided that < r and |ro| < r'. For 
the expansion (37) may be replaced by a series arranged according 
to powers of y — and 2 — Cq, by § 185, which reduces the discus¬ 
sion to the case just treated. 


III. IMPLICIT FUNCTIONS 
ANALYTIC CURVES AND SURFACES 


187. Implicit functions of a single variable. The existence of implicit 
functions has already been established (Chapter II, § 20 et ff.) under 
certain conditions regarding continuity. When the left-hand sides 
of the given equations are power series, more thorough investigation 
is possible, as we shall proceed to show. 


Let F(x, y)= 0 be an equation whose left-hand side can he developed 
in a convergent power series arranged according to increasing powers 
of X — Xq and y — where the constant term is zero and the coeffi¬ 
cient ofy — y^is different from zero. Then the equation has one and 
only one root which approaches as x approaches Xo, and that root 
can he developed in a power series arranged according to powers of 


X — Xq. 

For simplicity let us suppose that Xp = yo = which amounts to 
moving the origin of coordinates. Transposing the term of the first 
degree in y, we may write the given equation in the form 

(41) y =/(a:, y) = + ^ozy^ + ■ ■ -j 
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where the terms not written down are of degrees greater than, the 
second. We shall first show that this equation can besat* 
isfied by replacing 2 / by a series of the form 


(42) 


y = CiX + CaX® -\ -h -f 


if the rules for operation on convergent series be applied to the series 
on the right. For, making the substitution and comparing the coeffi. 
cients of x, we find the equations 


Cl — ajo, 


^2 — ®20 “h ®ll^l “h 


and, in general, can be expressed in terms of the preceding c’s 
and the coefficients where i k <n, hy Ineans of additions and 
multiplications only. Thus we may write 


(43) 


C„ — (®10» ®20) ' * *> ^n)> 


where P„ is a polynomial each of whose coefficients is a positive 
integer. The validity of the operations performed will be estab¬ 
lished if we can show that the series (42) determined in this way 
converges for all sufficiently small values of x. We shall do this by 
means of a device which is frequently used. Its conception is due 
to Cauchy, and it is based essentially upon the idea of dominant 
functions. Let 

<^(x, y)= 

be a function which dominates the function/(x, y), where = b^^ =: 0 
and where 6„.„ is positive and at least equal to Let us then 

consider the auxiliary equation 


(41') 


V = F) = S6„,a;'-F' 


and try to find a solution of this equation of the form 


(420 


y = CjX 4“ CaX® H-4- C,x** 4- 


The values of the coefficients Ci, C,, • - can be determined as above, 
and are 

Cl = Cj = 630 "H 4 * 

and in general 

It is evident from a comparison of the formulee (48) and (iS*) 
that \c^\ < C„, since each of the coefficients of the polynomisd p, is 
positive and Hence the series (42) surely oonverges 
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whenever the series (42') converges. Now we may select for the 
dominant function Y) the function 


<f>(x, Y) = 


M 




— M - M 


Y 


where Mj r, and p are three positive numbers. Then the auxiliary 
equation (41') becomes, after clearing of fractions, 




2 Y ii/p* 


+ 


X 

r 


p Af ' p + ilZ-j^_® 

r 


:= 0 . 


This equation has a root which vanishes for a: = 0, namely: 


r = 


2{p + Af) 2(p + iV) 



X 


1 - 


4:M{p M) r 


1-? 

r 


The quantity under the radical may be written in the form 




- 1 


where 


a 


= 


p + 2M 


)■ 


Hence the root Y may be written 

It foUows that this root Y may be developed in a series which con¬ 
verges in the interval (- «, -I- «), and this development must coin¬ 
cide with that which we should obtain by direct substitution, that 
is, with (42'). Accordingly the series (42) converges, a fortiori, in 
the interval (- a, + a). This is, however, merely a lower limit of 
the true interval of convergence of the series (42), which may be 

very much larger. 

It is evident from the manner in which the coefficients c„ were 
determined that the sum of the series (42) satisfies the equation (41). 
Let us write the equation F(x, y) in the form y -f{x, y) = 0, and 
let y = P(xi) be the root just found. Then if P(x) + z he substi¬ 
tuted for y in F(x, y), and the result be arranged according to 
powers of a: and 2 , each term must be divisible by 2 , since the whole 
expression vanishes when 2 = 0 for any value of x. We shall have 
then F[x, P(x) -h «] = «), where Q{x, 2 ) is a power series in ® 
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and Finally, if z be replaced by y — P(x) in Q(x^ z), we obtain 
the identity 

y) = [y - y) > 

where the constant term of Qi must be unity, since the coefficient 
of y on the left-hand side is unity. Hence we may write 

(44) F(x, y) = [y - i’(a;)](l 4- ax + ^y -i-). 


This decomposition of F(x, y) into a product of two factors is due 
to Weierstrass. It exhibits tlie root y = ■P(x), and also shows that 
there is no other root of the equation F(x, y) = 0 which vanishes 
with x, since the second factor does not approach zero with x and y 


Note. The preceding method for determining the coefficients c is 
essentially the same as that given in § 46. But it is now evident 
that the series obtained by carrying on the process indefinitely is 
convergent. 


188. The general theorem. Let us now consider a system of ^ equa¬ 
tions in. p q variables. 



ara, • yi, ya, • • y,) = 0, 

F2(xi,a:3,...,a:,; yi, ya, * ■ *, y^) = 0, 


Fp , xa,. -a:,; y^, y^, • • •, y^) = 0, 


where each of the functions Fj, Fj, • • •, vanishes when x^ = y^^ = 0 
and is developable in power series near that point. We shall further 
suppose that the Jacobian Z)(Fi, F^, F,)/Z>(yi, y^, does 

not vanish for the set of values considered. Under these conditions 


there exists one and only one system of solutions 
of the form 


of the equations ( 45 ) 


yi — <^i(xi, Xg, • a:,), y? == ^p(xi,Xa, 

where , <^2 , • • •, are power series Xi, 2:3 , - - -, a;, which vanish 
when a?! = ajg = • - • = = 0 . 

In order to simplify the notation, we shall restrict ourselves to 
the case of two equations between two dependent variables u and v 
and three independent variables x, y, and z : 



( Fi = aw + bit + cx -t-rfy 4-4-= 0, 

( Fa = a*u 4 - Fv -f- c*x + d*y 4 - e*« 4 - * • • = 0 , 


Since the determinant ah* - ba* is not zero, by hypothesis, the two 
equations (46) may be replaced by two equations of the fonn 
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where the left-hand sides contain no constant terms and no terms 
of the first degree in w and v. It is easy to show, as above, that 
these equations may be satisfied formally by replacing u and v by 
power series in a?, y, and z : 



u = s', V = 


where the coefficients and c^.j may be calculated from and 

6 by means of additions and multiplications only. In order to 
show that these series converge, we need merely compare them with 
the analogous expansions obtained by solving the two auxiliary 


equations 


i/=V = 


M 




aj 4- y 4- « 


)(- 


U-\-V 



u-\-v 


where Af, r, and p are positive numbers whose meaning has been 
explained above. These two auxiliary equations reduce to a single 
equation of the second degree 

X 4- y 4- iSf 

^ — = 0, 

^ 2p 4- 4Af 2p 4- 4A/ . _ x + yz 


which has a single root which vanishes for a: = y = « = 0, namely: 



4(p 4- 2M) 


4(p4-2M) 



'l- 

cc4-y4-2: 

a 

1- 

x4-y 4-« 


where a = r [p/(p 4- 4A/)]^ 

This root may be developed in a convergent power series when¬ 
ever the absolute values of x, y, and z are all less than or equal to 
a/3. Hence the series (48) converges under the same conditions. 

Let -Ui and vi be the solutions of (47) which are developable in 
series. If we set w = 4- v' in (47) and arrange the 

result according to powers of x, y, z, u\ v\ each of the terms must 
be divisible by w' or by vK Hence, returning to the original varia¬ 
bles a:, y, w, v, the given equations may be written in the form 

( (« — Wi)/ 4-(v — 

I (w — vf)fx 4- (v — Vi) <^i = 0, 


(470 
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where /, fi , <t>i are power series in x, y, z, u, and v. In this 
form the solutions ti = Ui, v = Vi are exhibited. It is evident also 
that no other solutions of (47') exist which vanish for a = y = « = 0. 
Eor any other set of solutions must cause /<^i — 4 fi to vanish, 
and a comparison of (47) with (47') shows that the constant term 
is unity in both f and <f>i, whereas the constant term is zero in 
both/i and hence the condition f<f>i — <t>fi = 0 cannot be met by 
replacing ii and v by functions which, vanish when x = y = z — 0. 


189. Lagrange’s formula. Let us consider the equation 


(49) 


y = a + x 0 (y), 


where <p{y) is a function which is developable in a power series in y — a, 

<p{y) = <p{a) + (y — a) ^'(a) + ——^ + 




1.2 


which converges whenever y — (z does not exceed a certain number. By the 
general theoi*em of § 187, this equation has one and only one root which 
approaches ct as x approaches zero, and this root is represented for sufficiently 
small values of x by a convergent power series 

y = a + ttiX + + • • • • 

In general, if /(y) is a function which is developable according to positive 
powers of y — a, an expansion of /(y) according to powers of x may be obtained 
by replacing y by the development just found, 

(50) /(y) =:/(a) + Aix + 4-h A„x“ H-, 

and this expansion holds for all values of x between certain limits. 

The purpose of Lagrange’s formula is to determine the coefficients 

Al, Aiy • • .d„, • • • 

in terms of a. It will he noticed that this problem does not differ essentially 
from the general problem. The coefficient An is equal to the nth derivative of 
/(y) for y = 0, except for a constant factor nl, where y is defined by (49); and 
this derivative can be calculated by the usual rules. The calculation appears to 
he very complicated, hut it may be substantially shortened by applying the fol¬ 
lowing remarks of Laplace (cf. Ex. 8, Chapter II). The partial derivatives of 
the function y defined by (49), with respect to the variables x and a, are given 
by the formula 

ay 


[i-«^'(y)]^ = «(y), 

ox 


[l-x^'(y)] 


whence we find immediately 
(61) 


du .au 


where « = /(y). On the other hand, it is easy to show that the foxmola 


( 61 ') 


A 

da 


[™ s]= s a 
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is identically 
side becomes 


satisfied, where F{y) is an arbitrary function of y. 


F'{y)r{y) 


dy dy 
da dx 


+ F{y) 


d^u 
da dz 


For either 


on performing the indicated differentiations. We shall now prove the formula 


d^u 

dx^ 


^n-l 

0 a ”-1 



for any value of n. It holds, by (51), for n =1. In order to prove it in gen¬ 
eral, let us assume that it holds for a certain number n. Then we shall have 


gn + iu 
02” 1 


0” 

0 a ”-102 



But we also have, from (51) and (510, 



whence the preceding formula reduces to the form 


02”+^ 



which shows that the formula in question holds for all values of n. 

Now if we set x = 0, y reduces to a, u to /(a), and the nth derivative of u 
with respect to 2 is given by the formula 



^ Wayria)]. 

da”-! 


Hence the development of/(y) by Taylor’s series becomes 


(62) 


/(y) =/(«) + ^ + * 


rfn “ 1 

+ ^ 1^, [<^*(«)”r(a)] + 

n! aa”-* 


This is the noted formula due to Lagrange. It gives an expression for the 
root y which approaches zero as x approaches zero. We shall find later the 
limits between which this formula is applicable. 


Note. It follows from the general theorem that the root y, considered as a 
function of x and a, may be represented as a double series arranged according 
to powers of x and a. This series can be obtained by replacing each of the 
coefficients An by its development in powers of a. Hence the series (52) may 
be differentiated term by term with respect to a. 


Examples. 1) The equation 

(63) y = a-l-|(y2-^l) 
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lias one root which is equal to a when z = 0 . Lagrange’s formula giyes the 
following development for that root: 


(64) 


y = a + - (a 2 - 1 ) + 


+ 


1 ^( 1 ) 

1.2...nG) 


2 d(a2-l)2 


+ 


da 

« (p*-i (a? _ l)i» 


V • 


On the other hand, the equation (53) may be solved directly, and its roots are 


y = i ± - Vl — 2 ax + x2. 

X X 


The root which is equal to a when x = 0 is that given by taking the sign 
Differentiating both sides of (54) with respect to a, we obtain a formula which 
differs from the formula (32) of § 184 only in notation. 

2) Kepler’s equation for the eccentric anomaly u,» 

(5 5 ) u = a + e sin u , 

which occurs in Astronomy, has a root u which is equal to a for c = 0. I^agrange’s 
formula gives the development of this root near e = 0 in the form 

(56) M = a + e sin a -f — - - (sin^a) H-H- - - d"-t(sin"a)_ 

1.2 da 1 .2 • • • 71 da** * 

Laplace was the first to show, by a profoimd process of reasoning, that this 
series converges whenever e is less than the limit 0.662743 • • 


190. Inversion. Let us consider a series of the form 

(S7) y = aix-t-aax^-I -+ 

where Ui is different from zero and where the interval of convergence is(— r, + r) 
If y be taken as the independent variable and x be thought of as a function of y, 
by the general theorem of § 187 the equation (67) has one and only one root which 
approaches zero with y, and this root can be developed in a power series in y : 

(^8) a: = 6iy + 62y2 + fray® + • • • + + •... 

The coefficients 6i , 62 , 63 , * • • may be determined successively by replacing x in 
(67) by this expansion and then equating the coefficients of like powers of y. 
The values thus found are 



^ _ 20* — OiOs 

-5i- 


• • * • 


The value of the coefficient b of the general term may be obtained from 
Lagrange’s formula. For, setting 


^(*) = ai + oax H- 1 - a„x"-» -, 

the equation (67) may be written in the form 



oL®** “** TTkoorett'ea] ifeeftontot, 9d ed 

p. 000. — Trans. , 
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and the development of the root of this equation which approaches zero with y 
is given by Lagrange’s formula in the form 

1 .2/" d"-! / 1 

X — y -• • • “f"- -I- 

^(0) 1.2 • • • n \^(®) 

where the subscript 0 indicates that we are to set x = 0 after performing the 
indicated differentiations. 

The problem just treated has sometimes been called the reversion of series. 

191. Analytic functions. In the future we shall say that a func¬ 
tion of any number of variables x, y, is analytic if it can be 

developed, for values of the variables near the point Sg, •••, 

in a power series arranged according to increasing powers of 
a: — y — yoi ^ — ^o) ** which converges for sufficiently small 
values of the differences x — a*o, - • •. The values which Xg, • 

may take on may be restricted by certain conditions, but we shall 
not go into the matter further here. The developments of the pres¬ 
ent chapter make clear that such functions are, so to speak, inter¬ 
related. Given one or more analytic functions, the operations of 
integration and differentiation, the algebraic operations of multipli¬ 
cation, division, substitution, etc., lead to new analytic functions. 
Likewise, the solution of equations whose left-hand member is ana¬ 
lytic leads to analytic functions. Since the very simplest functions, 
such as polynomials, the exponential function, the trigonometric 
functions, etc., are analytic, it is easy to see why the first functions 
studied by mathematicians were analytic. These functions are still 
predominant in the theory of functions of a complex variable and in 
the study of differential equations. Nevertheless, despite the funda¬ 
mental importance of analytic functions, it must not be forgotten 
that they actually constitute merely a very particular group among 
the whole assemblage of continuous functions.* 



192. Plane curves. Let us consider an arcAR of a plane curve. 
We shall say that the curve is analytic along the arc AB '\i the 
coordinates of any point M which lies in the neighborhood of any 
fixed point Afg of that arc can be developed in power series arranged 
according to powers of a parameter t — tf^, 

9 ( a; = ^(t) = Xq -f- «! (^ — + ^2 (^ — H - h ~ ^o)" H - > 

which converge for sufficiently small values of ^ 


* In the second volume an example of a non-analytic function will be given, all of 
whose derivatives exist throughout an Interval (a, h ). 
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A point xMq will be called an ordinary point if in the neighbor* 
hood of that point one of the differences y — y^, a: — a;® can be 
represented as a convergent power series in powers of the other. 
If, for example, y — Vo can be developed in a power series in 

a: — a:o, 

(60) y _ 2/y = Ci(a: — + Cj (x — x^y -{ - c^(x — 4-^ 

for all values of x between — h and Xq -+- A, the point (a:^, y^) is 
an ordinary point. It is easy to replace the equation (60) by two 
equations of the form (59), for we need only set 


(61) 


X = Xq t — t^j 

y = 2/o H- (^j — 4) 4- 


4 - c„(t - t^y + 


If Cl is different from zero, which is the case in general, the equa- 
tion (60) may be solved for a: — in a power series in y — which 
is valid whenever y — y© is sulBBciently small. In this case each of 
the differences x — y — y^ can be represented as a convergent 
power series in powers of the other. This ceases to be true if Cy is 
zero, that is to say, if the tangent to the curve is parallel to the 
X axis. In that case, as we shall see presently, x — Xq may be devel¬ 
oped in a series arranged according to fractional powers of y — y^. 
It is evident also that at a point where the tangent is parallel to 
the y axis a: — can be developed in power series in y — y^,, but 
y — y© cannot be developed in power series in cc — a:©. 

If the coordinates (x, y) of a point on the curve are given by the 
equations (59) near a point TI/q, that point is an ordinary point if 
at least one of the coefficients , hi is different from zero.* If Ui 
is not zero, for example, the first equation can be solved for i — t© 
in powers of x — x^^, and the second equation becomes an expansion 
of y — y© in powers of x — x„ when this solution is substituted for 

t Iq. 

The appearance of a curve at an ordinary point is either the cus¬ 
tomary appearance or else that of a point of inflection. Any point 
which is not an ordinary point is called a sinyular point. If all 
the points of an arc of an analytic curve are ordinary points, the 
arc is said to be regular. 


• This condition is sufficient, but not necessary. However, the equations of any 
curve, near an onlinaiy point A/i©, «»aj/ always be written in such a way that Ox and 
6| do not both vanish, hy a suitable choice q/* the parameter. For this is aotuaUy 
accomplished in equations (Cl). See also second footnote, p. 4C9 .—Traki. 
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If each of the coefiEicients and bi is zero, but aa, for example, 
is different from zero, the first of equations (59) may be written in 

the form (x - Xo)^ = (^ — ^o) [«2 + (^ — M H-, where the right- 

hand member is developable according to powers of t ~ Hence 
t -- to is developable in powers of (x — and if ^ the 

second equation of (59) be replaced by that development, we obtain 
a development fox* y — 2/o powers of (x x^)^: 

y-.y^ = Ci(x — Xo)-t- C 2 (x — Xo)^H- Cs(x — Xq)^-{ -. 

In this case the point (x^, y©) is usually a cusp of the first kind.* 
The argument just given is general. If the development of 
a: — xo in powers of t — begins with a term of degree n, y — yo 
can be developed according to powers of (x — Xq). The appearance 
of a curve given by the equation (59) near a point (x^, yg) is of 
one of four types : a point with none of these peculiarities, a point 
of inflection, a cusp of the first kind, or a cusp of the second kind.* 


193. Skew curves. A skew curve is said to be analytic along an arc 
AB if the coordinates x, y, s of a variable point M can be developed 
in power series arranged according to powers of a parameter t — 

r £C = Xg -f tti (i — <o) + * ■ * + ^nif “ + * * ■> 

(62) -{ y = yo + ^o) H-b “ ^o)" H-» 

t 2! = fiTg -f- Cl (« — ^o) H --|- c„ (^ — ^o)" + • - •, 


in the neighborhood of any fixed point Mq of the arc. A point 
Mq is said to be an ordinary point if two of the three differences 
X — Xg, y — Vo, — ^0 developed in power series arranged 

according to powers of the third. 

It can be shown, as in the preceding paragraph, that the point 
Jl/g will surely be an ordinary point if not all three of the coefficients 
tti, vanish. Hence the value of the parameter t for a singular 
point must satisfy the equations t 



• For a cusp of the first kind the tangent lies between the two branches. For a 
cusp of the second kind both branches lie on the same side of the tangent. The 
point is an ordinary point, of course, if the coefficients of the fractional powers 
happen to be all zeros.— Trans. 

t These conditions are not sufficient to make the point 3/o, which corresponds to 
a value fg of the parameter, a singular point when a point M of the curve near Mo 
corresponds to several values of t which approach to as M approaches 3fo* Such is 
the case, for example, at the origin on the curve defined by the equations z= 

y—t*f z= 
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Let Xq, 2 / 0 , Zq be the coordinates of a point ili'o on a skew curve r 
whose equations are given in the form 

(63) I^(x, y, «) = 0, i?*! (x, y, fif) = 0, 

where the functions i^and arepower series in a: — Xq, y — z _ 

The point will surely be an ordinary point if not all three of 
the functional determinants 

-Fi) -Fi) DjF, J-i) 

Z)(a:, y') ’ Z)(y, «) ’ D(«, ar) 

vanish simultaneously at the point x = aio, y = Por if 

the determinant D{F, Fi)/Z)(x, y), for example, does not vanish at 
M^y the equations (63) can be solved, by § 188, for a: — Xo and y ^y^ 
as power series in » — 

194- Surfaces. A surface S will be said to be analytic throughout 
a certain region if the coordinates x, y, z of any variable point M 
can be expressed as double power series in terms of two variable 
parameters f — fo u — iiq 

rx — Xq = aio(f — fo) + aoi(“ — ^ 0 ) 4- 1 

(64) j y — yo = *io(« — <o) + *01 (“ — «o) H-, 

[z — Zo = Cio(t — #0) + Co, (u — M„) H-, 

in the neighborhood of any hxed point Mq of that region, where 
the three series converge for sufficiently small values of t — and 
u — Wo- A point Mq of the surface will be said to be an ordinary 
point if one of the three differences x — Xq, y — y©, » — Zq can be 
expressed as a power series in terms of the other two. Every point 
Mq for which not all three of the determinants 

^(yi g) as) D(x, y) 

D(t, u)* D(ty uY D(t, u) 

vanish simultaneously is surely an ordinary point. If, for exam¬ 
ple, the first of these determinants does not vanish, the last two of 
the equations (64) can be solved for f — f© w — w©? first 

equation becomes an expansion of x — x© in terms of y — y© and 
z — Zq upon replacing t — Iq and u — ?<© by these values. 

Let the surface S be given by means of an unsolved equation 
F(xj y, z) = 0, and let x©, y©, «© be the coordinates of a point Af© 
of the surface. If the function F(x, y, z) is a power series in 
^ y — yoj « “ «o> ®^d if not all three of tlie partial derivatives 
dF/dXfjy dF/dy^y dF/dz^ vanish simultaneously, the point AT© is surely 
an ordinary point, by § 188. 
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Note. The definition of an ordinary point on a curve or on a sur¬ 
face is independent of the choice of axes. For, let (ccq, i/o> ^o) be an 
ordinary point on a surface S. Then the coordinates of any neigh¬ 
boring point can* be written in the form (64), where not all three of 
the determinants D{y, z)/D(t, u), D{z, x)/D{ty w), X)(x, y)/D(t, u) 
vanish simultaneously for ^ u = Uq. Let us now select any new 
axes whatever and let 

.Y = a^x + p^y + y^z -f 
Y = a^x -f p2y + + ^2, 

Z ■= <x^x -Y Pzy yz^ 


be the transformation which carries ar, y, z into the new coordinates 
JV, Y, Z, where the determinant A = K, Z)/D(xy y, z) is differ¬ 

ent from zero. Replacing x, y, ^ by their developments in series 


(64), we obtain three analogous developments for Xy Yy Z \ 
cannot have 


DjXy Y) _ D(Yy Z) _ D(Zy X 
D(ty u) D(t, u) D(ty u) 


and we 


for t =^tfyj u = UQy since the transformation can be written in the form 


x = Ai X + Bi Y ^\.Z , 

y = H“ ^2 F C^Z 4 ” 1^21 

z = A^X -Y Y -Y zZ -Y 


and the three functional determinants involving X, K, Z cannot 
vanish simultaneously unless the three involving x, y, z also vanish 
simultaneously. 


IV. TRIGONOMETRIC SERIES MISCELLANEOUS SERIES 

195. Calculation of the coefficients. The series which we shall study 
in this section are entirely different from those studied above. 
Trigonometric series appear to have been first studied by D. Ber¬ 
noulli, in connection with the problem of the stretched string. The 
process for determining the coefficients, which we are about to give, 
is due to Euler. 

Let/(a:) be a function defined in the interval (a, h). We shall 
first suppose that a and b have the values — tt and 4- tt, respec¬ 
tively, which is always allowable, since the substitution 

2irx — (a-\-b)7r 


* See footnote, p. 408. — Trans. 
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reduces any case to the preceding. Then if the equation 

(65) /(«) = ~ 4- (aicosx-t-^isinaj) H-h(a„cosmx4-5„sinma:)4- <.. 

holds for all values of £c between — tt and + tt, where the coefficients 

* • *> unknown constants, the following device 

enables us to determine those constants. We shall first write down 
for reference the following formulae, which were established above, 
for positive integral values of m and n: 


( 66 ) 


ii: 


sin mx dx = 0; 





cos mx dx = 0, 


if wi. ^ Oj 


— IT 





cos mx cos nx dx 


— tr 



4 - fr 


— TT 


COS (m — 71) X cos (m + n)x , .« 

-^^ dx = 0, if 


m ^ n 


+ ™- 


cos® Tnx dx = 


— n 



+ 7r 


1 4- cos 2mx 


dx = TT, if m ^ 0; 


— TT 



+ n 


sin mx sin nx dx 


— IT 



cos (tti. — n)x — cos (m 4“ w)x , yv 
-^^ dx = 0, if m 


n; 


•IT 



+ n 


sin® mx dx = 


-•ir 



+ w 


1 — cos 2mx 


dx =s TT, if m 0; 



+ ir 


sin mx cos nx dx 




/ sin (m + n)x -K sin (m — n)x ^ ^ 

2 

Integrating both sides of (65) between the limits — tt and 4- 
the right-hand side being integrated term by term, we find 



which gives the value of Oq. Performing the same operations upon 
the equation (65) after having multiplied both sides either by cos mx 
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or sin mx, the only term on the right whose integral between - vr 
and + -TT is different from zero is the one in cos^j/ia: or in sin^vioc. 

Hence we find the formula 



+ W 


cos mx dx = 7ra„, 



+ IT 


sin mx dx — 7r6„, 


respectively. The values of the coefficients may be assembled as 
follows: 


(67) 




I 


+ n 


The preceding calculation is merely formal, and therefore tenta¬ 
tive. For we have assumed that the function /(a ) can be developed 
in the form (65), and that that development converges uniformly 
between the limits - tt and + tt. Since there is nothing to prove, 
a priori, that these assumptions are justifiable, it is essential that 
we investigate whether the series thus obtained converges or not. 
Replacing the coefficients and bi by their values from (67) and 
simplifying, the sum of the first (m + 1) terms is seen to be 


5 


m+1 


1 


But by a well-known trigonometric formula we have 


—|- ( 5 QS a -h cos 2<i + • • • + cos nia — 
2 


whence 


2m 4-1 
sin-::- a 


o • ® 

2 sin 2 


X 


+ rr 


Sin 


2ni +1 


(a-x) 


2 sin 


a — x 


da, 


or, setting a = x 2y, 


ir^x 


( 68 ) 


/ 


The whole question is reduced to that of finding the limit of this 
sum as the integer m increases indefinitely. In order to study this 
question, we shall assume that the function /(x) satisfies the fol- 

lowing conditions: 



414 


SPECIAL SERIES 


[IX, § 196 


1) The function y’(x) shall be in general continuous between — tt 
and 4- tt, except for a finite number of values of a;, for which its value 
may change suddenly in the following manner. Let c be a ntunber 
between — tt and -|- tt. For any value of c a number h can be found 
such that is continuous between c ^ h and c and also between 
c and c + h. As c approaches zero, f(c -f- c) approaches a limit which 
we shall call f(c + 0). Likewise, f(c — c) approaches a limit which 
we shall call f{c — 0) as « approaches zero. If the function f(x) 
is continuous for x = c, we shall have/(c) =/(c + 0) =/(c — 0). If 
f(c 4- 0) ^ /(c — 0), f(x) is discontinuous for x = c, and we shall agree 
to take the arithmetic mean of these values [/(c + 0) -i-/(c — 0)]/2 
for/(c). It is evident that this definition of/(c) holds also at points 
where/(a:) is continuous. We shall further suppose that/(— tt 4- c) 
and /(tt — e) approach limits, which we shall call /(— tt 4- 0) and 
/(tt — 0), respectively, as « approaches zero through positive values. 
The curve whose equation is must be similai* to that of 

Fig. 11 on page 160, if there are any discontinuities. We have 
already seen that the function/(a;) is integrable in the interval from 


— TT to + TT, and it is evident that the same is true for the product 
oif(x) by any function which is continuous in the same interval. 

2) It shall be possible to divide the interval (— tt, -f tt) into a 
finite number of subintervals in such a way that/(a:) is a monoton- 
ically increasing or a monotonically decreasing function in each of 
the subintervals. 

For brevity we shall say that the function f(x) satisfies Dirichlei^s 
conditions in the interval (— tt, + tt). It is clear that a function 
which is continuous in the interval (— tt, 4- tt) and which has a 
finite number of maxima and minima in that interval, satisfies 
DirichleFs conditions. 


196. The integral ^*^f(x) [sin nx/sinxjdx. The expression obtained 
^ni + i leads us to seek the limit of the definite integral 



sin nx , 

—:- ax 

sin X 


as n becomes infinite. The first rigorous discussion of this ques¬ 
tion was given by Lejeune-Dirichlet.* The method which we shall 
employ is essentially the same as that given by Bonnet.t 


• CreUe*s Joumai, Vol. IV, 1829. 

t Mtmoires des savants strangers pubUds par I’Acaddiuie de Belgique, Vol. XXUt 
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Let us first consider the integral 



where A is a positive number less than tt, and is a function 

which satisfies Dirichlet^s conditions in the interval (0, h). If 
is a constant C, it is easy to find the limit of J. For, setting y = nx, 


we may write 



and the limit of / as n becomes infinite is C7r/2, by (39), § 176. 

Next suppose that <^(ar) is a positive monotonically decreasing 
function in the interval (0, ?i). The integrand changes sign for 
all values of x of the form kw/n. Hence J may be written 

y —1^0 — tti + Ws —-1-(—- 1-(—0<^< 1, 


where 


u.= 


f 

tjkn 


a-+i)»r 


nx 


dx 


and where the upper limit h is supposed to lie between ntTr/n and 
{m + l)'Tr/n. Each of the integrals is less than the preceding. 
For, if we set nx = Aitt + y in w*, we find 


X 


and it is evident, by the hypotheses regarding c^(x), that this inte¬ 
gral decreases as the subscript k increases. Hence we shall have 

the equations 

/ = Wo — (?ti — «2) — («3 — W 4 )-» 

y = — Ml + (m 2 — Ms) + (M4 — Mb) H-, 

which show that J lies between and Mq — Mi. It follows that J is 
a positive number less than Mq, that is to say, less than the integral 



n 


, , sinnx J 


But this integral is itself less than the integral 

^(+ 0 ) = r^j^dy=AH+0), 

Jq ^ Jo J 

where A denotes the value of the definite integral //[(sin y)/y] dy. 
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The same argument shows that the definite integral 

X h * 

, , smraa; 

^ dx, 

where c is any positive number less than h, approaches zero as n 
becomes infinite. If c lies between (i - V)Tr/n and iir/n, it can be 
shown as above that the absolute value of J< is less than 


in 


(»‘+l)ir 

/ , Sin na; _ 

X a: 

+ 

n 

1 ^(a;) ax 

%/iw •© 



11 


and hence, a fortiori, less than 



n c 


Hence the integral approaches zero as n becomes infinite.* 

This method gives us no information if c = 0. In order to dis¬ 
cover the limit of the integral J, let c be a number between 0 
and h, such that is continuous from 0 to c, and let us set 

= <A(c) -h Then ^(a?) is positive and decreases in the 

interval (0, c) from the value 0) - </»(c) when a: = 0 to the 
value zero when a: = c. If we write J in the form 


J 


- ♦w/'si 


sin nx 


X 


dx -f- 


jf «■") - 


sin nx 


X 


dx 


J r*h 

[ , , . sinnx , 

'^(*) dx 

Q X 


and then subtract (7r/2) ^(+ 0), we find 


(70) 




+f^ - 


siUTu; 


X 


dx 


f *(0,) E 


sinnc 


X 


dx. 


In order to prove that J approaches the limit (ir/2) d,(+ 0), it will 
be sufficient to show that a number m exists such that the absolute 

that formula ^ ® ftmotlon. 


y* 0 ( 3 :) 


sin nx 




and the right-hand member evidently approaches 


sero. 
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value of each of the terms on the right is less than a preassigned 
itive number c/4 when n is greater than ///. By the remark 
^de above, the absolute value of the integral 



^ . sin nx , 
\p{x) - dx 


X 


is less than ^iA(+ 0) = A [<#>(+ 0) - <^(c)]. Since <i>(x) approaches 
0) as X approaches zero, c may be taken so near to zero that 
0) — <#>(^)] ('^/2)[<^(+ 0) - <^(0] are both less than c/4. 

The number c having been chosen in this way, the other two terms 
on the right-hand side of equation (70) both approach zero as n 
becomes infinite. Hence n may be chosen so large that the abso¬ 
lute value of either of them is less than c/4. It follows that 


TT 


lim J = ~2 ^)* 


ns A 


(71) 

We shall now proceed to remove the various restrictions which 
have been placed upon <#)(x) in the preceding argument. If <^(x) is 
a monotonically decreasing function, but is not always positive, the 
function = 4>{^) + C is a positive monotonically decreasing func¬ 
tion from 0 to h if the constant C be suitably chosen. Then the 
formula (71) applies to <p{x). Moreover we may write 



nx 


dx 



sin nx 

X 


dx 



sin nx 

X 


dxy 


and the right-hand side approaches the limit (7r/2)i/f(-f 0) - (7r/2)C, 

that is, (7r/2) <!>{+ 0)* 

If is a monotonically increasing function from 0 to A, — 
is a monotonically decreasing function, and we shall have 



sinnx 

x 


dx 


I. 


nx 


dx. 


Hence the integral approaches (7r/2)<^(-|- 0) in this case also. 

Finally, suppose that <^(x) is any function which satisfies Dirich- 
let’s conditions in the interval (0, h). Then the interval (0, 
may be divided into a finite number of subintervals (0, a), (a, b), 
(b, c), ■ ■ ; (I, h), in each of which <#>(x) is a monotonically increasing 
or decreasing function. The integral from 0 to a approaches the limit 
(7r/2) 0). Each of the other integrals, which are of the type 



Sin nx 


dx, 


X 
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approaches zero. For if is a monotonically increasing function 
for instance, from a to 6, an auxiliary function can be formed 
in an infinite variety of ways, which increases monotonically from 
0 to I*, is continuous from 0 to a, and coincides with from a to 6 
Then each of the integrals 

J f' . , s sin nx _ sin nx 

~ I - dx 

0 ^3 X 

approaches i^(+ 0) as n becomes infinite. Hence their difference 

which is precisely H, approaches zero. It follows that the formula 

(71) holds for any function which satisfies Dirichlet’s condi- 
tions in the interval (0, A). 

Let us now consider the integral 

where f(x) is a positive monotonically increasing function from 
0 to A. This integral may be written 


^ = / /(^) ^- - dx. 

Ja L ^ ^ sin a J x * 

and the function ,^(x) = f(x) x/sin x is a positive monotonically 

increasing function from 0 to Ji. Since /(+ 0) = «^(+ 0), it follows 
that 


(73) 


lini I = ~ f{+0). 

ns «> ^ 


This formula therefore holds if /(x) is a positive monotonically 

increasing function from 0 to h. It can be shown by successive 

steps, as above, that the restrictions upon f(x) can all be removed 

and that the formula holds for any function /(x) which satisfies 
Dirichlet’s conditions in the interval (0, h). 


197. Fourier series. A trigonometric series whose coefficients are 
given by the formulae (67) is usually called a Fourier series. Indeed 
It was Fourier who first stated the theorem that any function arii- 
trarily define in an interval of length may be represented by a 
senes of that type. By an arbitrary function Fourier understood 
a function which could be represented graphioaUy by several our- 
nlinear arcs of curves which are usually regarded as distinct curves. 
We sha,U render this rather vague notion precise by restricting our 
discussion to functions which satisfy Diriohlef s conditions. 
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In order to show that a function of this kind can be represented 
bv a Fourier series in the interval (- tt, + tt), we must find the 
limit of the integral (68) as m becomes infinite. Let us divide 
this integral into two integrals whose limits of integration are 
0 and (TT - x)/2, and - (tt + x)/2 and 0, respectively, and let us 
make the substitution y = -z in the second of these integrals. 
Then the formula (68) becomes 


-Sm+i = 


-f 


_ sin (2m +±)z 



f(x - 2z) 


sm z 


When X lies between — tt and + w, (tt — x)/2 and (tt + x)/2 both 
lie between 0 and w. Hence by the last article the right-hand 
side of the preceding formula approaches 


+ 0) + J/(^ - 0)] 


as m becomes infinite. It follows that the series (65) converges and 
that its sum is /(x) for every value of x between - w and + tt. 

Let us now suppose that x is equal to one of the limits of the 
interval, - w for example. Then S„ +, may be written in the form 





tr 



^ , sin(27n. +l) y , 
" + sin y 

sini?™^/ 

smy 


X 


The first integral on the right approaches the limit/(— tt 0)/2, 
Setting y = TT — » in the second integral, it takes the form 

1 s sin(2m-t-l)« , 

- I f(’ir-2z) -- '—dz, 

which approaches /(w - 0)/2. Hence the sum of the trigonometric 

series is [/(tt _ 0) +/(- w 4- 0)] /2 when x = - tt. It is evident 

that the sum of the series is the same when x = -f tt. 

If, instead of laying off x as a length along a straight line, we 

lay it off as the length of an arc of a unit circle, counting m the 
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positive direction from the point of intersection of the circle with 
the positive direction of some initial diameter, the sum of the series 
at any point whatever will be the arithmetic mean of the two limits 
approached by the sum of the series as each of the variable points 
m’ and m", taken on the circumference on opposite sides of m, 
approaches ni. If the two limits — tt + 0) and ^(tt — 0) are 
different, the point of the circumference on the negative direction 
of the initial line will be a point of discontinuity. 


In conclusion, every function which is defined in the interval 
(— TT, -f- tt) and which satisfies Dirichlefs conditions in that inter¬ 
val may he represented by a Fourier series in the same interval. 


More generally, let fix) be a function which is defined in an 
interval (a, a + 27r) of length 27r, and which satisfies Dirichlet's 
conditions in that interval. It is evident that there exists one and 
only one function F(x) which has the period 27r and coincides with 
f(x) in the interval (a, a 27r). This function is represented, for 
all values of x, by the sum of a trigonometric series whose coeffi¬ 
cients a^ and b^ are given by the formulae (67): 


1 

a^ = — I F(x) cos mx dx, 

J-IT 


1 

b„ = — I F(x) sin mxdx. 

—It 


The coefficient for example, may be written in the form 




cos mx dx + 



a—2Air 


F(x) cos mx dx, 


where a is supposed to lie between 2^7r — tt and 2A7r + tt. Since 
F{x) has the period 27r and coincides with f(x) in the interval 
(a, a + 27r), this value may be rewritten in the form 





cos mx dx 



cos mx dx . 


cos mxcZx 


Similarly, we should find 

■A + 

(75) b„ = — I f(x) sin mxdx, 

*J a 

Whenever a function fix) is defined in any interval of length 27r, 
the preceding forinulaj enable us to calculate the ooeflioients of its 
development in a Fourier series without reducing the given interval 
to the interval (— tt, + tt). 
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198. Examples. 1) Let us find a Fourier series whose sum is — 1 for 
< X < 0, and + 1 for 0 < x < + tt. The formulee (67) give the values 


Oo 


1 /’O 1 r” 

= 1 ( -(ix + - / dx = 0. 

7t J — tr “Tt J Q 




-i r**- 

It 


cosmx<ix + 


- r 

n Jo 


cos mx dx = 0, 




1 z*® 1 r'" 

— I — sin mxdx H— / si 

7t J — ir ft Jo 


sin wix dz = 


2 — cos mn — cos (~ mn ) 

vxn 


If m is even, 6^ is zero. If m is odd, is 4/m;r. Multiplying all the coeffi¬ 
cients by we see that the sum of the series 



sinx 




sin 3x 
“3 



sin(2m + l)x 

2/71 -H 1 



is — 7f/4 for — ?r < X < 0, and n/\ for 0 < x < ;r. The point x = 0 is a point 
of discontinuity, and the sum of the series is zero when x = 0, as it should be. 
More generally the sum of the series (76) is flr/4 when sinx is positive, — n/\ 
when sin x is negative, and zero when sin x = 0. 

The curve represented by the equation (76) is composed of an infinite number 
of segments of length n of the straight lines y = ± 7r/4 and an infinite num¬ 
ber of isolated points (y = 0, x = kn) on the x axis. 

2) The coefficients of the Fourier development of x in the interval from 0 to 
2;r are 


Oo = 

1 

ft J 

/i2»r 

( xdx — 2 ft, 

'o 






1 

( X cos mx dx = 

'o 

(“X sin mx~ 

2 n 

+ 

0 

1 

^ 27r 

1 sin 7nx dx = 0, 

'o 

ft J 

L ^^ft 

mft 


1 

p 27r 

1 X sin 7nx dx = — 
'o 

px cos mx~ 


1 

2 

cos mx dx = - 

'o m 

Om — 

ft J 

L mft 

mft J 


Hence the formula 

X ft sin X sin 2x sin 3x 
2 ~ 2 1 2 3 


is valid for all values of x between 0 and 27r. If we set y equal to the series on 
the right, the resulting equation represents a curve composed of an infinite num¬ 
ber of segments of straight lines parallel to y = x/2 and an infinite number of 
isolated points. 


Note. If the function /(x) defined in the interval (— tt, -1- tt) is even, that i.s 
to say, if/(— x) =/(x), each of the coefficients 6„, is zero, since it is evident that 


C 0 

I fix) sin iTCx dx 
J —n 



sin mxdx. 


Similarly, if /(x) is an odd function, that is, if /(— x) = —/(x), each of the 
coefficients a™ is zero, including uq. A function /(x) which is defined only in 
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the interval from 0 to tt may be defined in the interval from ^ ^ to 0 by either 
of the equations 

/(- z) =/(x) or /(- X) = -/(X) 

if we choose to do so. Hence the given function f{x) may be represented either 
by a series of cosines or by a series of sines, in the interval from 0 to ;r. 


199. Expansion of a continuous function. Weierstrass’ theorem. Let/(x) be a 
function which is defined and continuous in the interval (a, b). The following 
remarkable theorem was discovered by Weierstrass : Given any preaasigned posU 
live number c, a polynomiaX P(x) can always be found such that the difference 
fix) — P(x) is less than c in absolute value for all values of x in the interval (a, 6 ). 

Among the many proofs of this theorem, that due to Lebesgue is one of the 
simplest.* Let us first consider a special function ^(x) which is continuous in 
the interval (— 1 , + 1 ) and which is defined as follows: \f'(x) = 0 for — 1 <x< 0 , 
^(a:) = 2kz for 0 ^ x < 1, where is a given constant. Then ^(x) = (x + |x|)A:. 
Moreover for — 1 < x < +1 we shall have 

|x| = Vl-(l-x'^), 

and for the same values of x the radical can be developed in a uniformly con- 
vergent series arranged according to powers of (1 — x^). It follows that |x|, and 
hence also '/'(x), may be represented to any desired degree of approximation in 
the interval (— 1 , + 1 ) by a polynomial. 

Let us now consider any function whatever, /(x), which is continuous in 
the interval (a. b), and let us divide that interval into a suite of subintervaU 
(Uo t ui), («!, 02 ), ■ ■ •, (Uii-i, ««)» where a = ao<ai<a 2 <---< a„_i < o„ = b, 
in such a way that the oscillation of f{x) in any one of the subintervals is less 
than €/2. Let L be the broken line formed by connecting the points of the 
curve y =/(x) whose abscissae are oo, ai 7 U 2 » • ■ The ordinate of any point 

on L is evidently a continuous function 0 (x), and the difference f{x) — ^(x) is 
less than e/2 in absolute value. For in the interval (a^_i, a^), for example, 
we shall have 

/(X) - ^(x) = [/(X) -e) + [fix) -f{a^)}e, 

where x — a^_i = 6{atx — Since the factor $ is positive and less than 

unity, the absolute value of the difference / — 0 is less than c(l — ^ + ©)/2 = c/ 2 . 
The function ^(x) can be split up into a sum of n functions of the same type as 
V'(x). For, let Ao^ .4i, . 43 , • • •, .<4„ be the successive vertices of L, Then ^(x) 
is equal to the continuous function (x) which is represented throughout the 
interval (a, b) by tlie straight line AqA^ extended, plus a function ^i(x) which 
is represented by a broken line A»A\ • ■ ■ AU whose first side AhA{ lies on the 
X axis and whose other sides are readily constructed from the sides of L. Again, 
the function 0 i{x) is equal to the sum of two functions ^3 and where ^3 is 
zero between uo and ui, and is represented by the straight line AiA^ extended 
between a\ and b, while ^3 is represented by a broken line At/Ai'A^'* •»Ai' whose 
first three vertices lie on the x axis. Finally, we shall obtain the equation 
0 = V'l + ^8 + • • * + » where 0 ,' is a continuous function which vanishes 

between oo and 0,-1 and which is represented by a segment of a straight line 


•Bulletin sciences math^niatiques, p. 279, 1898. 
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between a,-i and h. If we then make the substitution JC = mx + n, where m 
and n are suitably chosen numbers, the function ^i(x) may be defined in the 
interval (- 1. + 1) by the equation 

^i(x) = kiX + \X\), 

and hence it can be represented by a polynomial with any desired degree of 
approximation. Since each of the functions ^i (x) can be represented in the 
interval (a, b) by a polynomial with an error less than £/2n, it is evident that the 
sum of these polynomials will differ from/(x) by less than c. 

It follows from the preceding theorem that any function f{x) which is contin- 
tutus in an interval (a, b) may be represented by an infinite series of polynomials 
which converges uniformly in that inlervaX. For, let Ci, € 2 , • • •, €ni • • • be a sequence 
of positive numbers, each of which is less than the preceding, where €« approaches 
zero as n becomes infinite. By the preceding theorem, corresponding to each of 
the c’s a polynomial Pi(x) can be found such that the difference /(x) — Pi (x) is 
less than u in absolute value throughout the interval (a, 6). Then the series 

Pi(^c) + [^2(3^) ~ Pi(*)] + • • -f [P„(x) — Pn-i(x)] 4- . • • 

converges, and its sum is/(x) for any value of x inside the interval (a, b). For 
the sum of the first n terms is equal to P„ (x), and the difference /(x) — jS„ , which 
is less than approaches zero as n becomes infinite. Moreover the series con¬ 
verges uniformly, since the absolute value of the difference/(x) — S„ will be less 
than any preassigned positive number for all values of n which exceed a certain 
fixed integer N, when x has any value whatever between a and 6. 


200. A continuous function without a derivative. We shall conclude this chapter 
by giving an example due to Weierstrass of a continuous function which does 
not possess a derivative for any value of the variable whatever. Let 6 be a posi¬ 
tive constant less than unity and let a be an odd integer. Then the function 
P(x) defined by the convergent infinite series 


+ « 


(78) 


F{x) = ^ 6“ cos (o" Ttx) 


n~0 


is continuous for all values of x, since the series converges uniformly in any 
interval whatever. If the product ab is less than unity, the same statements 
hold for the series obtained by term-by-term differentiation. Hence the func¬ 
tion F{x) possesses a derivative which is itself a continuous function. We shall 
now show that the state of affairs is essentially different if the product ab exceeds 
a certain limit. 

In the first place, setting 


we may write 



m —I 

^ 6'*{cos[a";r(x -|- A)] — cos(a"?rx)}, 

n= 0 


1 

= - ^ b"{cos[a«7r(x 

nss m 


4 - A)] — cos (a" ttx)} , 




(79) 


A 
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On the other hand, it is easy to show, by applying the law of the mean tp the 
function cos(a"7rx), that the difference cos[a«ff(a; + A)] — co 8 ((r* 9 rx) is less than 
ira» IAI in absolute value. Hence the absolute value of 8m is less than 


m —1 

- j.- a« 6”» — 1 
TT a"o" — ft —:-— , 

0 


a6 — 1 


and consequently also less than 7r{db)”*/{ab — 1), if oh > 1. Let us try to find a 
lower limit of the absolute value of Rm when h is assigned a particular value 
We shall always have 

a"X = dm -h imy 

where am is an integer and lies between — 1/2 and + 1/2. If we set 



a”* 


where em is equal to i 1, it is evident that the sign of A is the same as that of 
Cm, and that the absolute vaUe of A is less than 3/2a»». Having chosen A in this 
way, we shall have 

a«7r(x + A) = a«-"»a"*?r(x + A) = a”~”*7r{am + c^). 

Since a is odd and c^ = ±1, the product + Cm) is even or odd with 

+ and hence 

cos [a" ;r{x + A)] = (— !)“«+1. 

Moreover we shall have 


cos(a"7rx) = cos(a'»'”‘a”»«'x) = cos[a"-"*7r{am + fm)] 

= cos (a" dm yt) cos (a« - "• n ), 

or, since a"-"»£rm is even or odd with Hm, 

cos(a»7rx) = (—l)«-*cos(o"-"»$m;r). 

It follows that we may w'rite 


— 


-—- ^ cos(a"-”»|m?r)]. 


nsB m 


Since every term of the series is positive, its sum is greater than the first term, and 
consequently it is greater than 6"* since lies between - 1/2 and + 1/2. Hence 


or, since | AI < 3/2a»", 


hm 


«m I > g (aft)-" . 


If a and b satisfy the inequality 
(80) 

we shall have 


oA >1 -f 


,m 


whence, by (79), 


2 ^ ;r(a6) 


F(x + A) — F(») 


2 


a6 — 1 — 




Zjt 

2 
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As m becomes infinite the expression on the extreme right increases indefinitely, 
while the absolute value of h approaches zero. Consequently, no matter how 
small € be chosen, an increment h can be found which is less than c in abso¬ 
lute value, and for which the absolute value of [F{x + A) — F(x)]/A exceeds any 
preassigned number whatever. It follows that if a and b satisfy the relation (80), 
the function F{x) possesses no derivative for any value of x whatever. 


EXERCISES 


1. Apply Lagrange’s formula to derive a development in powers of x of that 
root of the equation = ay x which is equal to a when x = 0. 

2. Solve the similar problem for the equation y — a + xy'" + * = 0. Apply the 
result to the quadratic equation a — 6x -f cx* = 0. Develop in powers of c that 
root of the quadratic which approaches a/6 as c approaches zero. 

3. Derive the formula 


4, Show that the formula 

X X 




2 Vl -H x/ 


Vl+”x 1 + X 2 \1 X 
holds whenever x is greater than — 1/2. 


2 1 
+ 


2.4 




• • • 


6. Show that the equation 


1 2x 

X = —-— 

2 l-f x2 2 


1 / 2x Y [ 1.3 / 2 x V 

. 4 \1 + x2/ 2.4.6 Vl + x2/ 


+ 


• • 


+ x2/ ■ 2.4.6 VI -f x2 

holds for values of x less than 1 in absolute value. What is the sum of the series 
when IXI > 1 ? 


6. Derive the formula 




V 1 1 

4 - x)-" = — 1- 

' a'‘ a + X 


nx ^n(ii—1) 


1.2 


/ X Y n(n—l)(n —2)/ x \ 
\a + x/ 1.2.3 \a + x/ 


8 


+ 


1 


7. Show that the branches of the function sin mx and cos mx which reduce 
to 0 and 1, respectively, when sinx = 0 are developable in series according lo 
powers of sin x : 


sin mx 


r. m^-l . . . (m2-l)(7n2-9) . , I 

L 1.2.3 1.2.3.4.5 J 


cos mx = 1 — 


m 


2 


sin^x + 


m2 (m* ~ 4) . 


1.2 1 . 2 . 3.4 

[Make use of the differential equation 


sin^ X — 


(1 - y^) ^ 

dy 2 dy 

which is satisfied by u = cosfnx and by u = sinmx, where y = sinx.J 

8. From the preceding formulae deduce developments for the functions 

cos (n arc cos x), sin {n arc cos x). 



CHAPTER X 


PLANE CXTRVES 

The curves and surfaces treated in Analytic Geometry, properly 
speaking, are analytic curves and surfaces. However, the geomet¬ 
rical concepts which we are about to consider involve only the exist¬ 
ence of a certain number of successive derivatives. Thus the curve 
whose equation is y = f(x) possesses a tangent if the function /(x) 
has a derivative ^ radius of curvature if y'(x) has a 

derivative y"(x); and so forth. 

I. ENVELOPES 

201. Determination of envelopes. Given a plane curve C whose 
equation 

(1) y, a) = 0 

involves an arbitrary parameter a, the form and the position of the 
curve will vary with a. If each of the positions of the curve C is 
tangent to a fixed curve E, the curve E is called the envelope of the 
curves C, and the curves C are said to be enveloped by E. The 
problem before us is to establish the existence (or non-existence) of 
an envelope for a given family of curves C, and to determine that 
envelope when it does exist. 

Assuming that an envelope E exists, let (x, y) be the point of tan- 
gency of E with that one of the curves C which corresponds to a cer¬ 
tain value a of the parameter. The quantities x and y are unknown 
functions of the parameter a which satisfy the equation (1), In 
order to determine these functions, let us express the fact that the 
tangents to the two curves E and C coincide for all values of a. 
Let Bx and By be two quantities proportional to the direction cosines 
of the tangent to the curve C, and let dx/da and dy/da be the 
derivatives of the unknown functions x = ^(a), y « Then a 

necessary condition for tangency is 

dx dy 

da _ da 

&c Sy 
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On the other hand, since a in equation (1) has a constant value for 
the particular curve C considered, we shall have 


(3) 


|^8, + |rSy = 0, 

cx oy 


which determines the tangent to C. Again, the two unknown func¬ 
tions a: = <^.(a)- V = >/'(“) satisfy the equation 

/(^. 2 /, «) = 

also, where a is now the independent variable. Hence 


(4) 


dx da du da da 


or, combining the equations (2), (3), and (4), 



The unknown functions x = </,(a), rj = are solutions of this equa¬ 
tion and the equation (1). Hence the equation of the envelope, in 
case an envelope exists, is to be found by eliminating the parameter a 

between the equations f=0,dflda = 0. 

Let R{x, y) = 0 be the equation obtained by eliminating a between 
rl'l and (5), and let us try to determine whether or not this equation 
represents an enve’ope of the given curves. Let C„ be the particu¬ 
lar curve which corresponds to a value «„ of the parameter, and let 
(xo, yo) be the coordinates of the point of intersection of the 


two curves 

( 6 ) 


f{x, y, ao) = 0 > 



The equations (1) and (5) have, in general, solutions of the form 
X = </>(«), y = which reduce to x„ and yo, respectively, for 

a = Hence for a = a„ we shall have 




g/ 

dyo Wa 



0 


This equation taken in connection with the equation (3) shows 
that the tangent to the curve Co coincides with the tangent to the 
curve described by the point (x, y), at least unless df/cx and Sff^y 
are both zero, that is, unless the point is a singular point for the 
curve C„. It follows that the equation R{x, y) = 0 represents either 
the envelope of the curves C or else the locus of singular points on 

these curves. 
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This result may be supplemented. If each of the curves C has 
one or more singular points, the locus of such points is surely a part 
of the curve R{x, y) = 0. Suppose, for example, that the point (a;, y\ 
is such a singular point. Then x and y are functions of a which 
satisfy the three equations 


Vy «) = 0 , 




and hence also the equation df/da = 0. It follows that x and y 
satisfy the equation R(xj y) — 0 obtained by eliminating a between 
the two equations / =0 and df/da — 0. In the general case the 
curve R(xj y) = 0 is composed of two analytically distinct parts 
one of which is the true envelope, while the other is the locus of 
the singular points. 


Example. Let us consider the family of curves 


f{x, y, a) = y^ — y’* + (a: — ay = 0. 

The elimination of a between this equation and the derived equation 

If = -2(="-“) = 0 

gives y< — y2 = 0, which represents the three straight lines y = 0 
y = + l, y== —1. The given family of curves may be generated 
by a translation of the curve y* — y^ + = 0 along the x axis. 

This curve has a double point at the origin, and it is tangent to 
each of the straight lines y = ± 1 at the points where it cuts the 
y axis. Hence the straight line y = 0 is the locus of double points 
whereas the two straight lines y = ± 1 constitute the real envelope. 

202. If the curves C have an envelope E, any point of the envelope 
is the limiting position of the point of intersection of two curves of 

the family for which the values of the parameter differ by an infinin 
tesimal. For, let 

(7) A^y Vy a) = 0, f(xj y, a -h A) = 0 

be the equations of two neighboring curves of the family. The 
equations (7), which determine the points of intersection of the two 
curves, may evidently be replaced by the equivalent system 

f(x, y, a) = 0, / fe y’ « + - A»> y» «) 0, 

A ' 
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the second of which reduces to dfjda = 0 as A approaches zero, that 
is as the second of the two curves approaches the first. This prop¬ 
erty is fairly evident geometrically. In Pig. 37, a, for instance, the 
point of intersection N of the two neighboring curves C and C' 
approaches the point of taiigency M as C' approaches the curve C 




Fig. 37, b 


as its limiting position. Likewise, in Fig. 37, 6, where the given 
curves (1) are supposed to have double points, the point of intersec¬ 
tion of two neighboring curves C and C approaches the point where 

C cuts the envelope as C' approaches C. 

The remark just made explains why the locus of singular points 

is found along with the envelope. For, suppose that /"(x, y, a) is a 
polynomial of degree m in a. For any point 2/o) chosen at 

random in the plane the equation 

(8) /(a:o, 2/o) ^ 

will have, in general, vt distinct roots. Through such a point there 
pass, in general, m different curves of the given family. But if the 
point Mo li^s on the curve jR(x, y) = 0, the equations 

/(a^o. 2/o. “) = 0, ^ = ® 

are satisfied simultaneously, and the equation (8) has a double root. 
The equation Ii(x, y) = 0 may therefore be said to represent the 
locus of those points in the plane for which two of the curves of 
the given family which pass through it have merged into a single 
one. The figures 37, a, and 37, 6, show clearly the manner in which 
two of the curves through a given point merge into a single one as 
that point approaches a point of the curve i?(x, y) = 0, whether on 
the true envelope or on a locus of double points. 
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Note. It often becomes necessary to find 
of curves 


the envelope of a family 


(9) F(x, y, a, fi) = 0 

whose equation involves two variable parameters a and h, which 
themselves satisfy a relation of the form h) =. 0. This case 
does not differ essentially from the preceding general case, however 
for h may be thought of as a function of a defined by the equation 
<f> = 0. By the rule obtained above, we should join with the given 
equation the equation obtained by equating to zero the derivative 
of its left-hand member with respect to a: 


dF dFdb 
da db da 



But from the relation ^) = 0 we have also 

d<b d<f> db _ 

da db da ’ 

whence, eliminating dh/da^ we obtain the equation 



dFd4> 

da db db da * 


which, together with the equations F — 0 and <^ = 0, determine the 
required envelope. The parameters a and b may be eliminated 
between these three equations if desired. 


203. Envelope of a straight line. As an example let Us consider the equation 
of a straight line 2) in normal form 


<11) X cos q: + y sin a — f(a) = 0, 

where the variable parameter is the angle a. Differentiating the left-hand side 
with respect to this parameter, we find as the second equation 

(12) — X sin a + y cos nr — f^{a) = 0. 

These two equations (11) and (12) determine the point of intersection of any 
one of the family (11) with the envelope £ in the form 


^ 13 ) ( « =/(a)cos a sin 

( y =/(«) sin a +/'(«) coser. 

It is easy to show that the tangent to the envelope if which is described by this 
point (x, y) is precisely the line D, Eor from the equations (18) find 



whence dy/dx 


( dx = - [/(a) + r'ioc)} sin a da , 

(= [/(a) + /''(cr)] QOS a da, 

= - cot a, which is precisely the slope of the line iX 
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Moreover^ if s denote the length of the arc of the envelope from any fixed 
point upon it, we have, from (14), 


whence 


ds = y/dz^ + di/^ = ± [/(tr) + /"{«)] da , 
s = ± ^ J • 


Hence the envelope will be a curve which is easily rectifiable if we merely choose 

for/(a) the derivative of a known function.* 

As an example let us set/(a) = i sin a cos a. Taking y == 0 and x = 0 suc¬ 
cessively in the equation (11), we find (Fig. 38) OA = I sin a, OB = I cos o', 
respectively; hence AB = 1. The required 
curve is therefore the envelope of a straight 
line of constant length I, whose extremities 
always lie on the two axes. The formulae 
(13) give in this case 

x = fsin8a, y = fcos®a, 
and the equation of the envelope is 


©■• - =■ ■ 



a * 


Fio. 38 


which represents a hypocycloid with four 
cusps, of the form indicated in the figure. 

As a varies from 0 to n'/2, the point of con- 

tact describes the arc DC. Hence the length of the arc, counted from D, is 

SI . 


<r 3c 

s= f 31 sin a cos a da =—sin^ a. 


Let I be the fourth vertex of the rectangle determined by OA and OB, and M 
the foot of the perpendicular let fall from I upon AB. Then, from the tri¬ 
angles AMI and APM, we find, successively, 

AM = AIcosa = l cos2 a, AP = AM sma = I cos^ a sin a. 

Hence OP = OA — AP = I sin^a, and the point M is the point of tangency of 
the line AB with the envelope. Moreover 

BM — I — AM = I sin* a ; 


hence the length of the arc DM = SBM/2. 


* Each of the quantities which occur in the formula for s, s^/'i<x) +//(«) dor. 
has a geometrical meaning: a is the angle between the x axis and the 
ON let fall upon the variable line from the origin; /(a) is the distance ON from t^ 
origin to the variable line; and /'(a) is, except for sign, the 
the point 3f where the variable line touches its envelope to the foot N 
dicu^r let fall upon the line from the origin. The formula for « is often called 

Legendre^e formula. 
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204. Envelope of a circle. Let us consider the fewnily of circles 
(16) (x - a)2 + (y — 6)a — p2 = 0, 

where a, 6, and p are functions of a variable parameter t. The points where a 
circle of this family touches the envelope are the points of intersection of th« 
circle and the straight line ® 

(16) (x - a)a' + (y — 6)6' + pp' = o. 

This straight line is perpendicular to the tangent MT to the curve C described 
by the center (a, 6) of the variable circle (16), and its distance from the center is 

where s denotes the length of 
curve C measured from 
some fixed point. Consequently, if the 
line (16) meets the circle in the tWo 
^ points N and N', the chord NN' is 
/d bisected by the tangent UT at right 
/ angles. It follows that the envelope 
consists of two parts, which are, in 
general, branches of the same analytic 

curve. Let us now consider several 
special cases. 

1) If p is constant, the chord of con¬ 
tact NN' reduces to the normal to 
the curve C, and the envelope is com- 

posed of the two parallel curves Ci and 
Cl which a,re obtained by laying off the constant distance p along the normal 
on either side of the curve C, rmai, 

2) If P = 3 + we have p dp/da = p, and the chord JW' reduces to the tan- 

pnt to the circle at the point Q. The two portions of the envelope are merited 

into a single curve r, whose normals are tangents to the curve C. The curve C 

18 called the evoltUe of r, and, conversely, r is called an involute of C (see S 2061 

If dp>ds, the straight line (16) no longer cuts the circle, and the envelona ii 
imaginary. ** 

Secondari/ caustics. Let us suppose that 
the radius of the variable circle is propor¬ 
tional to the distance from the center to a 
fixed point O. Taking the fixed point O as 
the origin of coordinates, the equation of the 
circle becomes 

(x - a)2 + (y - 6)3 = jfc3(a2 + b'2 ), 

where X: is a constant factor, and the equation 
of the chord of contact Is 

(X - a)a' + (y - 6)6' + *»(oa' + 66^ = 0. 

If S and S' denote the distances from the 

center of the circle to the chord of contact and to the parallel to it through the 
origin, respectively, the preceding equation shows that S = I^S'. he a 

point on the radius MO (Fig. 40), such that MP = 1^210, and let C he the 
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lociifl of the center. Then the equation just found shows that the 
l^t ia the perpendicular let fall from P upon the tangent to C at the center M. 
us Bup^oTe that fe is less than unity, and let E denote that branch of the 
nvelope Which lies on the same side of the tangent MT as does the point O. 

t and r, respectively, denote the two angles which the two lines an 
jtfiVinake with the normal 3// to the curve G. Then we shall have 


. . Mq 

sini = —. 


Mp 

sin r = — 
MN 


sin i _ 3f q _ _ 1 ^ 

ihi r "■ 3fp ~ ~ ^ 


Now let us imagine that the point O is a source of light, and that the curve C 
sep^^ls a ceruin homogeneous medium in which O lies from another med.um 
whose index of refraction with respect to the first is \/k. After re rac 
incident ray OJif will be turned into a refracted ray iVf/;, which, by the law 
"Son, U the extension of the line NM. Hence all the refracted rays JfK 
are normal to the envelope, which is called the secondary caustic of ^efracliom 
The true caustic, that is, the envelope of the refracted rays, is t le evo u 

"*°Tht*Z:oL branch E' of the envelope evidently has no physical meaning; 
it would correspond to a negative index of refraction. If we set - 1, the 
envelope E reduces to the single point 0, while the portion E becomes e ocus 
of the points situated symmetrically with O with respect to the J 

This portion of the envelope is also the secondary caustic of r^ection for me - 
dent rays reflected from C which issue from the fixed point O. It may be shown 
to a manner similar to the above that if a circle be described about each point o 
C with a radius proportional to the distance from its center to a fixed straight 
JnZthe envelope of the family will be a secondary caustic with respect to a 

system of pau'allel rays. 

II. CURVATURE 


205. Radius of curvature. The first idea of curvature is that the 
curvature of one curve is greater than that of another if it recedes 
more rapidly from its tangent. In order to render this somewhat 
vague idea precise, let us first consider the case of a circle. Its 
curvature increases as its radius diminishes; it is therefore quite 
natural to select as the measure of its curvature the simplest func¬ 
tion of the radius which increases as the radius diminishes, that 
is, the reciprocal 1/R of the radius. Let A B be an arc oi a. circ e 
of radius which subtends an angle a> at the center. e ang e 
between the tangents at the extremities of the arc AB is also oi, and 
the length of the arc is s = Rw. Hence the measure of the curva¬ 
ture of the circle is o>/s. This last definition may be extended to 
an arc of any curve. Let A B be an arc of a plane curve without a 
point of inflection, and o. the angle between the tangents at the 
Ltremities of the arc, the directions of the tangents being taken 
in the same sense according to some rule, —the direction from A 
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toward B, for instance. Then the quotient <o/arc is called 
anerage curvature of the arc AB. As the nnint rt o . “ 

point d this quotient in general approaches a limit, wW^hls clued 

curvature at the point A. The 
curvature at the point A is 
defined to be the radius of the circle 
which would have the same curvature 
which the given curve has at the point 
A ; It IS therefore equal to the recipro¬ 
cal of the curvature. Let s be the 
j length of the arc of the given curve 
measured from some fixed point, and 
« the angle between the tangent and 
the a; axis, for example. Then it is clear 



o 


Fig. 41 

some fixed direction,— 

that th. aveaag, ourvaU.,; o'f tU:’J.' t" 

^ ~ 

J? = ±lim —= ±^. 

An: rfrt 

Let us suppose the equation of the given curvp to Lo o i j ^ 
in th. to™ , Then we .hall ^ 


cc = arc tan y', 
and hence 
(17) 


da = 


y”dx 

1 + y 




ds = vr+ y'2 


dx, 


y” 


Since the radius of curvature is essentially positive the si^ 
indicates that we are to take the absolute value of the e ^ 

on the right. If a length equal to the radius of Ivalur^TeTd 

whichTh the side toward 

which the curve is concave, the extremity I is called the ^ 

curvature. The circle described about I as center with R as^a^d^*^ 

.. ..ii»i th. w../ Th, .oi,xt:.rs, 

center of curvature satisfy the two equations ^ ^ ^ 

(*1 - a:) + (yi - y)y' = 0, (a:, _ xy+(p^ _ - (^ + y'*)" 

yffS ^ 

Which express the fact that the point lies on the normal at a di» 
t»0. «X. r„„ th«. .,u.tio.. w. a.d, o« ellh^S^t,;^ 
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Iq order to tell which sign should be taken, let us note that if y' is 
positive, as in Fig. 41, 2/1 — y must be positive; hence the positive 
sign should be taken in this case. If 2 /" is negative, 2/1 — 2 / is nega¬ 
tive, and the positive sign should be taken in this case also. The 
coordinates of the center of curvature are therefore given by the 

formulae 


y\ 


1+2/’" 


Xj — X = 


, 1 + //'" 


(18) 

When the coordinates of a point (x, y) of the variable curve are 
given as functions of a variable parameter /, we have, by § 33, 




dx d^y — dyd^ 

y =- 


and the formulae (17) and (18) become 




R=± 


{dx^ + dy^) 




dx d^y — dy d^x 

dyjdx^ + c?2/") ^ 
dx d^y — dy d^x 


2/1 - 3/ = 


dx{dx^ -f d? 2 /^) 
dx dP-y — dy d^x 


At a point of inflection y" = 0, and the radius of curvature is 
infinite. At a cusp of the first kind y can be developed according 
to powers of in a series which begins with a term in x ; hence 
y' has a finite value, but y" is infinite, and therefore the radius of 

curvature is zero. 


Note. 

curve, 


When the coordinates are expressed as functions of the arc « of the 

x = 0(s), y = 


the functions 4> and ^ satisfy the relation 

0'2(S) + f'^{s)=l, 

since -1- dy'^ = dsP and hence they also satisfy the relaUon 

= 0. 


Solving these equations for <f>' and we find 

., <P" 

^ = — € —■ f 

^ V <p"^ -h 

where € = dz 1, and the formula for the radius of curvature takes on the espe 
cially elegant form 

(20) i = [«"(»)]*+[r(»)]*- 
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206. Evolutes. The center of curvature at any point is the limit¬ 
ing position of the point of intersection of the normal at that point 
with a second normal which approaches the first one as its limiting 
position. For the equation of the normal is 

where X and Y are the running coordinates. In order to find the 
limiting position of the point of intersection of this normal with 
another which approaches it, we must solve this equation simulta- 
neously with the equation obtained by equating the derivative of the 
left-hand side with respect to the variable parameter x, i.e. 

The value of Y found from this equation is precisely the ordinate 
of the center of curvature, which proves the proposition. It follows 
that the locus of the center of curvature is the envelope of the 
normals of the given curve, i.e. its evolute. 

Before entering upon a more precise discussion of the relations 
between a given curve and its evolute, we shall explain certain con¬ 
ventions. Counting the length of the arc of the given curve in a 
definite sense from a fixed point as origin, and denoting by a the 
angle between the positive direction of the x axis and the direction 
of the tangent which corresponds to increasing values of the arc, 
we shall have tan a: = ± y', and therefore 

cos (x = =b 

On the right the sign -|- should be taken, for if x and s increase 
simultaneously, the angle a. is acute, whereas if one of the varia¬ 
bles X and s increases as the other decreases, the angle a is obtuse 
(§ 81). Likewise, if ^ denote the angle between the y axis and the 
tangent, cos ^ = dy/ds. The two formulae may then be written 



cos a = 


dx 

ds 


dy 

sin a = 

ds 


where the angle a is counted as in Trigonometry. 

On the other hand, if there be no point of inflection upon the 
given arc, the positive sense on the curve may be chosen in such a 
way that s and or increase simultaneously, in which case R = ds/da 
all along the arc. Then it is easily seen by examining the two 
possible cases in an actual figure that the direotiou of the segment 
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starting at the point of tlie curve and going to the center of curva¬ 
ture makes an angle = a + 7r/2 with the x axis. The coordinates 
(^ij ^i) center of curvature are therefore given by the formulae 


Xj = a; + i? cos 



X — R sin a 




2/1 


= y R sin/« + = 2/ 4- ^ cos or, 


whence we find 


dxi = cos a ds — R cos a da — sin a dR — — sin a dR , 
dyx = sin a ds — R sin a da -4- cos a dR = cos a dR. 

In the first place, these formulae show that dy^jdx-^ = — cot a, which 
proves that the tangent to the evolute is the normal to the given 
curve, as we have already seen. Moreover 


= dx\ + = dR"^ y 


dsy^=.:t.dR. Let us suppose for definiteness that the radius 
of curvature constantly increases as we proceed along the curve C 
(Fig. 42) from to il/ 2 , and let us choose the positive sense of 

motion upon the evolute {D) in such a way 
that the arc Si of (/>) increases simultane¬ 
ously with R. Then the preceding formula 
becomes ds^ = dR, whence $,_ = R -\- C. It 
follows that the arc Iili = R^ — Rm we 
see that the length of any arc of the evolvte 
is equal to the difference between the two 
radii of curvature of the curve C which cor- 
respond to the extremities of that arc. 

This property enables us to construct the 
involute C mechanically if the evolute (Z)) be ^2 

wiven If a string be attached to (/>) at an 
Lbitrary point A and rolled around (Z>) to thence following the 
tangent to the point will describe the involute C as the 

string, now held taut, is wound further on round (/>). This con¬ 
struction may be stated as follows : On each of the tangents IM o 
the evolute lay off a distance IM = I, where Z -f s = const., s being 
the length of the arc yl/ of the evolute. Assigning various values 
to the constant in question, an infinite number of involutes may be 
drawn, all of which are obtainable from any one of them by laying 
off constant lengths along the normals. 
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All of these properties may be deduced from the general formula 
for the differential of the length of a straight line segment (§ 82) 

dl ^ — du-i cos 0)1 — dtr^ cos 0)2. 

If the segment is tangent to the curve described by one of its 
extremities and normal to that described by the other, vre may set 
toi — nry <1)2 = '7r/2, and the formula becomes dl — d<Ti — 0. If the 
straight line is normal to one of the two curves and I is constant, 
dl = 0, cos <1)1 = 0, and therefore cos 0)3 = 0. 

The theorem stated above regarding the arc of the evolute depends 
essentially upon the assumption that the radius of curvature con¬ 
stantly increases (or decreases) along the whole arc considered. If 
this condition is not satisfied, the statement of the theorem must 
be altered. In the first place, if the radius of curvature is a maxi¬ 
mum or a minimum at any point, dR = 0 at that point, and hence 

dxy == dyx = 0, Such a point is a cusp on 
the evolute. If, for example, the radius 
of curvature is a maximum at the point M 
(Fig. 43), we shall have 

arc //i = /JW — 7iAfi, 
arc 7/3 = 737 — 7a 37a i 

whence 

arc 7 i 773 = 2737 — 7i37i — 7a373. 

Hence the difference 7i37i — is equal 

to the difference between the two arcs Tly and and not their sum. 

% 

207. Cycloid. The cycloid is the path of a point upon the circumference of a 
circle which rolls without slipping on a fixed straight line. Let us take the 




fixed line as the x axis and locate the origin at a point where the point chosen on 
the circle lies in the x axis. When the circle has roUed to the point J (Fig. 44) 
the point on the circumference which was at O has come into the position J7, 
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■where the circular arc IM is equal to the segment Oi- Let us talw the ^ 

between the radu CJlf and Cl as the variable parameter. Then the coordinates 

of the point 3f are 

X = OI - IP = R(p - R shop, y = MP = IC CQ - R - R 

where P and Q are the projections of on the two lines OI and IT, respec¬ 
tively. It is easy to show that these formul® hold for any value o t e ang e 
In one complete revolution the point whose path is sought descri ea ® 
OBOi. If the motion be continued indefinitely, we obtain an mfimte number 
of arcs congruent to thU one. From the preceding formula we find 

x=R{<p- sin <t>), dx = R{\- cos 4>) d<f >, = R sin <p d0^ 

y = R(1 - cos 0), dy = R sin 0 d0. d^y = R cos 0 dp ^. 

and the slope of the tangent is seen to he 

dy _ sin <p _ 
dx 1 — cos 0 

which shows that the tangent at M is the straight line 3fT, since the angle 

MTC = 0/2, the triangle MTC being isosceles. Hence ^ ^ ® 

straight line MI through the point o£ Ungency I of the fixed straight line wi h 
the moving circle. For the length of the arc of the cycloid we find 


0 

= cot -» 
2 




or 


(is = 2Rsin^d0, 

A 


d<f^ [sin20 + (1 - cos 0)*] = sin^ - d0» 

if the arc he counted in the sense in which it increases with 0. Hence, counting 
the arc from the point O as origin, we shall have 


= 4B (l - cos I) 


Setting 0 = 2*, we find that the length of one whole section OBO, is 8K. Th 
length of the arc OMB from the origin to the maximum B is 
the length of the arc BM (Fig. 44) is 4B cos 0/2. :^om mangle MTC 
length of the segment 3f T is 2B cos 0/2 ; hence arc BM -IMl. 

Again, the area up to the ordinate through M is 

A = dx = j^*R2 (1 - 2 cos 0 + COB* 0) d0 

cos20\ , 

__w. 



2 COB 0 + 


or 


-{ 1 - 


2 8in0 + 


sin 20\ 

4 / 


R2. 


Hence the area bounded by the whole arc OROx and the base 00, U 3;rR*, that 

is, three times the area of the generating circle. (Galileo.) 

The formula for the radius of curvature of a plane curve gives for the cycloid 


P- 


8R8 sin* ^ d 08 

2R*sin*|d0» 

2 




= 4R8in 
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On the other hand, from the triangle Ml = 2B sin ^/2. Hence p = 

and the center of curvature may be found by extending the straight line MI 
past I by its own length. This fact enables ns to determine the evolute easily. 
For, consider the circle which is symmetrical to the generating circle with 
respect to the point I. Then the point M' where the line MI cuts this second 
circle is evidently the center of curvature, since M'l = MI. But we have 

arc T'M' ~ -jtR — arc = "itR — arc J-W = jtR — O/, 
or 

arc T'M' = OH — OI = IH = T'B '. 

Hence the point M' describes a cycloid which is congruent to the first one, the 
cusp being at B' and the maximum at O. As the point M describes the arc 
the point M' describes a second arc B'Oi which is symmetrical to the arc 
OB' already described, with respect to BB'. 


208. Catenary. The catenary is the plane curve whose equation with respect 
to a suitably chosen set of rectangular axes is 


( 21 ) 




X 


) 


Its appearance is indicated by the arc MAM' in the figure (Fig. 46). 





From (21) we find 

_ (eS + e~s)* _ 

4 

If 4 * denote the angle which the tangent TM makes with the x axis, the formula 
for y' gives 

X __ X 

2 _ a 

* v* 

c« + e ® ^ 


sin 0 = 


e" — c 


COS0 = 


c« + e « 

The radius of curvature is given by the formula 

„ _ (1+V'*)* _ »* 

-a‘ 

But, in the triangle MPN^ MP = MN cos ^; hence 




COB^ 
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It follows that the radius of curvature of the catenary is 
the normal MN. The evolute may he found without difficu y 

The length of the arc of the catenary is given by the formula 



0- 


or 8 = y sin ,/>. If a perpendicular Pm he dropped from P (Fig. 46) upon the 
tangent MT, we find, from the triangle PMm, 

Mm = MP sin = 5. 

Hence the arc AM is equal to the distance Mm. 

209. Tractrix. The curve described by the point m (Fig. 45) is called the 
tractrix It is an involute of the catenary and has a cusp at the point A. le 
length of the tangent to the tractrix is the distance mP. But, in the triang e 
MPm mP = y cos 4> = a -, hence the length mP measured along the tangent to 
the trkctrix from the point of tangency to the x axis is constant and equal to a. 

The tractrix is the only curve which has this property. .1 . 

Moreover, in the triangle MTP. Mm x mT ^ Hence the product of the 
radius of curvature and the normal is a constant for the tractrix. This property 
is shared, however, by an infinite number of other plane curves. 

The coordinates (zi, Vi) of the point m are given by the formula 


Xi = X — s cos <p = 


yi =i y — s sin <p = 


X ^ * 

c“ — 

X — a ■ > 

* —5 

c« + e ® 

2a 


X _ X 

+ e “ 


or, setting = tan»/2, the equations of the tractrix are 


( 22 ) 


, / 0 

xi = a cos 0 + a log I tan - 


;) 


yi = asintf. 


As the parameter 0 varies from 7t/2 to ff, the point (ii, 2 / 1 ) describes the arc 
Amu, approaching the i axis as asymptote. As 0 varies from 7r/2 to 0, the 
point (xi, yi) describes the arc Am'n% symmetrical to the first with respect to 
the y axis. The arcs Amn and Am'n' correspond, respectively, to the arcs AM 

and AM' of the catenary. 

210. Intrinsic equation. Let us try to determine the equation of a plane 
curve when the radius of curvature R is given as a function of the arc 8, 
= 4 >{s). Let a be the angle between the tangent and the x axis; then 

R = ± ds/da^ and therefore 

_L. _4. ^ 

do: = ± — = ± —— • 

R ^(«) 


a = ao i 



ds 


A first integration gives 
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and two further integrations give x and y in the form 

x = a:oH- f cosads, y = yo + f sinads. 

4 

The curves defined hy these equations depend upon the three arbitrary con* 
stants Xo * 2/Oi and aa. But if we disregard the position of the curve and think 
only of its form, we have in reality merely a single curve. For, if we first con¬ 
sider the curve C defined by the equations 


X 




ds 

^(s) 


ds, 


^Ms: 



the general formulse may be written in the form. 

X = xo + -X* cos ao — y Bin ao , 
y = yo X sin a© + V cos oro > 

if the positive sign be taken. These last formulse define simply a transforma¬ 
tion to a new set of axes. If the negative sign be selected, the curve obtained 
is symmetrical to the curve C with respect to the X axis. A plane curve is 
therefore completely determined, in so far as its form is concerned, if its radius 
of curvature be known as a function of the arc. The equation R “ ^(b) is 
called the intrinsic equation of the curve. More generally, if a relation between 
any two of the quantities JB, s, and a be given, the curve is completely deter¬ 
mined in form, and the expressions for the cofirdinates of any point upon it 
may be obtained by simple quadratures. 

For example, if R be known as a function of cr, R =^(q:), we first find 

ds — f{a) da, and then 

dx = cos a/(a) da, 
dy = sin a/( a) da, 

whence x and y may be found by quadratures. If E is a constant, for instance, 
these formulm give 

X = Xo - 1 -12 sina, y = yo — ^ cos a, 


and the required curve is a circle of radius R. This result is otherwise evident 
from the consideration of the evolute of the required curve, which must reduce 
to a single point, since the length of its arc is identically zero. 

As another example let us try to find a plane curve whose radius of curva¬ 
ture is proportional to the reciprocal of the arc, 12 = a^/s. The formulm give 


and then 



Although these integrals cannot be evaluated in explicit form, it is easy to gain 
an idea of the appearance of the curve. As s increases from 0 to co, x and y 
each pass through an infinite number of maxima and minima, and they approach 
the same finite limit. Hence the curve has a s^ral form and approachea 
asymptotically a certain point on the line y s x. 
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III. CONTACT OF PLANE CURVES 

211 Order of contact. Let C and C be two plane curves which 
are tangent at some point A. To every point m on C let ns assign, 
according to any arbitrary law whatever, a point m on C, the on y 

requirement being that the point m 
should approach A with m. Taking 
the arc Am — or, what amounts to 
the same thing, the chord Am as 
the principal infinitesimal, let us first 
investigate what law of correspond¬ 
ence will make the order of the infin¬ 
itesimal mm' with respect to Am as 
large as possible. Let the two curves 

be referred to a system of rectangular ^ „ ,, ,. 

or oblique cartesian coordinates, the axis of ynot being parallel to the 

common tangent AT, Let 
(C) 

(C') Y=F{x) 

be the equations of the two curves, respectively, and let (xo, 2/o) be 
the coordinates of the point A. Then the coordinates of m will 
be fa: + /t /(x„ + A)], and those of to' will be [x„ + k, F{Xo + «)]. 
where k is’a function of h which defines the correspondence between 

the two curves and which approaches zero with h. 

The principal infinitesimal Am may be replaced by h = ap, for 
the ratio ap/Am approaches a finite limit different from zero as the 
point TO approaches the point A . Let us now suppose that toto is 
an infinitesimal of order r + 1 with respect to h, for a certain 
method of correspondence. Then toto'* is of order 2r + 2. If 0 
denote the angle between the axes, we shall have 

—+ k) -fix, + h) + ik- h) cos 0]^ + (A - hY sin» 0; 

hence each of the differences A - A and Fix, + A) - fix, + A) must 
be an infinitesimal of order not less than r + 1, that is. 


/c =: /a + aJY 


+ 1 


FK + A) -/(X„ + A) =/3A’-'-', 


where « and /3 are functions of A which approach finite limits as A 
approaches zero. The second of these formulse may be written in 

the form ^ ^ ^ ^ 
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If the expression F(Xq + 4 -f- be developed in powers of a 

the terms which contain cc form an infinitesimal of order not less 
than r 1. Hence the difference 

A = F(Xq 4- h) —/(Xo + 


is an infinitesimal whose order is not less than r + 1 and may exceed 
r + 1. But this difference A is equal to the distance mn between 
the two points in which the curves C and are cut by a parallel 
to the y axis through m. Since the order of the infinitesimal mm' 
is increased or else unaltered by replacing m' by Uy it follows that 
the distance between two corresponding points on the two curves is an 
infinitesimal of the greatest possible order if the two corresponding 
points always lie on a parallel to the y axis. If this greatest possi* 
ble order is r + 1, the two curves are said to have contact of order r 
at the point A. 


Notes. This definition gives rise to several remarks. The y axis 
was any line whatever not parallel to the tangent A T. Hence, in 
order to find the order of contact, corresponding points on the two 
curves may be defined to be those in which the curves are cut by 
lines parallel to any fixed line D which is not parallel to the tan¬ 
gent at their common point. The preceding argument shows that 
the order of the infinitesimal obtained is independent of the direc¬ 
tion of D, — a conclusion which is easily verified. Let mn and mm' 
be any two lines through a point m of the curve C which are not 
parallel to the common tangent (Fig. 46). Then, from the triangle 
mm'n, 

mm' sin mnm' 

mn sin mm'n 


As the point m approaches the point A, the angles mnm' and mm'n 
approach limits neither of which is zero or tt, since the chord m'n 
approaches the tangent A T, Hence mm*/mn approaches a finite 
limit different from zero, and mm' is an infinitesimal of the same 
order as mn. The same reasoning shows that mm' cannot be of 
higher order than mn, no matter what construction of this kind is 
used to determine m'" from m, for the numerator sin mnm' always 
approaches a finite limit different from zero. 

The principal infinitesimal used above was the arc Am or the 
chord Am. We should obtain the same results by taking the arc 
^n of the curve C* for the principal infinitesimal, since Am and An 
are infinitesimals of the same order. 
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If two curves C and C' have a contact of order r, pcunt^ 

on C may be assigned to the points to on m an " 

of ways which will make toto' an infinitesimal of order r- + 1^ - for 

that purpose it is sufficient to set . = A + ^ 

where a is a function of h which remains finite for A = 0 On the 

other hand, if s < r, the order of toto' cannot exceed s + • 

212 Analytic method. It follows from the preceding section that 
the order of contact of two curves C and C' is given by evaluating 

the order of the infinitesimal 

y - 2/ = F{x^ + K) -/(^o -f- 

with respect to h. Since the two curves are tangent at d 
PU,) =/(x„) and F'(r„) =/'(a-„). It may happen that others of the 

dLvatives are equal at the same point, and we shall suppose 
the sake of generality that this is true of the first n derivatives : 


(23) 


=/"(-ro). 


/.’'(zo) =/'(a-„), 

F'-'Orn) =/'’”(*o). 


but that the next derivatives andare unequab 

Applying Taylor’s series to each of the functions F{x) and/(x), we 

find 


h 


Y = F(Xo) + j F\Xo) + ■■■ 

+ utr. w c"" * “ w + o 


h 


y = /(^o) + j/'(^o) + ■ • ■ 




+<*•) + t/'- *" ■ 


or, subtracting, 

<«) >'-»=- + • - -'t 

where € and c' are infinitesimals. It follows that the order of contact 
of two curves is equal to the order n of the highest denvatxves of F(x) 

and fix) which are equal for a; = Xq. 

The conditions (23), which are due to Lagrange, are the necessary 

and sufficient conditions that x = x^ should be a multiple root of 

order n + 1 of the equation F{x) = f(x). But the roots of this 

equation are the abscissae of the points of intersection of the two 
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curves C and C '; hence it may be said that two curves which have 
contact of order n have n -h 1 coincident points of intersection. 

The equation (24) shows that Y ~ y changes sign with A if n is 
even, and that it does not if n is odd. Hence curves which have 
contact of odd order do not cross, but curves which have contact of 
even order do cross at their point of tangency. It is easy to see why 
this should be true. Let us consider for definiteness a curve C' 
which cuts another curve C in three points near the point A. If 
the curve C be deformed continuously in such a way that each of 
the three points of intersection approaches A, the limiting position 
of C' has contact of the second order with C, and a figure shows that 
the two curves cross at the point A. This argument is evidently 
general. 

If the equations of the two curves are not solved with respect to 
Y and y, which is the case in general, the ordinary rules for the 
calculation of the derivatives in question enable us to write down 
the necessary conditions that the curves should have contact of 
order n. The problem is therefore free from any particular diffi¬ 
culties. We shall examine only a few special cases which arise 
frequently. First let us suppose that the equations of each of the 
curves are given in terms of an auxiliary variable 


(O 




(CO 




and that i/^(?o) = <^(^o) and i/r'( 4 ) = <^'(^ 0 )) that the curves are tan¬ 
gent at a point A whose coordinates are /(^o)» <#>(^ 0 )- is not 

zero, as we shall suppose, the common tangent is not parallel to the 
y axis, and we may obtain the points of the two curves which have 
the same abscissae by setting u = t. On the other hand, » — *0 is of 
the first order with respect to t ~ to, and we are led to evaluate the 
order of tj/^t) — <(>(1) with respect to ^ In order that the two 

curves have at least contact of order n, it is necessary and sufficient 
that we should have 


( 26 ) ^(^o) = <t>(to), ^'(#0) = , 




and the order of contact will not exceed n if the next deriyatives 
(^o) and <^^'*■*■^^(^ 0 ) are unequal. 

Again, consider the case where the curve C is represented by the 
two equations 


(26) 
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and the curve C' by the single equation F(ar, y) = 0. This case may 
be reduced to the preceding by replacing x in F(x, y) by f(t) and 
considering the implicit function y = «A(0 defined by the equation 

(27) 'A(0] = 

Then the curve C' is also represented by two equations of the form 


(28) 2 : =f{t)y y = «A(0- 

In order that the curves C and C' should have contact of order n at 
a point A which corresponds to a value of the parameter, it is 
necessary that the conditions (25) should be satisfied. But the 
successive derivatives of the implicit function i//(0 are given by the 

equations 


(29) 


+ f f(0 = o, 


d^F 


dF 


dF 


+i^[f(or+:^/"(o + ^no = o, 


F 

I? C/'(0]" + 


+ -^»>(0 = o . 


Hence necessary conditions for contact of order n will be obtained 
by inserting in these equations the relations 

t = tQyX =/(^o)j = *^(^0)) 'A'(^o) = 


The resulting conditions may be expressed as follows: 


Let 

F(o=n/(o> 

then the two given cv/tves will hdve cut ledst contact of order n if and 
ordy if 

(30) F(^o) = 0, F'(^o) = 0, .. F">(io) = 0. 

The roots of the equation F(i) = 0 are the values of t which cor¬ 
respond to points of intersection of the two given curves. Hence 
the preceding conditions amount to saying that i is a multiple 
root of order n, i.e. that the two curves have w -f 1 coincident points 
of intersection. 
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213. Osculating curves. Given a fixed curve C and another curve 
C*' which depends upon + 1 parameters a, 6, c, • - - , 

(31) Vy a, ^ c, ■.., ^) = 0, 

it is possible in general to choose these n-\-X parameters in such a 
way that C' and C shall have contact of order n at any preassigned 
point of C, For, let C be given by the equations x y = 

rhen the conditions that the curves C and C' should have contact 

of order w at the point where t = are given by the equations (30) 
where ^ 

4>(ty, a, h, c, •••, l~^. 


If ta be given, these n +1 equations determine in general the n-j-l 

parameters a, h, c, • • •, 1 . The curve C obtained in this way is 
called an osculating cuTme to the curve C. 

Let us apply this theory to the simpler classes of curves. The 
equation of a straight line g = ax + b depends upon the two param¬ 
eters a and b ; the corresponding osculating straight lines will have 
contact of the first order. If y = f(x) is the equation of the curve C 
the parameters a and b must satisfy the two equations * 


/(i„) = axa + b, /'(*„) = a ; 


hence the osculating line is the 
expect. 

The equation of a circle 


ordinary tangent, as we should 


(32) (x-ay+(g-by-R^ = 0 

depends upon the three parameters a, b, and R ; hence the corre¬ 
sponding osculating circles will have contact of the second order. 
Let y = /(x) be the equation of the given curve C ; we shall obtain 
the correct values of a, b, and R by requiring that the circle should 
meet this curve in three coincident points. This gives, besides the 
equation (32), the two equations 


(33) x-a + (y-b)y' = 0, 1+y'» + (y — ^ q 

The values of a and b found from the equations (33) are precisely 
the cobrdinates of the center of curvature (§ 206) j hence the oscu¬ 
lating circle coincides with the circle of curvature. Since the con¬ 
tact is in general of order two, we may conclude that in general the 

ctrcle of curvature of a plane curve crosses the curve at their point 
of tangency. 
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All the above results might have been foreseen a priori. For 
since the coordinates of the center of curvature depend only on 
O' y y' and y", any two curves which have contact of the second 

^l-dlr have the same center of curvature. But the center of curva^ 

ture of the osculating circle is evidently the center 
itself; hence the circle of curvature must coincide with the oscu¬ 
lating circle. On the other hand, let us consider two circles of 
curvature near each other. The difference between their ladn, 
which is equal to the arc of the evolute between the two centers, 
is greater than the distance between the centers; hence one o 
the two circles must lie wholly inside the other, which could not 
happen if both of them lay wholly on one side of the curve Cm 
the neighborhood of the point of contact. It follows that they 


cross the curve C. , ^ , 

There are, however, on any plane curve, in general, certain pom s 

at which the osculating circle does not cross the curve; this excep¬ 
tion to the rule is, in fact, typical. Given a curve C' which depends 
upon n -1- 1 parameters, we may add to the « -1-1 equations (30) the 

new equation 

F'' + *>(«o) = 0 


provided that we regard ^ one of the unknown quantities and 
determine it at the same time that we determine the parameters 
a, 6, c, It follows that there are, in general, on any plane 

curve C, a certain number of points at which the order of con¬ 
tact with the osculating curve C' is n +1. For example, there are 
usually points at which the tangent has contact of the second order; 
these are the points of inflection, for which y" = 0. In order to find 
the points at which the osculating circle has contact of the third 
order, the last of equations (33) must be differentiated again, which 

gives 

3y'y" + (y-6)2/"' = 0, 


or finally, eliminating y — 

(34) (l+y'^)y"'-3yV'* = 0. 

The points which satisfy this last condition are those for which 
dRjdx = 0, i.e. those at which the radius of curvature is a maxi¬ 
mum or a minimum. On the ellipse, for example, these points are 
the vertices; on the cycloid they are the points at which the tan¬ 
gent is parallel to the base. 



450 


PLANE CURVES 


[X, {214 


214. Osculating curves as limiting curves. It is evident that an 
osculating curve may be thought of as the limiting position tof a 
curve C which meets the fixed curve C in n +1 points near a fixed 
point A of C, which is the limiting position of each of the points 
of intersection. Let us consider for definiteness a family of 
curves which depends upon three parameters a, b, and e, and let 
fn + hi, tf, + Aj, and + A, be three values of t near The curve 
C which meets the curve C in the three corresponding points is 
given by the three equations 




(35) F(^„ + A,) = 0, F(#„ + A,) = 0, F(<o4-Aa) = 0. 

Subtracting the first of these equations from each of the others and 

applying the law of the mean to each of the differences obtained 
we find the equivalent system * 


(36) F(^„ + /ii) = 0, F'(4 + A,) = 0, F'(<o+A3) = o, 

where ky_ lies between A, and Aj, and Aj between Aj and A,. Again 

subtracting the second of these equations from the third and apply! 

ing the law of the mean, we find a third system equivalent to either 
of the preceding, 


(37) F(^„ + Ai) = 0, F'(<o+Ai) = 0, F"(<o + ^,) = 0, 

where lies between Aj and A,. As A,, A,, and A, all approach 

zero, Ai, A^, and also all approach zero, and the preceding equa- 
tions become, in the limit, 


F(4) = 0, F'(«o) = 0, P'(<o) = 0, 

which aie the very equations which determine the osculating curve. 

The same argument applies for any number of parameters whatever. 

Indeed, we might define the osculating curve to be the limiting 

position of a curve C which is tangent to C atpoints and outs C 

at q other points, where 2^ + y = n + 1, as all these p + q points 
approach coincidence. 

For instance, the osculating circle is the limiting position of a 
circle which cuts the given curve C in three neighboring points. It 
is also the limiting position of a circle which is tangent to C and 
which cuts C at another point whose distance from the point of 
tangency is infinitesimal. Let us consider for a moment the latter 
property, which is easily verified. 

Let us take the given point on C as the origin, the tangent at 
that point as the x axis, and the direction of the normal toward thQ 
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center of curvature as the positive direction of the y axis.^ At the 
origin, y' = 0. Hence R = I/ 2 /", and therefore, by Taylor s series, 






where e approaches zero with x. It fol¬ 
lows that R is the limit of the expres¬ 
sion xV(2y) = as the point 

3/ approaches the origin. On the other 
hand, let Ri be the radius of the circle 
Cl which is tangent to the x axis at the 
origin and which passes through 3/. 
Then we shall have 



OP^ = Mm = MP(2Ri - MP ), 


op" _ _ 

23/P ‘ 2 

hence the limit of the radius Pi is really equal to the radius of 
curvature P. 


EXERCISES 

1. Apply the general formul® to find the evolute of an ellipse ; of an hyper- 
bola; of a parabola. 

2. Show that the radius of curvature of a conic is proportional to the cube 
of the segment of the normal between ite points of intersection with the curve 

and with an axis of symmetry. 

3. Show that the radius of curvature of the parabola is equal to twice the 
segment of the normal between the curve and the directrix. 

4 Let F and F' be the foci of an ellipse, M a point on the ellipse, MN the 
normal at that point, and N the point of intersection of that normal and the 
major axis of the ellipse. Erect a perpendicular NK to MN at A, meeting M 
at K. At K erect a perpendicular NO to MF, meeting MN at O. Show that 
O is the center of curvature of the ellipse at the point M. 

6 For the extremities of the major axis the preceding construction becomes 
illusory. Let AOA' be the major axis and BO'S the minor axis of the elU^e 
On the segments OA and OB construct the rectangle OA EB. ^totn B let fall 
a perpendicular on AB, meeting the major and minor axes at C and D, respec¬ 
tively. Show that C and D are the centers of curvature of the ellipse for the 

points A and B, respectively. 

6. Show that the evolute of the spiral p = ae”- is a spiral congruent to the 
given spiral. 



462 


PLANE CURVES 


[x, Ex8. 


7. The path of any point on the circumference of a circle which rolls with¬ 
out slipping along another (fixed) circle is called an epicycloid or an hypocycloid 
Show that the evolute of any such curve is another curve of the same kind. 

8. Tet be an arc of a curve upon which there are no singular points and 

no points of inflection. At each point m of this arc lay off from the point m 
along the normal at m a given constant length I in each direction. Let m. and 
wi -2 be Uie extremities of these segments. As the point m describes the arc AB 
the points mi and will describe two corresponding arcs and A B * 

S. S.. and S, are the 

lengths of the arcs AB, ^ i f?i, and B«, respectively, and where fl is the antde 
between the normals at the points A and B. It is supposed that the arc A, B. 
lies on the same side of AB as the evolute, and that it does not meet the evolute. 

[Licence, Paris, July. 1870.] 

9. Determine a curve such that the radius of curvatures p at any point M 
and the length of the arc s = AM measured from any fixed point A on the curve 
satisfy the equation as = p^ + a^, where a is a given constant length. 

[Licence, Paris, July, 1883.] 

10. Let C be a given curve of the third degree which has a double point 

at O. A right angle MON revolves about the point O, meeting the curve C in 
two variable points M and N . Determine the envelope of the straight line MN 
In particular, solve the problem for each of the curves \y^ = x® and x* + =: 

[Licence, Bordeaux, July, 1885.] 

11. Find the points at which the curve represented by the equations 

X = a(n<i» — sin w), y = a{n ~ cos w) 

has contact of higher order than the second with the osculating circle. 

[Licence, Grenoble, July, 1886.] 

12. Let m, mi, and ma be three neighboring points on a plane curve. Find 
the limit approached by the radius of the circle circumscribed about the triangle 
formed by the tangents at these three points as the points approach coincidence. 

13. If the evolute of a plane curve without points of inflection is a closed 

curve, the total length of the evolute is equal to twice the difference between the 

sum of the maximum radii of curvature and the sum of the minimum radii of 
curvature of the given curve. 

14. At each point of a curve lay off a conaUnt segment at a constant angle 
with the normal. Show that the locus of the extremity of this segment is a 
curve whose normal passes through the center of curvature of the given curve. 

15. Let r be the length of the radius vector from a fixed pole to any point of 
a pl^e curve, and p the perpendicular distance from the pole to the tangent. 
Derive the formula R = ± r dr/dp, where R is the radius of curvature. 

16. Show that the locus of the foci of the parabolas which have contact of 
the second order with a given curve at a fixed point is a circle. 

17. the locus of the centers of the ellipses whose axes have a fixed direc¬ 

tion, and which have contact of the second order at a fixed point with a given 
curve. ^ 
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SKEW CURVES 

I. OSCULATING PLANE 

215 . Definition and equation. Let MT be the tangent at a point M 
of a given skew curve V. A plane through MT and a point il/' of 
r near M in general approaches a limiting position as the point 
approaches the point M. If it does, the limiting position of the 
plane is called the osculating 'plane to the curve V at the point M. 
We shall proceed to find its equation. 

Let 

( 1 ) a ; =/(«), y = </>(<). « = «/'(0 

be the equations of the curve T in terms of a parameter tj and let t 
and ^ + A be the values of t which correspond to the points M and 
respectively. Then the equation of the plane MTM' is 

A{X - X) + B{Y - y) C {Z - z) = 0, 

where the coefficients A, B, and C must satisfy the two relations 

(2) Af{t) + B + C = 0, 

Expanding f{t + h), ^{t + h) and + h) by Taylor's series, the 
equation (3) becomes 

A I A/'(^) + Y2 + ^i] I + I + Y~2 + ^ 2 ] I H-= 0 • 

After multiplying by A, let us subtract from this equation the equa¬ 
tion ( 2 ), and then divide both sides of the resulting equation by 
Jt^/2. Doing so, we find a system equivalent to (2) and (3): 

Af\t) + B4>'{t) + = 0, 

AU"(f) + ^ 1 ] + + ^ 2 ] + Cir{t) + ^ 3 ] = 0 , 

where € 1 , co, and C 3 approach zero with A. In the limit as A 
approaches zero the second of these ecjuations becomes 

(4) Af\t) + B + C = 0. 
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Hence the equation of the osculating plane is 

(5) A(X -x)A- B(Y - y) -f C = 0, 

where A, B, and C satisfy the relations 



A dx Bdy A-C dz = 0, 
A d‘^x A- Bd^y A-Cd^z = 0. 


The coefficients Aj B, and C may be eliminated from (5) and (6), 
and the equation of the osculating plane may be written in the form 


X — x Y — y Z 
dx dy dz 

d^x d^y d^z 



Among the planes which pass through the tangent, the osctdating 
plane is the one which the curve lies nearest near the point of tan- 
gency. To show this, let us consider any other plane through the 
tangent, and let Fif) be the function obtained by substituting 
f(t A- h)j <l>(t A- h)i ip{t A- h) for A, T, Z, respectively, in the left-hand 
side of the equation (5), which we shall now assiune to be the equar' 
tion of the new tangent plane. Then we shall have 



lAr(t) A- Bit>\t) A- C^”{t) + 17 ], 


where rj approaches zero with h. The distance from any second 
point M' of r near M to this plane is therefore an infinitesimal of 
the second order ; and, since F(^t) has the same sign for all sufficiently 
small values of h, it is clear that the given curve lies wholly on one 
side of the tangent plane considered, near the point of tangency. 

These results do not hold for the osculating plane, however. For 
that plane, Af” A- B<f>” A~ = 0; hence the expansions for the 
coordinates of a point of P must be carried to terms of the third 
order. Doing so, we find 

/Ad^xArBd^yA-Cd^z . \ 

- T7^ \ --+ y- 

It follows that the distance from a point of P to the osculating 
plane is an infinitesimal of the third order; and, since F(f) changes 
sign with A, it is clear that a skew curve crosses its osculating plane 
at their common point. These characteristioa distingui^ the OBOU* 
lating plane sharply from the other tangent planes. 
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216 . Stationary osculating plane. The results just obtained are not 
valid if the coefficients A, C of the osculating plane satisfy the 

relation 



A d^x + Bd}y-\-Cd^z = 0. 


If this relation is satisfied, the expansions for the coordinates must 
be carried to terms of the fourth order, and we should obtain a 

relation of the form 


F{t) = j 




9 4. 


/ A d^x A-B d^yC d* z \ 
\ - + 


The osculating plane is said to be stationary at any point of F for 
which (7) is satisfied; if A d*x-\-Bd*yC d*z does not vanish 

_and it does not in general, — F(t) changes sign with h and 

the curve does not cross its osculating plane. Moreover the distance 
from a point on the curve to the osculating plane at such a point is 
an infinitesimal of the fourth order. On the other hand, if the 
relation ^ d*a: +c?*y + C rf*s = 0 is satisfied at the same point, 
the expansions would have to be carried to terms of the fifth order; 


and so on. 

Eliminating Ay By and C between the equations (6) and (7), we 
obtain the equation 




dx dy dz 
d?x d^y <Fz 
d^x d^y d^z 



whose roots are the values of t which correspond to the points of F 
where the osculating plane is stationary. There are then, usually, 
on any skew curve, points of this kind. 

This leads us to inquire whether there are curves all of whose 
osculating planes are stationary. To be precise, let us try to find 
all the possible sets of three functions ar, y, of a single variable t, 
which, together with all their derivatives up to and including those 
of the third order, are continuous, and which satisfy the equation 
(8) for all values of t between two limits a and h {a < h). 

Let us suppose first that at least one of the minors of A which 
correspond to the elements of the third row, say dx d^y — dy d'^Xy does 
not vanish in the interval (a, h). The two equations 


( 9 ) 


dz = Cl dx-\- Ca dyy 

d^z^C^d^xA-C.d^yy 
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which are equivalent to (6), determine Ci and Cj as continuous 
functions of t in the interval (a, b). Since A = 0, these functions 
also satisfy the relation 

( 10 ) = Cyd^x + C^d^y, 


Differentiating each of the equations (9) and malting use of (10), 
we find 

dCydx 4- dC^dy = 0, dCyd^x + dC^d^y = 0, 


whence dC^ = dC^ = 0. It follows that each of the coefficients Cy 
and C\ is a constant; hence a single integration of the first of 
equations (9) gives 

= Cyx 4- C^y 4- Cg, 


where Cg is another constant. This shows that the curve P is a 
plane curve. 


If the determinant dxdfiy — dy d^x vanishes for some value c of the variable t 
between a and b, the preceding proof fails, for the coefficients C\ and Cg might 
be infinite or indeterminate at such a point. Let us suppose for definiteness 
that the preceding determinant vanishes for no other value of f in the interval 
(a, b), and that the analogous determinant dxd^z -> dzd^x does not vanish for 
t =: c. The argument given above shows that all the points of the curve T which 
correspond to values of t between a and c lie in a plane P, and that all the 
points of r which correspond to values of t between c and b also lie in some 
plane Q. But dzd^z — dzd^x does not vanish for f = c; hence a number h 
can be found such that that minor does not vanish anywhere in the interval 
(c — /i, c 4 h). Hence all the points on F which correspond to values of t 
between c — A and c 4 A must lie in some plane P. Since R must have an 
infinite number of points in common with P and also with Q, it follows that 
these three planes must coincide. 

Similar reasoning shows that all the points of F lie in the same plane unless 
all three of the determinants 

dxd^y — dyd^Xi dxd^z — dzd^x, dyd*z —dzcPy 

vanish at the same point in the interval (a, h). If these three determinants do 
vanish simultaneously, it may happen that the curve F is composed of several 
portions which lie in different planes, the points of junction being points at 
which the osculating plane is indeterminate.* 

If all three of the preceding determinants vanish identically in a certain 
interval, the curve F is a straight line, or is composed of several portions of 
straight lines. If dx/dt does not vanish in the interval (a, 6), for example, we 
may write 

d^ydx — dyd^x ^ 

- ’ 

whence 

dy = Cidz, 


d^zdx — dzd^x 
dz = Cgdx, 


*This singular rase seems to have been noticed first by Peano. It Is evidently of 
Interest only fi*om a ]iurely analytical vStandpoint. 
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where Ci and C* are constants. Finally, another integration gives 

y = CiX + Ci, 2 = CjX + C 2 , 

which shows that P is a straight Une. 


2X7. Stationary tangents. The preceding paragraph suggests the study of 
certain points on a skew curve which we had not previously defined, namely 
the points at which we have 

d^x _ d^y _d^z 
(11) dx dy dz 

The tangent at such a point is said to be stationary. It is easy to show by the 
formula for the distance between a point and a straight line that the distance 
from a point of V to the tangent at a neighboring point, which is in general an 
infinitesimal of the second order, is of the third order for a stationary tangent. 
If the given curve r is a plane curve, the stationary tangenU are the tangents at 
the points of inflection. The preceding paragraph shows that the only curve 
whose Ungents are all sUtionary is the straight line. 

At a point where the Ungent is stationary, A = 0, and the equation of the 
osculating plane becomes indeterminate. But in general this indetermination 
can be removed. For, returning to the calculation at the beginning of § 216 
and carrying the expansions of the coordinates of M' to terms of the third order, 
it is easy to show, by means of (11), that the equation of the plane through M' 
and the Ungent at 3f is of the form 

X-x r-y Z-z 

/'(<) r{t) = 0 , 

where Ci, € 2 , cj approach zero with h. Hence that plane approaches a perfectly 
definiU limiting position, and the equation of the osculating plane is given by 
replacing the second of equations (6) by the equation 

Ad^x-i- Bd8y + CdSz = 0. 

If the coordinates of the point M also satisfy the equation 

d®x _ d^y _ 
dx dy dz 

the second of the equations (6) should be replaced by the equation 

A d<ix = Bd^y + Cd^z = 0, 

where q is the least integer for which this latter equation is distinct from the 
equation A dx = Bdy + Gdz = 0. The proof of this statement and the exami¬ 
nation of the behavior of the curve with respect to ite osculating plane are left 

to the reader. 

Usually the preceding equation involving the third differentials is sufficient, 
and the coefficienU A, B, C do not satisfy the equation 

A d*x + Bd*y -H Cd*z = 0. 

In this case the curve crosses every tangent plane except the osculating plane. 
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218. Special curves. Let us consider the skew curves r which satia^ a 
relation of the form 

( 12 ) xdy — ydx — Kdz^ 


where JT is a given constant. From (12) we find immediately 


(13) 


xd^y ^ yd^x^s^Kd^Zy 
xd^y — yd^x + dxd^y — dyd^x = Kd^z. 


Let us try to find the osculating plane of r which passes through a given point 
(a, 6, c) of space. The coordinates (x, y, z) of the point of tangency must satisfy 
the equation 


a — X b — y c — z 
dx dy dz 



d*x d^y d^z 


which, by means of (12) and (13), may be written in the form 

(14) ay ~~bx K{c — z) = 0. 

Hence the possible points of tangency are the points of intersection of the 
curve r with the plane (14), which passes through (a, &, c). 

Again, replacing dz, d^z and d*z by their values from (12) and (13), the equa¬ 
tion A = 0, which gives the points at which the osculating plane is stationary, 
becomes 

A = i(dxd2y — dyd^x)^ = 0; 


hence we shall have at the same points 

d'^x __ d^y _ yd^x — xd^y __ cPz 
dx dy ydx — xdy dz^ 

which shows that the tangent is stationary at any point at which the osculating 
plane is stationary. 

It is easy to write down the equations of skew curves which satisfy (12) ; for 
example, the curves 

x = Ai™, y = Bt'^, z = Cf*"+", 

where A, B, C, m, and n are any constants, are of that kind. Of these 
the simplest are the skew cubic x = t, y z = t^, and the skew quarUc 
z = t, y =: z = t*. The circular helix 

x = acost, y = asint, z = Kt 

is another example of the same kind. 

In order to find all the curves which satisfy (12), let us write that equation In 
the form 

d(xy ^ Kz) = 2ydx. 

If we set 

x=/(t), xy-R:e = ^(t), 
the precediug eqaation becomes 


2v/'(i) = ♦'(*), 
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Solving these three equations for x^ y^ 
in the form 

(16) X=/(0> ^ ~ 


and Zy we find the general equations 



2/'(0 






where fit) and ^(0 are arbitrary functions of the parameter t. It is clear, how¬ 
ever that one of these functions may be assigned at random without loss of 
generality. In fact we may set/(0 = t, since this amounts to choo8ing/(t) as a 

new parameter. 


11. ENVELOPES OF SURFACES 

Before taking up the study of the curvature of skew curves, we 
shall discuss the theory of envelopes of surfaces. 

219 One-parameter families. Let ^ be a surface of the family 

(16) y, 2 , a) = 0, 

where a is the variable parameter. If there exists a surface E which 
is tangent to each of the surfaces S along a curve C, the surface E 
is called the envelope of the family (16), and the curve of tangency 
C of the two surfaces S and E is called the characteristic curve. 

In order to see whether an envelope exists it is evidently neces¬ 
sary to discover whether it is possible to find a curve C on each of 
the surfaces S such that the locus of all these curves is tangent to 
each surface S along the corresponding curve C. Let (x, y, z) be 
the coordinates of a point M on a characteristic. If M is not a 
singular point of S, the equation of the tangent plane to S at M is 




dy 

As we pass from point to point of the surface E, x, y, Zy and a are 
evidently functions of the two independent variables which express 
the position of the point upon £, and these functions satisfy the 
equation (16). Hence their differentials satisfy the relation 


(17) 


g rfx + dy + If - 0. 


Moreover the necessary and sufficient condition that the tangent 
plane to E should coincide with the tangent plane to S is 

gdx + |fdd + |fd« = 0, 

or, by (17), 

^^ = 0. 


(18) 


da 
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Conversely, it is easy to show, as we did for plane eurves (§ 201’) 
that the equation R(x, y, z) = 0, found by eliminating the param’ 
eter a between the two equations (16) and (18), represents one or 
more analyticaUy distinct surfaces, each of which is an envelope 
of the surfaces S or else the locus of singular points of S, or a com¬ 
bination of the two. Finally, as in § 201, the characteristic curve 
represented by the equations (16) and (18) for any given value of a 
is the limiting position of the curve of intersection of S with a 
neighboring surface of the same family. 


220. Two-parameter famUies. Let S be any surface of the two- 
parameter family 

(19) f(x,y,e,a,b)=0, 

where a and b are the variable parameters. There does not exist 
in general, any one surface which is tangent to each member of this 
family all along a curve. Indeed, let b = 0 (a) be any arbitrarily 
assigned relation between a and b which reduces the family (19) to 

a one-parameter family. Then the equation (19), the equation 
b ~ and the equation 





dj_ 

db 




represent the envelope of this one-parameter family, or, for any 
fixed value of a, they represent the characteristic on the correspond¬ 
ing surface 5. This characteristic depends, in general, on 
and there are an infinite number of characteristics on each of the 
surfaces S corresponding to various assignments of There¬ 

fore the totality of all the characteristics, as a and h both vary arbi¬ 
trarily, does not, in general, form a surface. We shall now try to 
discover whether there is a surface E which touches each of the 
family (19) in one or more points, — not along a curve. If such a 
surface exists, the coordinates (a:, y, z) of the point of tangency of 
any surface S with this envelope E are functions of the two variable 
parameters a and b which satisfy the equation (19) ; hence their dif¬ 
ferentials dxy dyy dz with respect to the independent variables a 
and 6 satisfy the relation 




dh 




( 21 ) 


XI, § 221] 


ENVELOPES OF SURFACES 


461 


Moreover, in order that the surface which is the locus of the point 
of tangency (x, y, z) should be tangent to Sj it is also necessary 

that we should have 


or, by (21), 



Since a and b are independent variables, it follows that the equations 



must be satisfied simultaneously by the coordinates (x, y, z) of the 
point of tangency. Hence we shall obtain the equation of the 
envelope, if one exists, by eliminating a and b between the three 
equations (19) and (22). The surface obtained will surely be tan¬ 
gent to S at (x, y, z) unless the equations 

dx dy dz 

are satisfied simultaneously by the values (x, y, z) which satisfy (19) 
and (22); hence this surface is either the envelope or else the locus 

of singular points of 5. 

We have seen that there are two kinds of envelopes, depending 
on the number of parameters in the given family. For example, 
the tangent planes to a sphere form a two-parameter family, and 
each plane of the family touches the surface at only one point. 
On the other hand, the tangent planes to a cone or to a cylinder 
form a one-parameter family, and each member of the family is 
tangent to the surface along the whole length of a generator. 


221. Developable surfaces. The envelope of any one-parameter family 
of planes is called a developable surface. Let 


(23) s = ax d- yf{cc) + <^(o:) 

be the equation of a variable plane P, where a is a parameter and 
where /(a) and <^(a) are any two functions of a. Then the equa¬ 
tion (23) and the equation 


(24) 




represent the envelope of the family, or, for a given value of a, they 
represent the characteristic on the corresponding plane. But these 
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two equations represent a straight line; hence each characteristic 
IS a straight line G, and the developable surface is a ruled surface 
We proceed to show that all the straight lines G are tangent to the 
same skew curve. In order to do so let us differentiate (24) again 
with regard to a. The equation obtained 

(25) y/''(«) + <^''(«) = 0 

determines a particular point M on G. We proceed to show that G 
is tangent at M to the skew curve T which M describes as a varies 
The equations of T are precisely (23), (24), (26), from which, if we 
desired, we might find x, y, and « as functions of the variable 
parameter a. Differentiating the first two of these and using the 
third of them, we find the relations 


(26) dz = a dx+ f(a) dy, dx + f'^a) dy = 0, 

which show that the tangent to T is parallel to G. But these two 
straight lines also have a common point; hence they coincide. 

The osculating plane to the curve V is the plane P itself. To 
prove this it is only necessary to show that the first and second 
differentials of x, y, and a with respect to a satisfy the relations 

dz = a dx 

d^^ = ccd^x f(c^d^y. 

The first of these is the first of equations (26), which is known to 
hold. Differentiating it again with respect to a, we find 

d^z = +/(a)d“y + [dx +f\a)dy-\da, 

which, by the second of equations (26), reduces to the second of the 
equations to be proved. 

It follows that any developable surface may be defined as the locus 

of the tangents to a certain skew curve T. In exceptional cases the 

curve r may reduce to a point at a finite or at an infinite distance • 

then the surface is either a cone or a cylinder. This will happen 
whenever /"(“) = 0. 

Conversely, the locus of the tangents to any skew curve T is a 
developable surface. For, let 


* =/(<). y = z = ,f^t) 

be the equations of any skew curve T. The osculating planes 

A (.Y - a-) + B(r - y) + C(Z - «) = 0 
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form a one-parameter family, whose envelope is given by the pre¬ 
ceding equation and the equation 


dA(X-x)-\-dB(V-y) + dC{Z - ^) = 0. 

For any fixed value of t the same equations represent the charac¬ 
teristic in the corresponding osculating plane. We shall show that 
this characteristic is precisely the tangent at the corresponding 
point of r* It will be sufficient to establish the equations 

Adx-\-BdyA-Cdz = Oj dA dxdBdy dC dz = 0. 


The first of these is the first of (6), while the second is easily 
obtained by differentiating the first and then making use of the 
second of (6). It follows that the characteristic is parallel to 
the tangent, and it is evident that each of them passes through 

the point (x, y, ; hence they coincide. 

This method of forming the developable gives a clear idea of 
the appearance of the surface. Let AB be an arc of a skew curve. 
At each point M of AB draw the tangent, and consider only that 
half of the tangent which extends in a certain direction,—from A 
toward B, for example. These half rays form one nappe of the 
developable, bounded on three sides by the arc AB and the tan¬ 
gents A and B and extending to infinity. The other ends of the tan¬ 
gents form another nappe similar to and joined to along the 
Itc AB. To an observer placed above them these two nappes appear 
to cover each other partially. It is evident that any plane not tan¬ 
gent to r through any point O of AB cuts the two nappes Si and 
of the developable in two branches of a curve which has a cusp at 0. 
The skew curve V is often called the edge of regression of the 

developable surface.* 

It is easy to verify directly the statement just made. Let us 
take O as origin, the secant plane as the xy plane, the tangent to T as 
the axis of z, and the osculating plane as the xz plane. Assuming 
that the coordinates x and y of a point of V can be expanded in powers 
of the independent variable z, the equations of r are of the form 

X = a^z^ + ags® H -, y = H -, 


for the equations 


dx _ ^ _ d^y 
dz ~~ dz dz^ 


* The English term “ edge of regression ” does not suggest that the curve is a locus 
of cusps. The French terms ** arete de rehroussement ” and “ point de rebroussement 

are more suggestive.—T rans. 
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must be satisfied at tbe origin, 
at a point near the origin are 


Hence the equations of a tangent 


X. — — a^z 


8 


2^2 ^ 4“ 


Y —h^z^ - 

Sb^ -f- . . . 


~ Z ^ z. 


Setting Z = 0, the coordinates and K of the point where the tan- 

gent meets the secant plane are found to have developments which 

begin with terms in and in «», respectively; hence there is surelv 
a cusp at the origin. ^ 

Example. Let us select as the edge of regression the skew cubic * = f « - /a 
^ ^ • The equation of the osculating plane to the curve is * * 


(27) 


- 3<2^ +3tY~Z=zO; 


hence we shall obtain the equation of the corresponding developable by writinir 
down the condition that (27) should have a double root in t, which amoS^ 
eliminating t between the equations 


(28) 


! 


f2-2«x + r=o, 
-rta-2fr + z = o. 


The result of this elimination is the equation 

{XT - Z)2 - 4(X2 _ r)(F2 - XZ) = 0, 
which shows that the developable is of the fourth order. 

cub^o***°“*‘^ equations (28) represent the tangent to the given 

222. Differential equation of developable surfaces. If « = y) be 
the equation of a developable surface, the function F(x, y) s 'atiijies 
the equation — rt = 0, where r, s, and t represent, as usual, the 
three second partial derivatives of the function F(x, y). 

For the tangent planes to the given surface. 


^ — pX -}- qY 4 - z 


— 2y> 


must form a one-parameter family; hence only one of the three 

coefficients p, q, and z —px — qy can vary arbitrarily. In particular 

there must be a relation between p and q of the form f{p, q) = 0 

It foUows that the Jacobian D(p, q)/JD(x, y) = rt-s* must vanish 
identically. 

Conversely, if F(x, y) satisfies the equation r« — «» = 0, and q 
are connected by at least one relation. If there were two distinct 
relations, and y would be constants, F(x, y) would be of the form 
«» + 6y 4- 0 , and the surface » = F(x, y) would be a plane. If there 
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is a single relation between p and y, it may be written in the form 
^ where p does not reduce to a constant. But we also have 


y (rt - s^) = 


D(z -px- qy,p) _ 

y) 


hence z — px — qy is also a function of p, say <fi{p), whenever 
^ _ gi — 0. Then the unknown function F{x, y) and its partial 

derivatives p and q satisfy the two equations 


q = <f,(p), z—px-<t>ip)y = >KP)- 


Differentiating the second of these equations with respect to x and 
with respect to y, we find 


\x + y + '/''(i’)] 




lx + y 4>'ip) + <p’(p)^ 




Since p does not reduce to a constant, we must have 

X + y <i>'ip) + 'I'Xp) = ®; 

hence the equation of the surface is to be found by eliminating p 
between this equation and the equation 

z=px + y<t>(p) + Hp)’ 

which is exactly the process for finding the envelope of the family 
of planes represented by the latter equation, p being thought of as 

the variable parameter. 


223. Envelope of a family of skew curves. A one-parameter family 
of skew curves has, iu general, no envelope. Let us consider first 

a family of straight lines 

(29) x = az-hp, y = 

where a, b, p, and q are given functions of a variable parameter a. 
We shall proceed to find the conditions under which every member 
of this famUy is tangent to the same skew curve T. Let 2 : = <#»(«) 
be the « coordinate of the point M at which the variable straight 
line D touches its envelope T. Then the required curve V will be 
represented by the equations (29) together with the equation 
z = <#»(«)> a-nd the direction cosines of the tangent to V will be pro¬ 
portional to dx/da, dy/da, dzjda, i.e. to the three quantities 
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where a', b\ and g-' are the derivatives of a, h, and respec¬ 
tively. The necessary and sufficient condition that this tangent be 
the straight line D itself is that we should have 


that is, 



dy 

dec 



dz 

dec 


a'^(a)== 0, -h = 0, 

The unknown function ^{<x) must satisfy these two equations- 
hence the family of straight lines has no envelope unless the two 
are compatible, that is, unless 



If this condition is satisfied, we shall obtain the envelope by setting 

<^(a) = — p^/a' = — q'/h\ 

It is easy to generalize the preceding argument. Let us consider a 
one-parameter family of skew curves (C) represented by the equations 


(30) 


F(x, y, z, a) = 0 , y, a) = 0 , 


where a is the variable parameter. If each of these curves C is 
tangent to the same curve T, the coordinates {x, y, z) of the point 
M at which the envelope touches the curve C which corresponds to 
the parameter value a are functions of a which satisfy (30) and 
which also satisfy another relation distinct from those two. Let 
dXf dy, dz be the differentials with respect to a displacement of Af 

along C ; since or is constant along C, these differentials must satisfy 
the two equations 



On the other hand, let Sy, 8z, Ba be the differentials of x, y, 
and a with respect to a displacement of M along r. These differen¬ 
tials satisfy the equations 








da 


Sa = 0. 
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The necessary and sufficient conditions that the curves C and V 
be tangent are 

dx __ dy _ d^ 

Bx By 

or, making use of (31) and (32), 


da 


Ba = Of 


da 


Ba = 0. 


It follows that the coordinates (x, y, z) of the point of tangency must 
satisfy the equations 


(33) 


F = 0, ^ = 0f 


dF 

da 


= 0 , 


da 


= 0. 


Hence, if the family (30) is to have an envelope, the four equations 
(33) must be compatible for all values of a. Conversely, if these 
four equations have a common solution in a;, y, and « for all values 
of a, the argument shows that the curve V described by the point 
(x, y, z) is tangent at each point (x, y, z) upon it to the correspond¬ 
ing curve C. This is all under the supposition that the ratios between 
dx, dy, and dz are determined by the equations (31), that is, that the 
point (x, y, z) is not a singular point of the curve C. 

Note. If the curves C are the characteristics of a one-parameter 
family of surfaces F(x, y, 2 , a) = 0, the equations (33) reduce to 
the three distinct equations 


(34) 


F=0, 


dF 

da 


-0, 


d^F 

da^ 


= 0 : 


hence the curve represented by these equations is the envelope 
of the characteristics. This is the generalization of the theorem 
proved above for the generators of a developable surface. 

The equations of a one-parameter family of straight lines are often written 
in the form 

X — Zo y — Vo Z — 2o 


(36) 


a 


where Xq, yo^ Zo, a, h, c sxe functions of a variable parameter a. It is easy to 
find directly the condition that this family should have an envelope. Let I 
denote the common value of each of the preceding ratios; then the cobrdinates 
of any point of the straight line are given by the equations 

x=:XQ + la, yz=yo-^lb, 2 = Zo + ?c, 

and the question is to determine whether it is possible to substitute for I such a 
function of a that the variable straight line should always remain tangent to 
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the curve described by the point (x, y, z). The neceesary 
that we should have 

(36) 


xf, 


+ a'l ^ yo-\-b'l ^ gS + </f 
a b c 


Denoting by m the common value of these ratios and eliminating I and m from 
the three linear equations obtained, we find the equation of condition 


(37) 




a 


a 


yo 

b 

b' 


2|> 

c 


= 0 


If this condition is satisfied, the equations (36) determine Z, and hence also the 
equation of the envelope. 


III. CURVATURE AND TORSION OF SKEW CURVES 

224. Spherical indicatrix. Let us adopt upon a given skew curve T 
a definite sense of motion, and let s be the length of the arc AM 
measured from some fixed point A as origin to any point M, affixing 
the sign -|- or the sign — according as the direction from A toward 
M is the direction adopted or the opposite direction. Let MT be 
the positive direction of the tangent at M, that is, that which cor¬ 
responds to increasing values of the arc. If through any point O in 
space lines be drawn parallel to these half rays, a cone S is formed 
which is called the directing cone of the developable surface formed 
by the tangents to r. Let us draw a sphere of unit radius about O 
as center, and let 2 be the line of intersection of this sphere with 
the directing cone. The curve 2 is called the spherical indicatrix 




of the curve F. The correspondence between the points of these two 
curves is one-to-one: to a point iW of F corresponds the point m where 
the parallel to 3/r pierces the sphere. As the point AT describes the 
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curve r in the positive sense, the point m describes the curve % in 
a certain sense, which we shall adopt as positive. Then the corre¬ 
sponding arcs s and a increase simultaneously (Fig. 48). 

It is evident that if the point O be displaced, the whole curve 2 
undergoes the same translation; hence we may suppose that 0 lies 
at the origin of coordinates. Likewise, if the positive sense on the 
curve r be reversed, the curve 2 is replaced by a curve symmetrical 
to it with respect to the point 0 ; but it should be noticed that the 
positive sense of the tangent mt to 2 is independent of the sense of 

motion on F. 

The tangent plane to the directing cone along the generator Om is 
'parallel to the osculating plane at M. For, let AX + BY -f- CZ = 0 
be the equation of the plane 0mm', the center O of the sphere being 
at the origin. This plane is parallel to the two tangents at M and 
at hence, if t and t + h are the parameter values which corre¬ 
spond to M and respectively, we must have 

(38) Af{t) A- B^\t) + C^(;'{t) = 0. 

(39) Af\t + h) -h B<h\t + h) + C^pXt + A) = 0. 

The second of these equations may be replaced by the equation 

. fit A-h-)-fit) . ^fitA-h)~fit) . + h) - ^\t) _ ^ 

^ h h h 

which becomes, in the limit as h approaches zero, 

(40) yl/"(0 + B<h\t) A- C^”(t) = 0. 

The equations (38) and (40), which determine A, B, and C for the 
tangent plane at m, are exactly the same as the equations (6) which 
determine A, B, and C for the osculating plane. 


225. Radius of curvature. Let w be the angle between the positive 
directions of the tangents MT and at two neighboring points 

M and iM' of F. Then the limit of the ratio w/arc MM’, as M 
approaches M’, is called the curvature of F at the point M, just as 
for a plane curve. The reciprocal of the curvature is called the 
radius of curvature: it is the limit of sltc MM’/to. 

Again, the radius of curvature H may be defined to be the limit 
of the ratio of the two infinitesimal arcs MM’ and mm’, for we have 


arc MM ’ arc MM ’ ^ ^ arc mm’ ^, chord mm’ 
^ — - X X > 


a) 


arc mm 


! 




chord mm^ 
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and each of the fractions (arc mwfc')/(chord) wtfn,* and (chord 
approaches the limit unity as m approaches m'. The arcs 5 (=ilfjf') 
and o*(=mm') increase or decrease simultaneously; hence 


(41) 


R — 


ds 

d<T 


Let the equations of V be given in the form 
(42) a: =/(0, y = = ^'(0. 

where O is the origin of coordinates. Then the coordinates of the 
point m are nothing else than the direction cosines of AfT, namely 


ds 




y = 


dz 

ds 


Differentiating these equations, we ffnd 


, dsd^x—dxd'^s dsd^y — dyd^s , dsd^z — dzd^s 

== - d? -’ — *5 - 


ds^ 


do^ = dc^ 4* dp^ -f- dy^ = 




ds* 


where S indicates as usual the sum of the three similar terms 
obtained by replacing x by x, y, z successively. Finally, expanding 
and making use of the expressions for ds^ and ds d^s, we find 




- 

ds* 




By Lagrange’s identity (§ 131) this equation may be written in 
the form 

^ , 41 =^ 4 - 

— ’ 

where 

LA^dyd^z—dz<Py, B ^ dziPx — dx€^Zf 
( C = dxd^y — dyd^Xj 

a notation which we shall use consistently in what follows. Then 
the formula (41) for the radius of curvature becomes 


(44) 








and it is evident that 72* is a rational function of as, y, «, »*, y^, z\ 
^"9 y"; The expression for the radius of curvature its^ is 
irrational, but it is essentially a positive quantity. 
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Note. If the independent variable selected is the arc 5 of the 
curve r, the functions fis), <^( 5 ), and \j/(s) satisfy the equation 

Then we shall have 

a=f\s), ^y = 'AW. 

(45) - da = r(s)ds, dfi = dy = 

[ da^ = \ lfXs)Y + L<t>”{s)Y + 

and the expression for the radius of curvature assumes the partic¬ 
ularly elegant form 

(44') = [/"(S)]“ + [4>"is)Y + LmY- 

226. Principal normal. Center of curvature. Let us draw a line 
through A/ (on V) parallel to mt, the tangent to 2 at m. Let AfiV 
be the direction on this line which corresponds to the positive direc¬ 
tion mt. The new line MN is called the principal -normal to F at A/: 
it is that normal which lies in the osculating plane, since mt is 
perpendicular to Om and Omt is parallel to the osculating plane 
(§ 224). The direction MN is called the positive direction of the 
pHncipal no7'mal. This direction is uniquely defined, since the posi¬ 
tive direction of mt does not depend upon the choice of the positive 
direction upon F. We shall see in a moment how the direction in 
question might be defined without using the indicatrix. 

If a length MC equal to the radius of curvature at M be laid off 
on MN from the point M, the extremity C is called the center of 
curvature of F at M, and the circle drawn around C in the osculat¬ 
ing plane with a radius AfC is called the circle of curtfature. Let 
a\ y' be the direction cosines of the principal normal. Then the 
coordinates of the center of curvature are 

aji = a: -f Ra^, Vx = V + = a: + i?y'. 

But we also have 

da dads „da ^dsd^x — dxd’^s 

Oi = -— R — R j % 

d<T ds d<r ds 

and similar formulae for and y'. Replacing a* by its value in 
the expression for x, we find 

„ d^d^x — dxd^s 
x^ = x-\-R^ -- 
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But the coefficient of may be written in the form 


ds'^d^x 


— dxdsd^s _ d^x S dx^ — dx 

ds* ds* 


or, in terms of the quantities A , B, and C, 

Bdz — Cd]/ 


The values of yi and may be written down by cyclic permutation 
from this value of x^, and the coordinates of the center of curvature 
may be written in the form 

Bdz — C dy 
d? ’ 

C dx — A dz 
d? ’ 

A dy ^ Bdx 
ds* 


(46) 


Xi = X A- R 


2/i = y + ^ 


Zi^ z R 


These expressions for Xi, yi, and Zi are rational in x, y, z, x*, y‘ z* 
x’% y", z”. 

A plane Q through M perpendicular to MN passes through the 
tangent MT and does not cross the curve T at M. We shall proceed 
to show that the center of curvature and the points of V near M lie 
on the same side of Q, To show this, let us take as the independent 
variable the arc s of the curve T counted from M as origin. Then 
the coordinates X, K, ^ of a point M* of T near M are of the form 



5 dx 
1 ds 



the expansions for V and Z being similar to the expansion for X, 
But since s is the independent variable, we shall have 

dx d^x dct da dtr 1 ^ 

ds ds^ ds d<r ds R^ 

and the formula for A" becomes 

-Y = X + a* + (I + .) 

If in the equation of the plane Q, 


a’(X - x) 4- - y) + y'(^ - «) == 0, 
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A', Y, and Z be replaced by these expansions in the left-hand member, 
the value of that member is found to be 


J (««' + /3)8' + yy') + 


172 



where rj approaches zero with s. This quantity is positive for all 
values of s near zero. Likewise, replacing (A, Y, Z) by the coordi¬ 
nates {x + Ra*, y + ^ + -Ry') of the center of curvature, the 

result of the substitution is R, which is essentially positive. Hence 
the theorem is proved. 


227. Polar line. Polar surface. The perpendicular A to the oscu¬ 
lating plane at the center of curvature is called the polar line. This 
straight line is the characteristic of the normal plane to P. For, in 
the first place, it is evident that the line of intersection D of the 
normal planes at two neighboring points M and M' is perpendicular 
to each of the lines MT and il/'T'; hence it is also perpendicular to 
the plane mOm\ As il/' approaches My the plane mOwi' approaches 
parallelism to the osculating plane; hence the line D approaches a 
line perpendicular to the osculating plane. On the other hand, to 
show that it passes through the center of curvature, let s be the 
independent variable; then the equation of the normal plane is 

(47) a(A - a:) + p{Y - y) + y{Z - «) = 0, 

and the characteristic is defined by (47) together with the equation 

(48) ^{X-x) + ^iY-y) + ^{Z-z)-l=0. 

This new equation represents a plane perpendicular to the principal 
normal through the center of curvature; hence the intersection of 

the two planes is the polar line. 

The polar lines form a ruled surface, which is called the polar 
surface. It is evident that this surface is a developable, since we 
have just seen that it is the envelope of the normal plane to V. 
If r is a plane curve, the polar surface is a cylinder whose right 
section is the evolute of T; in this special case the preceding state¬ 
ments are self-evident. 


228. Torsion. If the words “ tangent line ” in the definition of 
curvature (§ 225) be replaced by the words “ osculating plane,” a 
new geometrical concept is introduced which measures, in a manner, 
the rate at which the osculating plane turns. Let co' be the angle 
between the osculating planes at two neighboring points M and il/'; 
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then the limit of the ratio oiyarc MM\ as M approaches is called 
the torsion of the curve T at the point Af. The reciprocal of the 
torsion is called the raditis of torsion. 

The perpendicular to the osculating plane at M is called the 
binormal. Let us choose a certain direction on it as positive, — we 
shall determine later which we shall take, — and let iS", y" he 
the corresponding direction cosines. The parallel line through the 
origin pierces the unit sphere at a point n, which we shall now put 
into correspondence with the point M of T. The locus of n is a 
spherical curve ®, and it is easy to show, as above, that the radius 
of torsion T may be defined as the limit of the ratio of the two corre- 
spending arcs MM' and nn* of the two curves V and ®. Hence we 
shall have 





a" = 


where t denotes the arc of the curve ®. 

The coordinates of n are a”, y", which are given by the formulae 

(§ 215) 

, - . = ^ ^ 

±^A^+B^-\-C^ 

where the radical is to be taken with the same sign in all three 
formulae. From these formulae it is easy to deduce the values of 
da", dp”, dy”; for example, 

, ,, . (A^^B^ -\-C^dA — A(AdA’^BdB^CdO 

da” = ± ^- - -r- * 

whence, since dr^ — da”^ + dp”^ -f- dy"“, 

^ Sa' SdA^-lSiAdA)-]* 

(^* + + C*)* 

or, by Lagrange’s identity, / 

. , _ S(BdC-CdBy 

c»)* 

where S denotes the sum of the three terms obtained by oydio per¬ 
mutation of the three letters A, B, C. The numerator of this expres¬ 
sion may be simplified by means of the relations 


whence 

(49) 


A dx A- <7d«=0, 

dac -I- dRdy -I- dCdx = 0, 


dx 


dy 


dM 


BdC^CdB CdA-AdC AdB-^BdA K 
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where X is a quantity defined by the equation (49) itself. This gives 



K^ds‘^ 

(^3 ^ £2 _|_ ^ 3 ) 3 ' 


where K is defined by (49); or, expanding, 




dz dx 
d^z d^x 


dx dy 
d^x d^y 


dx dy 
<Px d^y 


dz dx 
d}z d^x 




where S denotes the sum of the three terms obtained by cyclic per¬ 
mutation of the three letters x, y, z. But this value of K is exactly 
the development of the determinant A [(8), § 216]; hence 




A ds 

^2 _ga ^ 


and therefore the radius of torsion is given by the formula 



T—± 


A 


If we agree to consider T essentially positive, as we did the radius 
of curvature, its value will be the absolute value of the second mem¬ 
ber. But it should be noticed that the expression for T is rational 
in X, y, x', y'y hence it is natural to represent the 

radius of torsion by a length affected by a sign. The two signs 
which T may have correspond to entirely different aspects of the 
curve r at the point M. 

Since the sign of T depends only on that of A, we shall investigate 
the difference in the appearance of T near M when A has different 
signs. Let us suppose that the trihedron Oxyz is placed so that an 
observer standing on the xy plane with his feet at O and his head in 
the positive z axis would see the x axis turn through 90° to his left 
if the X axis turned round into the y axis (see footnote, p. 477). 
Suppose that the positive direction of the binormal ^fN^, has been so 
chosen that the trihedron formed from the lines A/7’, A/X, MN^, has 
the same aspect as the trihedron formed from the lines Ox, Oy, Oz ; 
that is, if the curve F be moved into such a position that A/ coincides 
with 0, A/7’ with Ox, and MN with Oy, the direction MN^ will coin¬ 
cide with the positive z axis. During this motion the absolute value 
of T remains unchanged; hence A cannot vanish, and hence it cannot 



476 


SKEW CURVES 


[XI, ( 228 


even change sign.* In this position of the curve V with respect to 
the axes now in the figure the coordinates of a point near the origin 
will be given by the formulae 

f X = Oit + i*(a2 + €) , 

U == -f O. 

where c, c', c" approach zero with t, provided that the parameter t is 
so chosen that f = 0 at the origin. For with the system of axes 
employed we must have dy ^ dz = d^z = 0 when ^ = 0. Moreover 
we may suppose that ai > 0, for a change in the parameter from t to 
t will change to — . The coefficient is positive since y must 

be positive near the origin, but may be either positive or negative. 
On the other hand, for ^ = 0, A = dt^. Hence the sign of A 

is the sign of Cg. There are then two cases to be distinguished. If 
cg > 0, a: and « are both negative for — A < ^ < 0, and both positive 
for 0 < ^ <,A, where ^ is a sufficiently small positive number; i.e. 
an observer standing on the xy plane with his feet at a point P on 



Fia. 49, a Pig. 49. & 


the positive half of the principal normal would see the arc MM* at 
his left and above the osculating plane, and the arc MM** at his right 
below that plane (Fig. 49, os). In this case the curve is said to be 
shiistrorsal. On the other hand, if Cg < 0, the aspect of the curve 
would be exactly reversed (Fig. 49, 6), and the curve would be said 
to be dextrorsaL These two aspects are essentially distinct. For 
example, if two spirals (helices) of the same pitch be drawn on the 
same right circular cylinder, or on two congruent cylinders, they 
will be superposable if they are both sinistrorsal or both dextrorsal; 
but if one of them is sinistrorsal and the other dextrorsal, one of 
them will be superposable upon the helix symmetrical to the other 
one with respect to a plane of symmetry. 

• It would l>e easy to show directly that A does not change sign when we p wm from 
one set of rectangular axes to another set which have the same aspect. 
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In consequence of these results we shall write 



— 




i,e. at a point where the curve is dextrorsal T shall be positive, while 
T shall be negative at a point where the curve is sinistrorsal. A dif¬ 
ferent arrangement of the original coordinate trihedron Oxyz would 
lead to exactly opposite results.* 


229. Frenet’s formul®. Each point M of F is the vertex of a tri- 
rectangular trihedron whose aspect is the same as that of the trihe¬ 
dron and whose edges are the tangent, the principal normal, 

and the binormal. The positive direction of the principal normal is 
already fixed. That of the tangent may be chosen at pleasure, but 
this choice then fixes the positive direction on the binormal. The dif¬ 
ferentials of the nine direction cosines (a, ^8, y), {a\ y'), (n:", y") 

of these edges may be expressed very simply in terms of R, T, and 
the direction cosines themselves, by means of certain formulae due 
to Frenett We have already found the formulae for (fa, dpy and dy : 

.rox 1 ^ = ^, ^ = iy=,7l. 

ds R ds R ds R 


The direction cosines of the positive binormal (§ 228) are 



A 



B 



c 


where € = ±1. Since the trihedron {MT, MN^ MN^,) has the same 
aspect as the trihedron Oxyz, we must have 





or 


+ B^ + 


On the other hand, the formula for da” may be written 



B(B dA — A dB) + C(C dA — A dC) 




or, by (49) and the relation A = A, 

da" _ Cfi- By _ _ g'A 

ds ^ (^2 _j_ ^2 A^ A- A- 

»It is usual in America to adopt an arrangement of axes precisely opposite to that 
described above. Hence we should write T = -|- (A^ + £2 _|_ etc. See also 

the footnote to formula (54), §229. — Tbaus. 

t Nouvelles Amiaies de 3fath^matique9, 1S64, p. 284. 



478 


yKEW CURVES 


[XI, f 229 


The coefficient of a’ is precisely 1/T, by (62). The formulae for 
fW" and dy" may be calculated in like manner, and we should find 



which are exactly analogous to (53).* 

In order to find d(x\ dy\ let us differentiate the well-known 
formulae 


<X<X* + pfi' yy* = 0, 


replacing da, dp, dy, da", d0", dy" by their values from (63) and 
(54). This gives ^ 


a' dcc^ + p* dp* -|- y’ dy 
<r d<t* d- p dp* y dy* + 

a**dcz* + p**dp* 4- y"rfy' + 





whence, solving for da*, dp*, dy*, 

(55) = = dy' y ^ 

^ ' ds R T ds R t’ 'di~~R~T 

The formulae (53), (64), and (65) constitute Frenet’s formulae. 


Note. The formula (54) show that the tangent to the spherical 
curve ® described by the point n whose coordinates are a", 0", y" jg 
paraUel to the principal normal. This can be verified geometrically. 
Let S' be the cone whose vertex is at O and whose directrix is the 
curve ®. The generator 07i is perpendicular to the plane which is 
tangent to the cone S along Om (§ 228). Hence S’ is the polar cone 
to S. But this property is a reciprocal one, i.e. the generator Otn 
of S is surely perpendicular to the plane which is tangent to S' 
along On. Hence the tangent mt to the curve S, since it is perpen¬ 
dicular to each of the lines On and Om, is perpendicular to the 
plane mOn. For the same reason the tangent nt' to the curve ® is 

perpendicular to the plane mOn. It follows that m< and n«' are 
parallel. 


• If we had .written the formula for the torsion in the form 1/r = 4 - AS 4 . a*L 

genet's forniulce would have to be written in the h»rm f/or'Vd* = - cr'/r. ehi 
[Hence this would be the form if the axes are taken as usual in America.— Tkanb.] 
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230 Expansion of x, y, and z in powers of s. Given two functions 
1/g) T = ^{s) of an independent variable s, the first of which 

^ ” sitive, there exists a skew curve r which is completely defined 
for'its position in space, and whose radius of curvature and 
^iL of torsion are expressed by the given eciuations iii terms of 
, h s of the curve counted from some fixed point upon it. A rig- 
* ^"^oroof of this theorem cannot be given until we have discussed 
th°'theory of differential equations. Just now we shall merely show 
h w to find the expansions for the coordinates of a point on the 
°^ired curve in powers of s, assuming that such expansions exist. 
"^^Let us take as axes the tangent, the principal normal, and the 
binormal at O, the origin of arcs on T. Then we shall have 


(56) 


r « (dx\ (^\ + ■ (^) 

\ ^""iKdsJo^ 1.2\dsVo 1.2.3 VdsV 

* (dy\ ,jL(d^)+ (^) 

Us/o'^ 1.2 VrfsVo 1.2.3 VrfsVo 


V 




+ 


..2 


/(Pz 


ds^ 

\ /d^z\ 

1.2.3 VrfsVo"^ 


I \ds/o" 1,2 \ds^ 

where y, and « are the coordinates of a point on r. But 

dx 

ds^ 


da 


a 


ds 

whence, differentiating, 

d^x 
ds^ " 


a 


ds 


R 


ds 




In general, the repeated application of Frenet’s formulae gives 


d^x 

ds*^ 


= L„a + + Pn<^” y 


where are known functions of R, T, and their successive 

derivatives with respect to s. In a similar manner the successive 

derivatives of y and « are to be found by replacing («, a, «-) by 

and (V, y', y"), respectively. But we ^ave at the or^in, 

L„ = l,)3„ = 0,y„ = 0,a; = 0,^ = l,yi = 0,a„=0, ^„_0,y„_l, 

hence the formulae (56) become 


(660 






z = 


s* 


GR"^ 
s^ M 
672'^ ds 


s 


.8 


672 r 




+ 
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where the terms not written down are of degree higher than three. 
It is understood, of coiirse, that R, Ty dR/ds, • • • are to be replaced 
by their values for 5 = 0. 

These formulae enable us to calculate the principal parts of cer¬ 
tain infinitesimals. For instance, the distance from a point of the 
curve to the osculating plane is an infinitesimal of the third order, 
and its principal part is — s^/^RT. The distance from a point on 
the curve to the x axis, i.e. to the tangent, is of the second order, 
and its principal part is s^/2R (compare § 214). Again, let us cal¬ 
culate the length of an infinitesimal chord c. We find 

where the terms not written down are of degree higher than four. 
This equation may be written in the form 

which shows that the difference s — c is an infinitesimal of the 
third order and that its principal part is s*/24JJ* 

In an exactly similar manner it may be shown that the shortest 
distance between the tangent at the origin and the tangent at a 
neighboring point is an infinitesimal of the third order whose prin¬ 
cipal part is s^/12RT. This theorem is due to bouquet. 

231. Involutes and evolutes. A curve Fi is called an involute of a 
second curve F if all the tangents to F are among the normtds to Fj, 
and conversely, the curve F is called an evolute of Fj, It is evident 
that all the involutes of a given curve F lie on the developable sur¬ 
face of which F is the edge of regression, and cut the generators of 
the developable orthogonally. 

(x, 2 /, z) be the coordinates of a point M of F, (a, y) the 
direction cosines of the tangent ATT, and I the segment between 
M and the point where a certain involute outs ATT. Then the 
coordinates of are ’ 

Xx^X^laCy = 

dxx == dx -4- Z da + cx dly 

di/i = dy -h Idp -h pdly 

dxi = dz + I dy -f- ydl. 


whence 


XI. §231] 


CURVATURE TORSION 


481 


In order that the curve described by should be normal to 
it is necessary and sufficient that a dxi + p dy^ + y dz^ should vanish, 

i.e. that we should have 

adx pdy + ydz + dl l{adiz pd^ -\- y dy) — 0, 

which reduces to ds + dl = 0. It follows that the involutes to a 
given skew curve T may be drawn by the same construction which 

was used for plane curves (§ 206). 

Let us try to find all the evolutes of a 
given curve T, that is, let us try to pick 
out a one-parameter family of normals to 
the given curve according to some contin¬ 
uous law which will group these normals 
into a developable surface (Fig. 50). Let 
D be an evolute, the angle between the 
normal MM^ and the principal normal MN, 
and I the segment MP between M and the 
projection P of the point on the principal normal. Then the 

coordinates (aiij yu ^i) of are 




Xj = X -|- /or* /or** tan </>, 
y^ = y + iP' + IP” tan<^, 
sfi = js + /y* + ^y'' tan 


as we see by projecting the broken line MPM^ upon the three axes 
successively. The tangent to the curve described by the point 
must be the line MM^ itself, that is, we must have 

c/xi _ dyx _ dzx 

— ^ y\ — y ^ 

Let k denote the common value of these ratios; then the condition 
dxx = k(xx — x) may be transformed, by inserting the values of Xi 
and dxx and applying Frenet’s formulae, into the form 


or + or' (^l + I tan ^ rp — 

r Ids 

+ a** d(l tan tf>) -^ 



— kl tan ^ 




The conditions rfy, = A (i/i - y) and = a) lead to exactly 

similar forms, which may be deduced from the preceding by repla¬ 
cing {a, a', a") by (/3, /S', /3") and (y, y', y"), respectively. Since the 
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determinant of the nine direction cosines is equal to unity, these 
three equations are equivalent to the set 


0 , 

kl, 

kl tan . 

From the first of these I ~ R, which shows that the point P is the 
center of curvature and that the line PAI is the polar line. It fol¬ 
lows that all the cvolutes of a given skew curve T lie on the polar sur¬ 
face. In order to determine these evolutes completely it only remains 
to eliminate k between the last two of equations (58). Doing so 
and replacing I by R throughout, we find ds — T d<f>- Hence ^ may 
be found by a single quadrature: 

X 9 T 


(58) 


- i). = 

ds 

dl I tan <l> — ^ 


d(l tan <f>) 


T 
I ds 


If we consider two different determinations of the angle ^ which 
correspond to two different values of the constant the difference 
between these two determinations of <f> remains constant all along r. 
It follows that two normals to the curve V which are tangent to two 
different evolutes intersect at a constant angle. Hence, if we know 
a single family of normals to T which form a developable surface, 
all other families of normals which form-developable surfaces may 
be found by turning each member of the given family of normals 
through the same angle, which is otherwise arbitrary, around its 
point of intersection with T. 


Note I. If r is a plane curve, T is infinite, and the preceding 
formula gives = ^o* The evolute which corresponds to = 0 is 
the plane evolute studied in § 206, which is the locus of the centers 
of curvature of T. There are an infinite number of other evolutes, 
which lie on the cylinder whose right section is the ordinary evo¬ 
lute. We shall study these curves, which axe called Ae^tces, in the 
next section. This is the only case in which the locus of the oen-^ 
ters of curvature is an evolute. In order that (59) should be satis¬ 
fied by taking <f> = 0, it is necessary that T should be infinite or 
that A should vanish identically; hence the curve is in any case a 
plane curve (§ 21G). 
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Note II. If the curve D is an evolute of F, it follows that F is an 
involute of D. Hence 

dsi = d(^MMi) , 

where Si denotes the length of the arc of the evolute counted from 
some fixed point. This shows that all the evolutes of any given 
curve are rectifiable. 


232. Helices. IfCt C be any plane curve and let us lay off on the perpendic¬ 
ular to the plane of C erected at any point m on C a length inM proportional to 
the length of the arc <r of C counted from some fixed point A. Then the skew 
curve r described by the point M is called a helix. Let us take the plane of C 
as the xy plane and let 

»=/(o-), 2/= 0(0-) 

be the coordinates of a point m of C in terms of the arc cr. Then the coordi¬ 
nates of the corresponding point M of the curve T will be 

( 60 ) /{<^)» V = 0 (<^)» z = K<t, 

where K is the given factor of proportionality. The functions / and 0 satisfy 
the relation = hence, from ( 60 ), 

ds2 = (/'2 + ^'2 ^ ir2)d(72 = (1 + E:2) do-2, 

where s denotes the length of the arc of F. It follows that s = o-V I + 

or, if 8 and o* be counted from the same point A on Cy s = <r Vl -f* since S=: 0 . 

The direction cosines of the tangent to F are 




K 

1 + K^’ 


Since y is independent of c, it is evident that the tangent to F makes a constant 
angle with the z axis; this property is characteristic: Any curve whose tangent 
m^es a constant angle with a fixed straight line is a helix. In order to prove 
this, let us take the z axis parallel to the given straight line, and let C be the 
projection of the given curve F on the xy plane. The equations of F may always 
be written in the form 

(62) X = /(O’)» y = 0(<^) 1 2 = 0(cr), 

where the functions / and 0 satisfy the relation /'2 + ^'2 = for this merely 
amounts to taking the arc o- of C as the independent variable. It follows that 

_dz _ 0 ^( 0 ') _ 0 ^ ■ 

dS~ ^'2 _J. ^'2 Vl + ’ 

hence the necessary and sufficient condition that y be constant is that 0' should 
be constant, that is, that 0(<r) should be of the form Ktr + zq. It follows that 
the equations of the curve F vrill be of the form (60) if the origin be moved to 

the point ® = 0, y = 0, z = Zo. 

Since y is constant, the formula dy/ds = y'/R shows that y' = 0. Hence the 
principal normal is perpendicular to the generators of the cylinder. Since it is 
also perpendicular to the tangent to the helix, it is normal to the cylinder, and 
therefore the osculating plane is normal to the cylinder. It follows that the 
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binormal lies in the tangent plane at right angles to the tangent to the helix • 
hence it also makes a constant angle with the z axis, i.e. y'' is constant. * 
Since Y = 0 , the formula = - y/R ~ t'V T shows that y/R + 7 'Vr= 0 - 

hence the ratio T/R is constant for the helix. * 

Each of the properties mentioned above is characteristic for the helix. Let 

us show, for example, that ewery curue for which the ratio T/R is cojuftant is a 
helix. (J. Bertrand.) 

From Frenet’s formulae we have 


da _ dp dy T 1 
d^' ~ ~ ^ R^ U* 

hence, if ZT is a constant, a single integration gives 


a" = Ha - A , 


P" = Hp~ B, y" ^Hy^C, 


where A, B,C are three new constants. Adding these three equations after 
multiplying them by a, / 3 , 7, respectively, we find 


Aa + Bp+ Cy = H, 
or 

+ C7 _ H 

VA2 + B^+C^ ~ 

But the three quantities 


A _ 

VA2 + 1#2+ 02 ' 


B 

VX 2 + R2 + C*’ 


C 


are the direction cosines of a certain straight line A, and the preceding equa¬ 
tion shows that the tangent makes a constant angle with this line. Hence the 
given curve is a helix. 

Again, let us find the radius of curvature. By ( 53 ) and ( 61 ) we have 

cc' da 1 , S' 1 

R ~~ds ~ l + K^^ R~ 1 + JSra ' 

whence, since 7' = 0, 

(63) ~ [/"» {cr) + (cr)]. 

This shows that the ratio (1 K2)/R is independent of K, But when K = 0 

this ratio reduces to the reciprocal 1/r of the radius of curvature of the right 
section C, which is easily verified (§ 205 ). Hence the preceding formula may 
be written in the form R = r(l + which shows that the ratio of the radius 
of curvature of a helix to the radius of curvature of the corresponding curve C 
is a constant. 

It is now easy to find all the curves for which R and T are both constant. 
For, since the ratio T/R is constant, all the curves must be helices, by Bertrand’s 
theorem. Moreover, since R is a constant, the radius of curvature r of the 
curve C also is a constant. Hence <7 is a circle, and tAe required curve ie a 
helix which lies on a circular cylinder. This proposition is duo to Puiseux.« 


• It is assumed in this proof that we are dealing only with real curves, for we 
assumed that q- C‘i does not vanish. (See the thesis by Lyon; Sur les 

courbes u (orsion constanle, 18 U 0 .) 
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235 Bertrand’s curves. The principal normals to a plane curve are also the 
■ 'nal normals to an infinite number of other curves, — the parallels to the 
curve J- Bertrand attempted to find in a similar manner all the skew 
^^ves whose principal normals are the principal normals to a given skew 
*^urve r Let the coordinates x, i/, z of a point of T be given as functions of the 
^ 5 Let us lay off on each principal normal a segment of length and let the 

coordinates of the extremity of this segment be A, \ then we shall have 


(64) 


X = x-\-lo:', F = + Z = 2 + />'. 


The necessary and sufficient condition that the principal normal to the curve r' 
described by the point (X, T, Z) should coincide with the principal normal to r 

is that the two equations 

a'dX y'dZ = 0, 

rt'(drd2Z-dZd2r) + /3'(dZd2X-dXd2Z)+7'(dXd2y-<iFd2X) = 0 

should be satisfied simultaneotisly. The meaning of each of these equations is 
evident. From the first, dl = 0 \ hence the length of the segment I should be a 
constant. Replacing dX, d2X, dF, • • • in the second equation by their values 
from Frenet’s formulae and from the formulae obtained by differentiating 

Frenet’s, and then simplifying, we finally find 


whence, integrating, 
( 66 ) 


-X—^)=(■ 




where I' is the constant of integration. It follows that the required curves are 
those for which there exists a linear relation between the curvature and the torsion. 
On the other hand, it is easy to show that this condition is sufficient and that 

the length I is given by the relation (65). 

A remarkable particular case had already been solved by Monge, namely 
that in which the radius of curvature is a constant. In that case (65) becomes 
I = E and the curve T' defined by the equations (64) is the locus of the centers 
of curvature of V. From (64), assuming l = R = constant, we find the equations 

dX = -^<i"ds, dr = - dZ = -|7"<is, 

which show that the tangent to T' is the polar line of F. The radius of curva¬ 
ture R' of r' is given by the formula 

dX^ + dF^ + dZ^ ^^ 

dtr"2 _i_ + dy"'^ 

hence R' also is constant and equal to R. The relation between the two curves 
r and r' is therefore a reciprocal one : each of them is the edge of regression of 
the polar surface of the other. It is easy to verify each of these statements for 

the particular case of the circular helix. 
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Note^ It is easy to find the general forinulse for all skew curves whose radius of 
curvature is constant. I^et 12 be the given constant radius and let cr, /3, 'y be any 
three functions of a variable parameter which satisfy the relation ^ ^ j 
Then the equations 



where do- = vda^ + represent a curve which has the required prop, 

erty, and it is easy to show that all curves which have that property may be 
obtained in this manner. For a, / 3 , y are exactly the direction cosines of the 
curve defined by (66), and cr is the arc of its spherical indicatrix (§ 226 ). 


IV. CONTACT BETWEEN SKEW CURVES 
CONTACT BETWEEN CURVES AND SURFACES 

234, Contact between two curves. The order of contact of two 
skew curves is defined in the same way as for plane curves. Let V 
and r' be two curves which are tangent at a point A, To each point 
M of r near A let us assign a point M* of T' according to such a law 
that M and M’ approach A simultaneously. We proceed to find 
the maximum order of the infinitesimal MM* with respect to the 
principal infinitesimal AM, the arc of T. If this maximum order 
is 71 + 1, we shall say that the two curves have contccct of order n. 
Let us assume a system of trirectangidar ♦ axes in space, such 
that the t/x plane is not parallel to the common tangent at A and 
let the equations of the two curves be 

(P) U = /(=«:), = !.(*), 

% 

If ^ 0 , Vo, «0 are the coordinates of A, the coordinates of M and M' 
are, respectively, 

[xo + h, f{xo + h), <t>(xo + A)], [xo 4- A, A’(®o + A), *(*0 + A)], 

where A is a function of A which is defined by the law of corre¬ 
spondence assumed between M and M> and which approaches zero 
with A. We may select A as the principal infinitesimal instead of 
the arc AAf (§211); and a necessary condition that MM' should 
be an infinitesimal of order n -H 1 is that each of the differences 

A - A, F(x„ 4- A) _/(x„ 4 - A), 4- A) - 4 - A) 

• It is easy to show, by passing to the formula for the distance between two pointa 
In oblique cocirdinates. that this assumption is not essential. 
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should be an infinitesimal of order n -f 1 or more. It follows that 
we must have 


ach^^\ F(xo + k) -f(x^ + ^) = + 

^(X(J + ^) — + ^) = 


V Pa/ remain finite as ?i approaches zero. Replacing k by 

*ts value h 4 - aA"'*'* from the first of these equations, the latter two 

become + 4 + „;,» + •) - /(x„ + A) = /3A- >, 

*(a:„ + A + aA" + ’) - <^{x^ + A) = yA" + '. 


Expanding F(x„ + A + aA» + >) and <*>(x„ + A + aA" + ') by Taylor’s 
series, all the terms which contain a will have a factor A» + '; hence, 
in order that the preceding condition be satisfied, each of the 

differences 

P(x^ + A) - /(X„ + A), 4>(x„ + A) - <^(Xo + h) 


should be of order n + 1 or more. It follows that if MM< is of 
order n + 1, the distance MN between the points M and N of the 
two curves which have the same abscissa + A will be at least of 
order m +1. Hence the maximum order of the infinitesimal in 
question will be obtained by putting into correspondence the points 

of the two curves ivhich have the same abscissa. 

^ This maximum order is easily evaluated. Since the two curves 

aie tangent we shall have 

/(x„) = F(Xo), /'(*o) =, <#>(*0) = <!>(*«) > W • 

Let us suppose for generality that we also have 

f"(xo) = F"(xo) , • • •, (®o) = (xo) , 

<#.''(xo) = ^''(*0), • • •. (^«) = ("'o) ’ 


but that at least one of the differences 

_/<n + i)(x„), ^<" + »(xo) - (x„) 

does not vanish. Then the distance MM' will be of order n + 1 
and the contact will be of order n. This result may also be stated 
as follows: To find the order of contact of two curves T and T', con¬ 
sider the two sets of projections (C, C) and (C,, CJ) of the given 
curves on the xy plane and the xz plane, respectively, and find the 
order of contact of each set; then the order of contact of the given 
curves T and T' will be the smaller of these two. 
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If the two curves T and T' are given in the form 

(r) y = ^(f ), «= , 

(r') X = /(«), Y = ^(u), z = ^(w), 

they will be tangent at a point w = ^ = if 

0(to) = = 4>Xto), ^(#o) = ^(^o), '*''(^ 0 ) = 

1/ we suppose that /^(^o) is not zero, the tangent at the point of 
contact is not parallel to the yz plane, and the points on the two 
curves which have the same abscissa correspond to the same value 
of t. In order that the contact should be of order n it is neces¬ 
sary and sufficient that each of the infinitesimals and 

'^{f) — should be of order n -\~ 1 with respect to ^ — t^, i.e. that 
we should have 

, • • ■, (to) = i^<"> (to) , 

and that at least one of the differences 


<|>Cn + I) ^to) - (to) , + ») (to) - !/.<" + (to) 

should not vanish. 

It is easy to reduce to the preceding the case in which one of the 
carves T is given by equations of the form 

(67) *=/(0. y = ^ = 

and the other curve F' by two implicit equations 


y, 2 ) = 0, Fi(x,y,z) = 0. 

Resuming the reasoning of § 212, we could show that a necessary 
condition that the contact should be of order n at a point of F 
where t — t„ is that we should have 


( 68 ) 

where 


( F (i-o) = 0, 

\ ^ 1 (^o) = 0, 


F'(<.) = 0, 

Fi(<o) = 0, 


, F<">(<o) = 0, 

, Fi»>(<o) = 0, 


F(0 - -F[/(#), V'(0] . Fi (t) = [/(«), 0(i), ^(<)]. 


235. Osculating curves. Let F be a curve whose equations are 
given in the form (67), and let F' be one of a family of curves in 
2n. + 2 parameters a, b, c, ■ I, which is defined by the equations 

(69) F(x, y, g, a, b, ■ 1) =: 0, jr, (x, y, «, a, 5, c, • • •, f) = 0. 
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In general it is possible to determine the 2n + 2 parameters in such 
a way that the corresponding curve V has contact of order n with 
the given curve F at a given point. The curve thus determined is 
called the osculating curve of the family (69) to the curve F. The 
equations which determine the values of the parameters o, c, • • Z 
are precisely the 2?i 2 equations (68). It should be noted that 

these equations cannot be solved unless each of the functions F and 
F contain at least n + 1 parameters. For example, if the curves 
F' are plane curves, one of the equations (69) contains only three 
parameters; hence a plane curve cannot have contact of order 
higher than two with a skew curve at a point taken at random on 


the curve. 

Let us apply this theory to the simpler classes of curves, — the 
straight line and the circle. A straight line depends on four param¬ 
eters ■ hence the osculating straight line will have contact of the 
first order. It is easy to show that it coincides with the tangent, 
for if we write the equations of the straight line in the form 


a: = as + p, y — bz q. 


the equations (68) become 

where (xo, 2/o, «o) is the supposed point of contact on F. Solving 
these equations, we find 

a = h = -,> p = Xo-j, ^0, 9[ = yo-^--o, 

■which are precisely the values which give the tangent. A neces¬ 
sary condition that the tangent should have contact of the second 
order is that xi' = asi', yi' = l>si', that is, 

^0 l/o ^0 

The points where this happens are those discussed in § 217. 

The family of all circles in space depends on six parameters; 
hence the osculating circle will have contact of the second order. 
Let the equations of the circle be written in the form 

F (x, y, z) = A{x — a) + B{y — 6) + C{z — c) =0, 

F, (x, y ,;?) = (x — ay + (y — — ^2® = 0, 
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where the parameters are a, ft, c, i?, and the two ratios of the three 
coefficients Aj Bj C, The equations which determine the oscillating 

_ f _ T 


circle are 


A(x — d)-\- B{y — ft) + C(z — c) — 0, 


dx . ^dy ^ dz 


A— +B^ 
^ dt^ ^ ^ de 


~de 


= 0 , 


= 0 , 


(x — ay + (y — hy + (« — cy = jr®, 






(x — a) 


d^x 

^/2 


I / 2.\ I / X 

+ (y - ^ - c) 


1 


= 0 , 


where a;, y, and z are to be replaced by fifyt respec¬ 

tively. The second and the third of these equations show that the 
plane of the osculating circle is the osculating plane of the curve V, 
If a, ft, and c be thought of as the running coordinates, the last 
two equations represent, respectively, the normal plane at the point 
(x, ?/, z) and the normal plane at a point whose distance from 
(x, 2 /, z) is infinitesimal. Hence the center of the osculating circle 
is the point of intersection of the osculating plane and the polar 
line. It follows that the osculating circle coincides with the circle 
of curvature, as we might have foreseen by noticing that two curves 
which have contact of the second order have the same circle of 
curvature, since the values of y'j z\ y”, z'* are the same for the two 
curves. 


236. Contact between a curve and a surface. Let .S be a surface 

and r a curve tangent to 5 at a point A. To any point AT of r 
near A let us assign a point M' of S according to such a law that 
M and J/' approach A simultaneously. First let us try to find what 
law of correspondence between M and AI^ will render the order 
of the infinitesimal MM* with respect to the arc AJff a maximum. 
Let us choose a system of rectangular coordinates in such a way 
that the tangent to r shall not be parallel to the yz plane, and that 
the tangent plane to N shall not be parallel to the z axis. Let 
(^o» Vot ^o) coordinates of .d; Z = F(x, y) the equation of 5; 

y =:/(x), z = <^(x) the equations of T ; and n -h 1 the order of the 
infinitesimal MAf* for the given law of oorrespondeuoe. The 
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coordinates of M are [ar„ + A, /(Xo + >0’ ^ 

y — F(X T) be the coordinates of M '■ In order that MM should 

of order n 4- 1 with respect to the arc AM, or, what amounts to 
the same thing, with respect to h, it is necessary that each of the 
differences A - x, K - and ^ « should be an infinitesimal at 

least of order n + 1, that is, that we should have 


Y — X = cch 


II+ 1 


Y-y = pi 


n + 1 




Z -z = F(X, Y)-z = yh" 


+ i 


where a, /3, y remain finite as h approaches zero. Hence we shall 

y + /3/C^') - ^ 

and the difference F{x, y) — z will be itself at least of order n + 1. 
This shows that the order of the infinitesimal MN, where N is the 
point where a parallel to the 2 axis pierces the surface, wiU be at 
least as great as that of MM'. The maximum order of contact — 
which we shall call the order of contact of the curve and the surface 
__is therefore that of the distance MN with respect to the arc AM 
or with respect to A. Or, again, we may say that the order of con¬ 
tact of the curve and the surface is the order of contact beticeen T 
and the curve T' in which the surface S is cut by the cylinder which 
projects V upon the xy plane. (It is evident that the 2 axis may be 
any line not parallel to the tangent plane.) For the equations of 

the curve V are 

y =/(x), ^ > 

and, by hypothesis, 

= <#>(a:o), 

If we also have 

$"(x„) = <#.'W , = <#>"'^ (^0) , 

the curve and the surface have contact of order n. Since the equa. 
tion 4>(x) = <#.(x) gives the abscissae of the points of intersection of 
the curve and the surface, these conditions for contact of order n 
at a point A may be expressed by saying that the curve meets the 

surface in n -f 1 coincident points at A. _ fm 

Finally, if the curve T is given by equations of the form x /( ), 
V - Mt) z = Mt), and the surface S is given by a single equation 
"t tht‘form nL .) - ». th. cu... r just defined will hee. 
tions of the form x =/(0. V = </>(0. ^ = ’-(O. ^here 7r(0 is a func 
tion defined by the equation 


4>'(Xo) = ■ 
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In order that T and r' should have contact of order n, the infini¬ 
tesimal ’Tr(f) — must be of order w. + 1 with respect to t — to; 
that is, we must have 


7r(^o) = *A(^o) , 7r'(<o) = *A'(^o), • ’ •, 7r<"> («„) = (^o) - 

Using F(^) to denote the function considered in § 234 , these equa^ 
tions may be written in the form 

F(i.) = 0, P(«„) = 0, FW(<„) = 0. 

These conditions may be expressed by saying that the curve and 
the surface have 4- 1 coincident points of intersection at their 
point of contact. 

If S be one of a family of surfaces which depends on w + 1 
parameters a, c, • • •, /, the parameters may be so chosen that S 
has contact of order n with a given curve at a- given point j this 
surface is called the osculating surface. 

In the case of a plane there are three parameters. The equations 
which determine these parameters for the oscillating plane are 

Af (€) -f- (t) -i- («) + /) = 0, 

Af^ (0 + (0 + (t) = 0 , 

Af\t) 4- = 0. 


It is clear that these are the same equations we found before for 
the osculating plane, and that the contact is in general of the second 
order. If the order of contact is higher, we must have 

Ar\t) 4 - B<t>''\t) + = 0 , 


i.e. the osculating plane must be stationary. 


237. Osculating sphere. The equation of a sphere depends on four 
parameters; hence the osculating sphere will have contact of the 
third order. For simplicity let us suppose that the coordinates 
ar, y, ; 2 : of a point of the given curve F are expressed in terms of the 
arc 5 of that curve. In order that a sphere whose center is (a, 6, c) 
and whose radius is p should have contact of the third order with 
r at a given point (x, y, z) on F, we must have 

F(s) = 0, P(s) = 0, P'(«) = 0, F'"(s) = 0, 

F(s) = (x — a)* 4- (y — *)• + (* — o)* — p* 


where 
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and where sc, y, s are expressed as functions of s. Expanding the 
last three of the equations of condition and applying Frenet’s 


formulse, we find 

F' («) = (x — a)a + ( 2 / — — c)y = 0, 


F" {s) 


= (* - a) + ( 2 / - 6)f + (* - +1=0, 


X ^ a (a . a'\ 


— b 


R 

R'^ ds 


R 



+ 


R 

P 


t) 


z — c 
R 


( 


R T 




[(x — a) a' + {y — b)P' + (2 — c)y'] — 0. 


These three equations determine a, b, and c. But the first of them 
represents the normal plane to the curve T at the point (x, y, 2 ) in 
the running coordinates (a, b, c), and the other two may be derived 
from this one by differentiating twice with respect to s. Hence 
the center of the osculating sphere is the point where the polar line 
touches its envelope. In order to solve the three equations we may 
reduce the last one by means of the others to the form 

(X - a) a" + (y - &)/3" + (S - c)y" = T 


from which it is easy to derive the formulm 


a = X + i2a' 




= y + i?y3' - 



C = Ry' - T 


dR 

ds 



Hence the radius of the osculating sphere is given by the formula 

If R is constant, the center of the osculating sphere coincides with 
the center of curvature, which agrees with the result obtained in 

§ 233. 


238. Osculating straight lines. If the equations of a family of 
curves depend on ra + 2 parameters, the parameters may be chosen 
in such a way that the resulting curve C has contact of order n with 
a given surface S at a point M. For the equation which expresses 
that C meets S at M and the «. + 1 equations which express that 
there are ra + 1 coincident points of intersection at M constitute 
71 + 2 equations for the determination of the parameters. 
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For example, the equations of a straight line depend on four 
parameters. Hence, through each point M of a given surface 
there exist one or more straight lines which have contact of the 
second order with the surface. In order to determine these lines, 
let us take the origin at the point M, and let us suppose that the 
z axis is not parallel to the tangent plane at M. Let z = F(x, y) 
be the equation of the surface with respect to these axes. The 
required line evidently passes through the origin, and its equations 
are of the form 

X y z 

— = — = - = p. 

a h c 

Hence the equation cp = F(ap, 6p) should have a triple root p s 0; 
that is, we should have 

c — ap “h bq^ 

0 = a^r -h 2abs + b^t, 

where q, r, s, t denote the values of the first and second deriva¬ 
tives of F(x, t/) at the origin. The first of these equations expresses 
that the required line lies in the tangent plane, which is evident 
a priori. The second equation is a quadratic equation in the ratio 
&/a, and its roots are real if — rt is positive. Hence there are in 
general two and only two straight lines through any point of a given 
surface which have contact of the second order with that surface. 
These lines will be real or imaginary according 2 is — rt is positive 
or negative. We shall meet these lines again in the following 
chapter, in the study of the curvature of surfaces. 

EXERCISES 

1. Find, in finite form, the equations of the evolutes of the curve which 
cuts the straight line generators of a right circular cone at a constant angle. 
Discuss the problem. 

[Licence^ Marseilles, July, 1884.] 

2. Do there exist skew curves T for which the three points of intersection 
of a fixed plane P with the tangent, the principal normal, and the binormal are 
the vertices of an equilateral triangle ? 

3. Let r be the edge of regression of a surface which is the envelope of 
a one-parameter family of spheres, i.e. the envelope of the characteristic circles. 
Show that the curve which is the locus of the centers of the spheres lies on 
the polar surface of V, Also state and prove the converse. 

4. Let r be a given skew curve, M a point on P, and O a fixed point in 
space. Through O draw a line parallel to the polar line to P at Jtf, and lay off 
on this parallel a segment ON equal to the radius of ourvature of P at JT Show 
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that the curve T' described by the point TV* and the curve I"' described by the 
center of curvature of r have their tangents perpendicular, their elements of 

len'^th equal, and their radii of curvature e(iual, at corresponding points. 

^ [Korgrtr.] 

5 If the osculating sphere to a given skew curve T has a constant radius a, 
show that r lies on a sphere of radius a, at least unless the radius of curvature 
of r is constant and equal to a. 

6. Show that the necessary and sufficient condition that the locus of the 
center of curvature of a helix drawn on a cylinder should be another helix on a 
cylinder parallel to the first one is that the right section of the second cylinder 
should be a circle or a logarithmic spiral. In the latter case show that all the 
helices lie on circular cones which have the same axis and the same vertex. 

[Tissot, Nouvelles Annales^ Vol. XI, 1852.] 


7*. If two skew curves have the same principal normals, the osculating 
planes of the two curves at the points where they meet the same normal make 
a constant angle with each other. The two points just mentioned and the cen¬ 
ters of curvature of the two curves form a system of four points whose anhar- 
monic ratio is constant. The product of the radii of torsion of the two curves 
at corresponding points is a constant. 

[Paul Serret ; Mannheibi ; Schell.] 


8*. Let X, y, 2 be the rectangular coordinates of a point on a skew curve T , 
and s the arc of that curve. Then the curve To defined by the equations 

Xo=f <x"ds, yo=f ^o=f y"ds, 


where Xo, Vo, Zo are the running coordinates, is called the conjugate curve to T; 
and the curve defined by the equations 

X = xcos0 + xosin^, Y = ycos0 -f yosin 9, Z = 2cos0 + zosin^, 

where JT, T, Z are the running coordinates and 0 is a constant angle, is called 
a related curve. Find the orientation of the fundamental trihedron for each of 
these curves, and find their radii of curvature and of torsion. 

If the curvature of T is constant, the torsion of the curve To is constant, and 
the related curves are curves of the Bertrand type (§ 233). Hence find the 
general equations of the latter curves. 


9 Let r and T' be two skew curves which are tangent at a point A. From 
A lay off infinitesimal arcs AM and AM' from A along the two curves in the 

same direction. Find the limiting position of the line MM'. tcauchy.! 


10 In order that a straight line rigidly connected to the fundamental t^rihe- 
dron of a skew curve and passing through the vertex of the trihedron should 
describe a developable surface, that straight line must comcide with the tangent, 
at least unless the given skew curve is a helix. In the latter case there are an 
infinite number of straight lines which have the required property. 



496 


SKEW CURVES 


[XI, Exs. 


For a curve of the Bertrand type there exist two hyperbolic paraboloids 
rigidly connected to the fundamental trihedron, each of whose generators 
describes a developable surface. 

[CbsA.ro, BivUta di MathcTnatica, VoL II, 1892, p. 166.] 

11*- In order that the principal normals of a given skew curve should be the 
binormals of another curve, the radii of curvature and the radii of torsion of 
the first curve must satisfy a relation of the form 


where A and B are constants. 


a 


Ri 



[Mannheim, Comptea renduSy 1877.] 


[The case in which a straight line through a point on a skew curve rigidly 
connected with the fundamental trihedron is also the principal normal (or the 
binormal) of another skew curve has been discussed by Pellet {Comptea rendua 

May, 1887), by Ceskro {Nouvelles AnnaZeSy 1888, p. 147), and by Balitrand 
(MatheaiSy 1894, p. 159).] 


12. If the osculating plane to a skew curve T is always tangent to a fixed 
sphere whose center is O, show that the plane through the tangent perpen¬ 
dicular to the principal normal passes through O, and show that the ratio of 
the radius of curvature to the radius of torsion is a linear function of the arc. 
State and prove the converse theorems. 
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I CURVATURE OF CURVES DRAWN ON A SURFACE 

239 Fundamental formula. Meusnier’s theorem. In order to study 
the curvature of a surface at a non-singular point M, we shall sup- 
ose the surface referred to a system of rectangular coordinates 
such that the axis of a is not parallel to the tangent plane at M. 
If the surface is analytic, its equation may he written in the form 


( 1 ) 


» = (a:, y ), 


where F(x, y) is developable in power series according to powers of 
x — Xa and y — yo neighborhood of the point M {xo, yo, ^o) 

(§ 194). B'l'' the arguments which we shall use do not require the 

assumption that the surface should be analytic: we shall merely 
suppose that the function F(x, y), together with its first and second 
derivatives, is continuous near the point (xo, yo) We shall use 
Monge’s notation, p, q, r, s, t, for these derivatives. 

It is seen immediately from the equation of the tangent plane 
that the direction cosines of the normal to the surface are propor¬ 
tional to p, q, and - 1. If we adopt as the positive direction of the 
normal that which makes an acute angle with the positive z axis, 
the actual direction cosines themselves X, v are given by the 

formulae 

-S' __^ 

(2) X - 


Vi ++i 


fL — 


Vi 4- + ? 


V = 


VlH- 


Let C be a curve on the surface S through the point 3/, and let 
the equations of this curve be given in parameter form; then the 
functions of the parameter which represent the coordinates a 
point of this curve satisfy the equation (1), and hence their differ- 

entials satisfy the two relations 


(3) 

(4) 


dz=pdx qdy, 

d:‘z=pa‘x + qd‘^y + rdx^ + 2sdxdy + tdy* 

A 
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The first of these equations means that the tangent to the curve C 
lies in the tangent plane to the surface. In order to interpret the 
second geometrically, let us express the differentials which occur in 
it in terms of known geometrical quantities. If the independent 
variable be the arc <r of the curve C, we shall have 

dx dy dz d^x a* d^y d^z y* 

where the letters cr, y, a', /S', y', R have the same meanings as in 
§ 229. Substituting these values in (4) and dividing by Vl +^^4- y®, 
that equation becomes 


or, by (2), 


y' — pet' — 7/8' _ rct^ + 2saP + 

R Vl + Vl -f- 

\a' + /x/S' + vy^ _-f- 2sctp + 

R VFh- 


But the numerator Xa' -i- + vy' is nothing but the cosine of the 

angle $ included between the principal normal to C and the positive 
direction of the normal to the surface; hence the preceding formula 
may be written in the form 



cos 0 _ ra^ 4- 2sap -f- 

R Vl -\-p^ 4- 


This formula is exactly equivalent to the formula (4); hence it 
contains all the information we can discover concerning the curva¬ 
ture of curves drawn on the surface. Since R and VlT 4- j?® 4- 
are both essentially positive, cos 0 and r<x^ 4- 2sap 4 - have the same 
sign, i.e. the sign of the latter quantity shows whether 6 is acute or 
obtuse. In the first place, let us consider all the curves on the sur¬ 
face 5 through the point M which have the same osculating plane 
(which shall be other than the tangent plane) at the point Af. All 
these curves have the same tangent, namely the intersection of the 
osculating plane with the tangent plane to the surface. The direc¬ 
tion cosines <r, /S, y therefore coincide for all these curves. Again, 
the principal normal to any of these curves coincides with one of 
the two directions which can be selected upon the perpendicular to the 
tangent line in the osculating plane. Let oi be the angle which the 
normal to the surface makes with one of these directions; then wo 
shall have d = o> or ^ = 7r — w. But the sign of ra* 4- 2sap -f- 
shows whether the angle $ is acute or obtuse; hence the positiye 
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direction of the principal normal is the same for all these curves. 
?ince 9 is also the same for all the curves, the radius of curvature 
jt is the same for them all; that is to say, all the curves on the sur- 
face through the point M which have the same osculating plane have 

'the same center of curvature. 

It follows that we need only study the curvature of the plane 
sections of the surface. First let us study the variation of the 
curvature of the sections of the surface by planes which a 1 pass 
through the same tangent MT. We may suppose, witteut loss of 
Generality, that + 2sa^ + tfl^ > 0, for a change in the direction 
It the a axis is sufficient to change the signs of r, s, and t. For all 
these plane sections we shall have, therefore, cos 9>0 and the 
anele 9 is acute. If be the radius of curvature of the section 
by the normal plane through MT, since the corresponding angle 9 

is zero,'we shall have 

1 ra^ -f 2saP + 

Ri Vl + 

Comparing this formula with equation (5), which gives the radius 
of curvature of any oblique section, we find 


( 6 ) 




COS B 

R 


or R = Ri cos 9, which shows that the center of curvature of any 
oblique section is the prelection of the center of curvature of the 
noimal section through the same tangent line. This is Meusnier s 

*^The preceding theorem reduces the study of the curvature of 
oblique sections to the study of the curvature of normal sections 
We shall discuss directly the results obtained by Euler. First let 
us remark that the formula (5) will appear in two different forms 
for a normal section according as + tfi^ is positive or 

negative. In order to avoid the inconvenience of carrying these 
two signs, we shall agree to affix the sign + or the si^ - to the 
radius of curvature R of a normal section according as the diiection 
from M to the center of curvature of the section is the same a,s or 
opposite to the positive direction of the normal to *1^® surface. 
With this convention, R is given in either case by e ormu a 


( 7 ) 


1 rcc^ + 2sap + ^ 

R Vl H- -h 


/ 
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which, shows without ambiguity the direction, in which the center 
of curvature lies. 

From (7) it is easy to determine the position of the surface with 
respect to its tangent plane near the point of tangency. For if 
^ — rt < 0, the quadratic form rc^ + 28a -f- keeps the same 
sign — the sign of r and of ^—as the normal plane turns around 
the normal; hence all the normal sections have their centers of 
curvature on the same side of the tangent plane, and therefore all 
lie on the same side of that plane: the surface is said to be convex 
at such a point, and the point is called an elliptic point. On the 
contrary, if §2 _ ^ ^ ^ 2sar^ + vanishes for two 

particular positions of the normal plane, and the corresponding 
normal sections have, in general, a point of inflection. When the 
normal plane lies in one of the dihedral angles formed by these two 
planes, R is positive, and the corresponding section lies above the tan¬ 
gent plane; when the normal plane lies in the other dihedral angle, 
R is negative, and the section lies below the tangent plane. Hence 
in this case the surface crosses its tangent plane at the point of 
tangency. Such a point is called a hyperbolic point. Finally, if 
— rt = 0, all the normal sections lie on the same side of the tan¬ 
gent plane near the point of tangency except that one for which 
the radius of curvature is infinite. The latter section usually 
crosses the tangent plane. Such a point is called % parabolic point. 

It is easy to verify these results by a direct study of the differ¬ 
ence if = 2 — of the values of sr for a point on the surface and for 
the point on the tangent plane at M which projects into the same 
point (x, y') on the xy plane. For we have 

=i?(a; - Xo) -h q{y - y^^ 
whence, for the point of tangency (x^, yo), 

du dz' r. 

dx~^ 

and 

u 32 11 02 u 

It follows that if 52 _ 0, ti is a maximum or a minimum at M 

(§ 56), and since u vanishes at il/, it has the same sign for all other 
points in the neighborhood. On the other hand, if s* — ri > 0, u 
has neither a maximum nor a minimum at M, and hence it changes 
sign in any neighborhood of M, 
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240. Euler’s theorems. The indicatrix. In order to study the varia¬ 
tion of the radius of curvature of a normal section, let us take the 
point M as the origin and the tangent plane at M as the ary plane. 
With such a system of axes we shall have p = q = 0y and the 

formula (7) becomes 


( 8 ) 


— = r cos^A + 2 s cos A sin < sin^<^, 
R 


where <#> is the angle which the trace of the normal plane makes 
with the positive a: axis. Equating the derivative of the second 
member to zero, we find that the points at which R may be a maxi¬ 
mum or a minimum stand at right angles. The following geomet^ 
rical picture is a convenient means of visualizing the variation of R. 
Let us lay off, on the line of intersection of the normal plane with 
the ary plane, from the origin, a length Oin equal numerically to the 
square root of the absolute value of the corresponding radius of cur¬ 
vature. The point vt will describe a curve, which gives an instanta¬ 
neous picture of the variation of the radius of curvature. This curve 
is called the indicatrix. Let us examine the three possible cases. 

1 ) 52 _ < 0 . In this case the radius R has a constant sign, which 

we shall suppose positive. The coordinates of m are f — V7? cos ^ 
and n = VS sin ^ ; hence the equation of the indicatrix is 


(9) 


-f 2 s^77 + = 1 , 


which is the equation of an ellipse whose center is the origin. It is 
clear that R is at a maximum for the section made by the normal 
plane through the major axis of this ellipse, and at a minimum for 
the normal plane through the minor axis. The sections made by two 
planes which are equally inclined to the two axes evidently have the 
same curvature. The two sections whose planes pass through the 
axes of the indicatrix are called the princijml normal sectionSy and 
the corresponding radii of curvature are called the principal radii of 
curvature. If the axes of the indicatrix are taken for the axes of x 
and y, we shall have s = 0 , and the formula ( 8 ) becomes 

i = r cos* t sin* . 

R 

With these axes the principal radii of curvature Ri and R^ correspond 
to <#» = 0 and = 7 r/ 2 , respectively; hence 1/Rx = r, l/R^ = ty and 


(10) 


1 __ cos*<fr sin*<^ 

ft “ ft, R'l 
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2) 5 * — > 0. The normal sections which 

values of tj> which satisfy the equation 


correspond to the 


r cos^<f» -f- 2 s cos ^ sin <f> -J- 


€/ OXAl. 






have infinite radii of curvature. Let LlOL^ and L^OL^ be the inter 
sections of these two planes with the ary plane. When the trace of 
the normal plane lies in the angle for example, the radius 

of curvature is positive. Hence the corresponding portion of the 
indicatrix is represented by the equation 


ty^ = 1 j 

where f and >7 are, as in the previous case, the coordinates of the 
point nt. This is an hyperbola whose asymptotes are the lines 
L\OL^ and L[OL^. When the trace of the normal plane lies in the 
other angle R is negative, and the coordinates of m are 

^ R cos 17 = V— R sin 

Hence the corresponding portion of the indicatrix is the hyperbola 

+ 2s$r} -f- = — 1 j 

which is conjugate to the preceding hyperbola. These two hyper¬ 
bolas together form a picture of the variation of the radius of curva¬ 
ture in this case. If the axes of the hyperbolas be taken as the 
a: and y axes, the formula ( 8 ) may be written in the form ( 10 ), as in 
the previous case, where now, however, the principal radii of curva¬ 
ture R^ and R^. have opposite signs. 


3) — rt = 0. In this case the radius of curvature R has a 

fixed sign, which we shall suppose positive. The indicatrix is still 
represented by the equation (9), but, since its center is at the origin 
and It IS of the parabolic type, it must be composed of two parallel 
straight lines. If the axis of y be taken parallel to these lines we 
shall have s = 0 , < = 0 , and the general formula ( 8 ) becomes * 


or 



This case may also be considered to be a limiting case of either o 
the preceding, and the formula just found may be thought of as th 
limiting case of ( 10 ), when R^ becomes infinite. 
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Euler's formal® may be established without uMng the formula (5). Taking 
the point 3f of the given surface as the ong.n and the tangent plane as the xy 
pLe! the expansion of z by Taylor's senes may be written m the form 

rx^ -t- 2sxy + 


z = 


1.2 


+ 


^here the terms not written down are of order grater than two. In order 
r^d the radii of curvature of the section made by a plane y = x tan we 

nxay introduce the transformation 

x = x'cos0-2/'sm0, y = x'sin0 + y'cos^t, 

and then set y' = 0. This gives the expansion of z m powers of x\ 

r cos'^fp + 23 sin <p cos ^ + t sin^ <p 


z = 


+ 


which, by § 214, leads to the formula (8). 

j^ote 3 . The section of the surface by its tangent plane is given by the equation 

0 = rx® + 23xy + (3:, 2/) + ■ ■» 

and has a double point at the origin. The two tangents at this point are the 
asymptotic tangents. More generally, if two surfaces S and are both tangent 
at the origin to the xy plane, the projection of their curve of intersection on the 

xy plane is given by the equation 

0 = (r - ri)x2 H- 2(3 - 3i)xj/ + (« - fi) 2/^ + • • • i 

where n 3 i, have the same meaning for the surface Sj that r, 3, t have 
for S The nature of the double point depends upon the sign of the expression 
(3 - 3 i )2 - (r - ri)(< - <i)- If expression is zero, the curve of intersection 

has, in general, a cusp at the origin. 

To recapitulate, there exist on any surface four remarkable posi¬ 
tions for the tangent at any point: two perpendicular tangents for 
which the corresponding radii of curvature have a inaxiinum or a 
minimum, and two so-called asymptotic^ or principalj* tangents, for 
which the corresponding radii of curvature are infinite. The latter are 
to be found by equating the trinomial 2sa/34- to zero (§ 238). 

We proceed to show how to find the principal normal sections and 
the principal radii of curvature for any system of rectangular axes. 


241. Principal radii of curvature. There are in general two different 
normal sections whose radii of curvature are equal to any given 
value of R. The only exception is the case in which the given 
value of R is one of the principal radii of curvature, in which case 


• The reader should distinguish sharply the directions of the principal tangents 
(the asymptotes of the indicatrix) and the directions of the principal normal sections 
(the axes of the indicatrix). To avoid confusion we shall not use the term principal 

tangent. —Trans. 
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only the corresponding principal section has the assigned radius 
of curvature. To determine the normal sections whose radius of 
curvature is a given number R, we may determine the values of 
cr, pj y by the three equations 

Vl + ^ ^ 2sap + y=pa + gp, „* + + yS ==1, 

It is easy to derive from these the following homogeneous combinar 
tion. of degree zero in ct and : 

Vl4-+ g 

R 


( 11 ) 


_ ra^ -j- 2sap + 

ipoc + qpy 

It follows that the ratio is given by the equation 

a®(l H“ — rD) + 2<xfi(^pq — &!>) — flX) = 0, 

where R — D->Jl p'^ q^. If this equation has a double root, that 

root satisfies each of the equations formed by setting the two first 
derivatives of the left-hand side with respect to a and /3 equal to 
zero : 

2 ^^ — rD)p{pq — sD) =0, 

(t{pq — sD) 4- ^(1 4- ^7* — tD) = 0. 

Eliminating a and and replacing D by its value, we obtain an 
equation for the principal radii of curvature: 


( 12 ) 


(13) 


{rt - - Vl+P^T? C (1 + i>“) < + (1 + ?*) r - 2pqs-\ R 


+ (l+,3»+gr»)* = 0. 

On the other hand, eliminating D fi’om the equations (12), we obtain 
an equation of the second degree which determines the lines of inter¬ 
section of the tangent plane with the principal normal sections: 


(14) 


a“[(l 4- p^)s ~~ pqr] 

From the very nature of the problem the roots of the equations (13) 
and (14) will surely be real. It is easy to verify this fact directly. 
In order that the equation for R should have equal roots, it is 
necessary that the indicatrix should be a circle, in which case all 
the normal sections will have the same radius of curvature. Hence 
the second member of (11) must be independent of the ratio 
which necessitates the equations 




s 
P9 


1 + 7 * 


(16) 
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The points which satisfy these equations are called umbilics. At 
such points the equation (14) reduces to an identity, since every 

diameter of a circle is also an axis of symmetry. 

It is often possible to determine the principal normal sections 
from certain geometrical considerations. For instance, if a surface 
S has a plane of symmetry through a point M on the surface, it is 
clear that the line of intersection of that plane with the tangent 
plane at M is a line of symmetry of the indicatrix ; hence the sec¬ 
tion by the plane of symmetry is one of the principal sections. For 
example, on a surface of revolution the meridian through any point 
is one of the principal normal sections; it is evident that the plane 
of the other principal normal section passes through the normal to 
the surface and the tangent to the circular parallel at the point. 
But we know the center of curvature of one of the oblique sections 
through this tangent line, namely that of the circular parallel itself. 
It follows from Meusnier*s theorem that the center of curvature of 
the second principal section is the point where the normal to the 


surface meets the axis of revolution. 

At any point of a developable surface, s® = 0, and the indica¬ 
trix is a pair of paraUel straight lines. One of the principal sec¬ 
tions coincides with the generator, and the corresponding radius of 
curvature is infinite. The plane of the second principal section is 
perpendicular to the generator. All the points of a developable 
surface are parabolic, and, conversely, these are the only surfaces 

which have that property (§ 222). 

If a non-developable surface is convex at certain points, while other 

points of the surface are hyperbolic, there is usually a line of para¬ 
bolic points which separates the region where s’ - rt is positive from 
the region where the same quantity is negative. For example, on the 
anchor ring, these parabolic lines are the extreme circular parallels. 


In general there are on any convex surface only a finite number of umbilics. 
We proceed to show that the only real surface for which every point is an 
umbilic is the sphere. Let X, » be the direction cosines of the normal to the 
surface. Differentiating (2), we find the formulae 


ax _ 

pqs — {l-¥ q^)r 

ax _ 

11 y 

ax 

(i-i-p’ -f’ 


(1 -1- P’ -1- 9’)* 

II 

pgr —(1 +p*)s 

II 

pgs —(1 +p*)« 
(1 -f p’ + g’)* ’ 


Sx~ ' ex Sy 


or, by (16), 
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The first equation shows that X is independent of the second that /a is inde« 
pendent of x ; hence the common value of dX/dz, dy./by is independent of both 
X and i.e. it is a constant, say 1/a. This fact leads to the equations 

, X — Xo 1/ — 2/0 Va2 - (X — Xo)2 — (v — 2/o)* 

X=— I u = —-—, V =---- —9 


^ _ X _ X — Xq _ 

y Va2 — (X — xo)’^ — {y — Vo)* 

q = — ^ = _ ^ ~ __ 

V Va^ — (X — Xo)-* — (y — 3/^* 

whence, integrating, the value of z is found to be 

z = 2o + Va^ — (a: — Xo)* — (y — 2/o)’^, 

which is the equation of a sphere. It is evident that if d\/Bz = dfji/dy = 0, the 
surface is a plane. But the equations (15) also have an infinite number of 
imaginary solutions which satisfy the relation 1 + p* H- g® = 0, as we can see by 
differentiating this equation with respect to x and with respect to y. 


II. ASYMPTOTIC LINES CONJUGATE LINES 

242. Definition and properties of asymptotic lines. At every hyper¬ 
bolic point of a surface there are two tangents for which the corre¬ 
sponding normal sections have infinite radii of curvature, namely 
the asymptotes of the indicatrix. The curves on the given surface 
which are tangent at each of their points to one of these asymptotic 
directions are called asymptotic lines. If a point moves along any 
curve on a surface, the differentials dx, rfy, dz are proportional to 
the direction cosines of the tangent. For an asymptotic tangent 
ra?- + 2scc^ 4-= 0 ; hence the differentials c?a: and dy at any point 
of an asymptotic line must satisfy the relation 

(16) rdx'^ 2s dx dy t dy^ = 0. 

If the equation of the surface be given in the form z = F(x, y), and 
we substitute for r, s, and t their values as functions of x and y, 
this equation may be solved for dy/dx, and we shall obtain the two 
solutions 

We shall see later that each of these equations has an infinite num¬ 
ber of solutions, and that every pair of values (x©, y©) determines 
in general one and only one solution. It follows that there pass 
through every point of the surface, in general, two and only two 
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asymptotic lines: all these lines together form a double system of 

lines upon the surface. t ^ i * 4 . 1 , 

Again, the asymptotic lines may be defined without the use of 

any metrical relation : the asyynptotie lines on a surface are those 
cuUes for which the osculating plane always coincides with the tan¬ 
gent plane to the surface. For the necessary and sufficient condition 
Lat the osculating plane should coincide with the tangent plane to 

the surface is that the equations 

dz-pdx-qdy = 0, d‘‘z-pd^x-qdfy = 0 

should be satisfied simultaneously (see § 215). The first of t^se 
equations is satisfied by any curve which lies on the surface. Dif¬ 
ferentiating it, we obtain the equation 

dfz—pdfx — q d^y — dp dx — dq dy = Q, 

which shows that the second of the preceding equations may be 
replaced by the following relation between the first differentials -. 


(18) 


dpdx + dqdy — 0, 


an equation which coincides with (16). Moreover it is easy to 
exnlain why the two definitions are equivalent. Since the radius of 
curvature of the normal section which is tangent to an asymptote 
of the indicatrix is infinite, the radius of curvature of the asymp¬ 
totic line will also be infinite, by MeusnieFs theorem, at least unless 
the osculating plane is perpendicular to the normal plane, in which 
case Meusnier’s theorem becomes illusory. Hence the osculating 
plane to an asymptotic line must coincide with the tangent plane. 
It least unless the radius of curvature is infinite; but if this were 
true the line would be a straight line and its osculating plane 
would be indeterminate. It follows from this property that any 
projective transformation carries the asymptotic lines into asymp¬ 
totic lines. It is evident also that the differential equation is of 
the same form whether the axes are rectangular or oblique, for the 
equation of the osculating plane remains of the same form. 

^It is clear that the asymptotic lines exist only m case the PO'^ts 
the surface are hyperbolic. But when the surface is analytic the 
differential equation (16) always has an infinite number of solu¬ 
tions real or imaginary, whether s* - r< is positive or negative. As a 
generalization we shall say that any convex surface possesses two sy^ 
terns of imaginary asymptotic lines. Thus the asymptotic lines of an 
unparted hyperboloid are the two systems of rectilinear generators. 
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- or a spnere these generators are iniai?ina.rtr k * 

they satisfy the differential equation for the a8yin]Sc li. 

Example. Let us try to find the asymptotic lines of the surface 
In this example we have * ~ xp'y”, 

r = m(m-\)a^-2yn^ » = «*«*”■"■ f = n(n - I)x-.y--» 

and the differential equation (16) may be written in the form 

'"'""(IS) + »(« - 1) = 0. 

This equation may bo solved as a quadratic in (y dx)/lx dv\ Let » = s t w 

rrcn. "7^^: r r “ .7 ™ --"wf: 

2/''>=Cj2, yh,-C^^ 

243. Differential equation in parameter form. Let the eouation. 
the surface be given in terms of two parameters tt and t,? ^ 

(19) a: =f(u, v), y = ^ ^ 

Using the second definition of asymptotic lines let i.v 

equation of the tangent plane in the form ’ 

(20) ^(^-^) + -B(y~y)+C(^-z) = 0, 

where A, B, and C satisfy the equations 


( 21 ) 


dll ' 


du 

dv 


du 


dv * 


which are the equations for A, B, and C found in S <10 «• xv 

osculating plane of an asymptotic line is the same a. ' 

plane, .he.. eoeffl tte *“«“• 

Adx +Bdy +Cdx =0, 

x4 d*a: + .B cPy + c d** = 0 . 

.“tnt”* t rT”' *• !««..■ 

g It, we see that the second may be replaced by the equation 

^ ^ rf-1 dx + dBdy + dCdx = 0, 

whic^hjs the required differential equation. If, for example we 

to the partial derivSv^^^^L^V’of ^*^th respectively, 

the equation (22) coincided with (18). ^ to a and y, and 


ASYMPTOTIC LINES CONJUGATE LINES 


509 


2^0^ §2443 AUXA’Ai -- 

Examples. As an example let us consider the conoid 2 = <p(y/x). ThU equa¬ 
tion is equivalent to the system x = u, y = av, 2 = <P(v), and the equations (21) 

A + Bv = 0, Bu + C<A'(v) = 0. 

These equations are satisfied if we set C = - u, A = - v4>'(v), B = ^'( 0 ); hence 
the equation (22) takes the form 

u (p"{v) dt)* — 2ip'(v)dudv = 0. 

One solution of this equation is v = const., which gives the rectilinear genera- 
tors. Dividing by du, the remaining equation is 

^"{v)dv _2du 
4>'{v) ~ u 

whence the second system of asymptotic lines are the curves on the surface 
defined by the equation u^ = K<p'{v), which project on the xy plane into the 

curves , ^ 




Again, consider the surfaces discussed by Jamet^ whose equation may be 

written in the form 

,/(!)-TO. 

Taking the independent variables z and u = y/x, the differential equation of 
the asymptotic lines may be written in the form 


.lEMdx = ±J^du, 

\ F(z) \ /(«) 

from which each of the systems of asymptotic lines may be found by a single 
quadrature. 

A helicoid is a surface defined by equations of the form 

x = pco8Uy y = psin«, z=/(p) + hu. 

The reader may show that the differential equation of the asymptotic lines is 

p/"{p)dfp- — 2 hdudp p^f'ip) ^ i 

from which w may l>e found by a single quadrature. 


344. Asymptotic lines on a ruled surface. Eliminating A, Bj and C 
between the equations (21) and the equation 

A(Px B + C tPz = 0, 

we find the general differential equation of the asymptotic lines : 




d 

dxjf 

du 

du 

du 

a/ 

d<t> 

d\p 

dv 

dv 

dv 

(Px 

Py 

Pz 
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This equation does not contain the second differentials <Pu and ePv 
for we have 


d'^x = 


ou OV cur OUOV 


dv^ 


dv* 


and analogous expressions for d^y and d^z. Subtracting from the 
third row of the determinant (23) the first row multiplied by dp'u 

and the second row multiplied by the differential equation 
becomes 


du^ 


dv? -|- 2 


8/ 

d <f> 

d^ 

du 

du 

du 

sf 

d4» 

dtff 

dv 

dv 

dv 


Ou Ov Ov* 



Developing this determinant with respect to the elements of the 
first row and arranging with respect to du ahd rft?, the equation 
may be written in the form 


(24) Z> dv? + 2D' du dv + D" = 0, 

where D, D\ and D" denote the three determinants 


r 



dx 

8y 

dz 


dx 


dz 

du 

du 

du 


du 

du 

du 

dx 

dy 

dz 

7)» — 

dx 


dz 

dv 

dv 

ov 

, AJ — 

dv 

dv 

dv 

d^x 

d^y 

d^z 


d^x 

d^y 

d^z 

du^ 

dv? 

du^ 


du dv 

dudv 

du dv 



dx 

dy 

du 

du 

dx 


dv 

dv 

d^x 

d-^y 

dv^ 

dv^ 


dz 

du 

dz 

dv 

dv^ 


As an application let us consider a ruled surface, that is, a surface 
whose equations are of the form 


a: = Xo-h auy y = + fiu, z = Zfy ^ yu, 

where A y ure all functions of a second variable param¬ 

eter V. If we set u = 0, the point (x©, yo, »o) describes a certain 
curve r which lies on the surface. On the other hand, if we set 
V = const, and let u vary, the point (x, y, z) will describe a straight- 
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line generator of the ruled surface, and the value of » at any point 
of the line will be proportional to the distance between the point 
(X, yy and the point (xo, yo, at which the generator meets the 
curve T. It is evident from the formulae (25) that /) = 0, that D 
is independent of w, and that D" is a polynomial of the second 

degree in u : 

^ cc . 

= xi + oc'u . . 

x” cc"u . 

Since dv is a factor of (24), one system of asymptotic lines consists 
of the rectilinear generators v = const. Dividing by di>, the remain¬ 
ing differential equation for the other system of asymptotic lines is 


of the form 



+ Lu^ + Mu + N =0, 

dv 


where L, My and N are functions of the single variable v. An equa¬ 
tion of this type possesses certain remarkable properties, which we 
shall study later. For example, we shall see that the anhamionic 
ratio of any four solutions is a constant. It follows that the anhar- 
monic ratio of the four points in which a generator meets any four 
asymptotic lines of the other system is the same for all generators, 
which enables us to discover all the asymptotic lines of the second 
system whenever any three of them are known. We shall also 
see that whenever one or two integrals of the equation (26) are 
known, all the rest can be found by two quadratures or by a single 
quadrature. Thus, if all the generators meet a fixed straight line, 
that line will be an asymptotic line of the second system, and all 
the others can be found by two quadratures. If the surface pos¬ 
sesses two such rectilinear directrices, we should know two asymp¬ 
totic lines of the second system, and it would appear that another 
quadrature would be required to find all the others. But we can 
obtain a more complete result. For if a surfac-e possesses two 
rectilinear directrices, a projective transformation can be found 
which will carry one of them to infinity and transform the surface 
into a conoid; but we saw in § 243 that the asymptotic lines on a 
conoid could be found without a single quadrature. 


245. Conjugate lines. Any two conjugate diameters of the indica- 
trix at a point of a given surface S are called conjxigate tangents. 
To every tangent to the surface there corresponds a conjugate 
tangent, which coincides with the first when and only when the given 
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tangent is an asymptotic tangent. Eet z = F(x^ y) be the equation of 
the surface S, and let m and m' be the slopes of the projections of 
two conjugate tangents on the xy plane. These projections on the 
xy plane must be harmonic conjugates with respect to the projec¬ 
tions of the two asymptotic tangents at the same point of the sur¬ 
face. But the slopes of the projections of the asymptotic tangents 
satisfy the equation 

r -|- 2s ft. 4- = 0. 

In order that the projections of the conjugate tangents should be 
harmonic conjugates with respect to the projections of the asymp¬ 
totic tangents, it is necessary and sufficient that we should have 

(27) r -h s (^n 4- m') 4- tmm' = 0. 

If O be a curve on the surface S, the envelope of the tangent 
plane to S at points along this curve is a developable surface which 
is tangent to S all along C. At every point M of C the generator of 
this developable is the conjugate tangent to the tangent to C, 

C, X, y, Zy pf and g are functions of a single independent variable a. 
The generator of the developable is defined by the two equations 

Z — z ~p(X — x) — q(Y— y) = 0, 

— dz + pdx 4- gdy — dp{X — x) — y) = 0, 



the last of which reduces to 


Y — y dp r dx 4- ^ dy 

X — X dq sdx-^ tdy 


Let m be the slope of the projection of the tangent to C and m* the 
slope of the projection of the generator. Then we shall have 


dy 

dx 




and the preceding equation reduces to the form (27), which proves 
the theorem stated above. 

Two one-parameter families of curves on a surface are said to 
form a conjugate network if the tangents to the two curves of the 
two families which pass through any point are conjugate tangents 
at that point. It is evident that there are an infinite number of 
conjugate networks on any surface, for the first family may be 
assigned arbitrarily, the second family then being determined by a 
differential equation of the first order. 
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Given a surface represented by equaUons of the form (19), let us the 
onnditions under which the curves u = const, and « = const, form a conjugate 
network. If we move along the curve » = const., the characteristic of t e 

tangent plane is represented by the two equaUons 

A{X - X) 4- B(r - z/) + C(Z - 2) = 0. 

(X - z) + ^ (r - y) + ^ (z - z) = 0 . 

In order that this straight line should coincide with the tangent 
„ = const., whose direction cosines are proportional to cx/cv, ly/Sv, dz/dv, 

is necessary and sufficient that we should have 

dv cv ^ 
du dv du tv du tv 

Difierentiating the first of these equations with regard to u, we see that the 
second may be replaced by the equation 


(28) 


a^x 


+ B 


e*i/ 


a-2 


+ c^ = o, 


dutv dutv ducv 

and finally the elimination of A, B, and C between the equaUons (21) and (28) 
leads to the necessary and sufficient condition 


0X 

dy 

dz 

du 

du 

du 

dx 


dz 

dv 

dv 

dv 

d^x 

d^y 

d^z 

du dv 

du dv 

dudv 


= 0 


This condition is equivalent to saying that i, y, z are three solutions of a 
dtSerential equation of the form 

(29) 


— M -h 

tutv tu cv 


where M and N are arbitrary functions of u and «. It follows that the knowl¬ 
edge of three distinct integrals of an equation of this form is sufficient te 
deLmine the equations of a surface which is referred to a conjugate “Otwork^ 
For example, if we set M=N = 0, every integral of the equation (29) la 
fhe sum of a function of u and a function of »; hence, on any surface whose 

equations are of the form 

(30) i=/(u)+/i(e), y = <t>(u) + <l>i{v) , z = H->^) +, 

may “r ^d i^two difierent ways by giving one ri^d ou-e Fa motion of 
“aLlation such that one of its points moves along another rigid curve F . For, 
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let Mo , Ml , Af 2 , Jlf be four points of the surface which correspond, respectively, 
to the four sets of values (wo, Vo), (w, Uo)* (wo, w), (u, v) of the parameters u and r. 
By (30) these four points are the vertices of a plane parallelogram. If vo is fixed 
and u allowed to vary, the point Mi will describe a curve T on the surface; like¬ 
wise, if uq is kept fixed and v is allowed to vary, the point M^ will describe 
another curve on the surface. It follows that we may generate the surface by 
giving r a motion of translation which causes the point Mz to describe r', or by 
giving r' a motion of translation which causes the point Mi to describe r. It is 
evident from this method of generation that the two families of curves (u) and (ti) 
are conjugate. For example, the tangents to the different positions of V' at the 
various points of T form a cylinder tangent to the surface along r ; hence the 
tangents to the two curves at any point are conjugate tangents. 


III. LINES OF CURVATURE 


246. Definition and properties of lines of curvature. A curve on a 
given surface .S is called a line of curvature if the normals to the 
surface along that curve form a developable surface. If z =f(x^ 
is the equation of the surface referred to a system of rectangular 
axes, the equations of the normal to the surface are 



iX = —jpZ + (x + , 

\y = — qZ -f (y H- qz). 


The necessary and sufficient condition that this line should describe 
a developable surface is that the two equations 



i — Zdp-\- d(x -h pz) = 0, 
\ — Z dq-^^ d(y 4- qz) = 0 


should have a solution in terms of Z (§ 223), that is, that we 
should have 

d{y + gz) 


or, more simply, 

dx 4 - pdz dy qdz 
dp dq 

Again, replacing dz, dp^ and dq by their values, this equation may 
be written in the form 



rf(x 4- 



(l4-^“)<^ ^pqdy ^ pq 4- (1 4- y *)dy 
r dx sdy sdx tdy 


This equation possesses two solutions in dy/dx which are always 
real and unequal if the surface is real, except at an umbilic. For, 
if we replace dx and dy by cr and )3, respectively, the preceding 
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equation coincides with the equation found above [(14), § 241] for 
the determination of the lines of intersection of the principal normal 
sections with the tangent plane. It follows that the tangents to the 
lines of curvature through any point coincide with the axes of the 
indicatrix. We shall see in the study of differential equations that 
there is one and only one line of curvature through every non¬ 
singular point of a surface tangent to each one of the axes of the 
indicatrix at that point, except at an umbilic. These lines are 
always real if the surface is real, and the network which they form 
is at once orthogonal and conjugate, — a characteristic property. 


Example, Let us determine the lines of curvature of the paraboloid z 
xij/a. In this example 

X 




a 


r = t = 0, 


1 

« = -» 
a 


and the differential equation (33) is 


dx 


dy 


= (a» + x=) dy^ or ± 


= 0. 


If we take the positive sign for both radicals, the general solution is 


(x + Vx‘^ -1- a2)(y -I- + ^) = C , 

which gives one system of lines of curvature. If we set 

(34) X = X Vy"'' + cC^ + V Vx* 4- ^, 

the equation of this system may be written in the form 

X + VX2 -h a* - C 

by virtue of the identity 

(x Vy* + a'^ + y Vx2 + a2 Y a* = \_xy + -s/(x2 -{- a‘^){y^ + a®)]* 

It follows that the projec..ons of the lines of curvature of this first system are 
represented by the equation (34), where X is an arbitrary constant. It may be 
shown in the same manner that the projections of the lines of curvatxire of the 
other system are represented by the equation 



X — y Vx2 + a® = m- 


From the equation xy = az of the given paraboloid, the equations (34) and 
(36) may be written in the form 


Vx® -f 2® -f Vy2 + z2 = c , Vx2 4* 2* — Vy3 -f z* = C'. 


But the expressions Vx® -f- and y/y^ -t- ^ represent, respectively, the dis¬ 
tances of the point (x, y, z) from the axes of x and y. It follows that the lines 
of curvature on the paraboloid are those curves for which the sum or the difference 
of the distances of any point upon them from the axes of x and y is a constant. 
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247. Evolute of a surface. Let C be a line of curvature on a sur¬ 
face 5. As a point M describes the curve C, the normal ilfAT to the 
surface remains tangent to a curve F. Let (X, Y, Z) be the coor¬ 
dinates of the point A at which MN is tangent to F. The ordinate 
Z is given by either of the equations (32), which reduce to a single 
equation since C is a line of curvature. The equations (32) may 
be written in the form 

^ ^ ^ (1 + A-pqdy ^ pgfdx A-(1-h g°) di/ 

rdx~{-sdy sdx A- tdy 

Multiplying each term of the first fraction by dx, each term of the 
second by dy, and then taking the proportion by composition, wo 
find 

^ ^ _ dx^ + dy^ (pdx q dyY 

^ r dx^ H- 2s dx dy + t dy^ 

Again, since dxy dy^ and dz are proportional to the direction cosines 
O', y of the tangent, this equation may be written in the form 


Z — z 


roP + 2s€tp -f tp^ ra^ 4- 2sap -f 


Comparing this formula with (7), which gives the radius of curvar 
ture R of the normal section tangent to the line of cxirvature, with 
the proper sign, we see that it is equivalent to the equation 


(36) 


Z — Z = — j .: = Rv, 

Vl-f 


where v is the cosine of the acute angle between the z axis and the 
positive direction of the normal. But a: -h /?v is exactly the value 
of Z for the center of curvature of the normal section under con¬ 
sideration. It follows that the point of tangency A of the normal 
AfN to its envelope F coincides mith the center of curvature of the 
principal normal section tangent to C at M. Hence the curve F is 
the locus of these centers of curvature. If we consider all the lines 
of curvature of the system to which C belongs, the locus of the cor¬ 
responding curves F is a surface S to which every normal to the 
given surface S is tangent. For the normal MN', for example, is 
tangent at A to the curve F which lies on 2. 

The other line of curvatiu'e C* through M cuts C at right angles. 
The normal to S along C* is itself always tangent to a curve F' 
which is the locus of the centers of curvature of the normal sections 
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tangent to C'. The locus of this curve F' for all the lines of curva^ 
ture of the system to which C' belongs is a surface 2^ to which all 
the normals to S are tangent. The two surfaces 2 and 2' are not 
usually analytically distinct, but form two nappes of the same sur¬ 
face, which is then represented by an irreducible equation. 

The normal MN to N is tangent to each of these nappes 2 and 2' 
at the two principal centers of curvature A and A' of the surface S 
at the point M. It is easy to find the tangent 
planes to the two nappes at the points A and A' 

(Fig. 51). As the point M describes the curve 
C, the normal MN describes the developable 
surface D whose edge of regression is F; at 
the same time the point A' where MN touches 
2' describes a curve y' distinct from F', since 
the straight line MN cannot remain tangent to 
two distinct curves F and F'. The developable 
D and the surface 2' are tangent at A'; hence 
the tangent plane to 2' at A' is tangent to D 
all along MN, It follows that it is the plane 
NMT, which passes through the tangent to C. 

Similarly, it is evident that the tangent plane 
to 2 at A is the plane NMT' through the tan¬ 
gent to the other line of curvature C', 

The two planes NMT and NMT' stand at right angles. This fact 
leads to the following important conception. Let a normal OM be 
dropped from any point O in space on the surface 5, and let A and 
A' be the principal centers of curvature of S on this normal. The 
tangent planes to 2 and 2' at A and A', respectively, are perpendic¬ 
ular. Since each of these planes passes through the given point O, it 
is clear that the two nappes of the evolute of any surface S, observed 
from any point O in space, appear to cut each other at right angles. 
The converse of this proposition will be proved later. 

248. Rodrigues’ formulae. If X, y, v denote the direction cosines 
of the normal, and R one of the principal radii of curvature, the 
corresponding principal center of curvature will be given by the 

formulae 

(37) X = xA- Rhy Y=y + RH; Z = z-\- Rv. 

As the point (x, y, z) describes a line of curvature tangent to 
the normal section whose radius of curvature is R, this center of 
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curvature, as we have just seen, will describe a curve r tangent to 
the normal MN ; hence we must have 


dX^dY dZ 
X ^ V ^ 


or, replacing X, Y, and Z by their values from (37) and omitting the 
common term dR, 


dx Rd\. dy Rdfji dz Rdv 

\ y. V 

The value of any of these ratios is zero, for if we take them by 
composition after multiplying each term of the first ratio by X, of 
the second by and of the third by v, we obtain another ratio 
equal to any of the three; but the denominator of the new ratio is 
unity, while the numerator 


X dx + y. dy v dz q- 72(X d\ + y. dy, -f- v tfv) 

is identically zero. This gives immediately the formulae of Olinde 
Rodrigues: 

(38) <fx + i2 rfX = 0, dy Rdy. = (^^ dz + Rdv^O, 

which are very important in the theory of surfaces. It should be 
noticed, however, that these formulae apply only to a displacement 
of the point (x, y, z) along a line of curvature. 


249. Lines of curvature in parameter form. If the equations of the 
surface are given in terms of two parameters u and v in the form 
(19), the equations of the normal are 



where A, B, and C are determined by the equations (21). The 
necessary and sufficient condition that this line should describe a 
developable surface is, by § 223, 



dx 

dy 

dz 

A 

B 

C 

dA 

dB 

dC 



where x, y, «, A, R, and C are to be replaced by their expressions 
in terms of the parameters u and v ; hence this is the differential 
equation of the lines of curvature. 
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As an example let us find the lines of curvature on the helicoid 


y 

z = o arc tan -» 

X 


whose equation is equivalent to the system 

x = pcos^, y = psm0^ 



In this example the equations for Aj By and C are 

ACOS0+ Bsin0 = O, - Ap smd Bp cosO + Ca = 0. 

Taking C = p, we find A = a sin B = - a cos 0. After expansion and simpli¬ 
fication the difierential equation (39) becomes 


fip 2 _ (p 2 a2) = 0 or 



dp 


Choosing the sign +, for example, and integrating, we find 

p + y/f^ + ^ = ae»-®o, or p = ^ . 


The projections of these lines of curvature on the xy plane are all spirals which 
are easily constructed. 


The same method enables us to form the equation of the second 
degree for the principal radii of curvature. With the same symbols 
A, B, C, X, IX, V we shall have, except for sign, 

A __ B _ C 

^ ^ + B^+ C”’ ^ ~ + B^+ C“’ Va* + B^+ 

We shall adopt as the positive direction of the normal that which 
is given by the preceding equations. If is a principal radius of 
curvature, taken with its proper sign, the coordinates of the corre¬ 
sponding center of curvature are 

X = x + pA, r=y + pB, Z = z + pC, 

where _ 

/j = pVA=*-hB"+ C^. 

If the point (x, y, z) describes the line of curvature tangent to the 
principal normal section whose radius of curvature is B, we have 
seen that the point {X, Y, Z) describes a curve T which is tangent 
to the normal to the surface. Hence we must have 

dx-\- pdA ^ Adp dy pdB Bdp ^ dz pdC A- 

B C 


A 
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or, denoting the common values of these ratios by dp + K, 



dx + pdA — AK = 0, 
dy + pdB — BK = 0, 
dz A- pdC — CK.= 0. 


Eliminating p and K from these three equations, we find again the 
differential equation (39) of the lines of curvature. But if we 
1 ‘eplace dx, dy, dz, dA, dB, and dC by the expressions 


ox 



du H- 




respectively, and then eliminate du, dv, and K, we find an equation 
for the determination of p : 



dx . 

dA 

dx 



du ^ du 

dv 

. 

A 

dy dB 

du ^ du 

dv 

vv 

B 

dz 

dC 

dz 



du ^ du 

dv 

. 

C 



If we replace p by R/^A^ A-B‘‘+ C\ this equation becomes an 
equation for the principal radii of curvature. 

The equations (39) and (41) enable us to answer many questions 
which we have already considered. For example, the necessary 
and sufficient condition that a point of a surface should be a parar 
bolic point is that the coefficient of p* in (41) should vanish. In 

order that a point be an umbilic, the equation (39) must be satisfied 
for all values of du and dv 


As an example let us find the principal radii of curvature of the rectilinear 

helicoid. With a slight modification of the notation xised al>ovo, we shall have 
in this example 

a; = «cose, y= usinv, z = av, 

d = asint», B = -aco8v, a = u, 

and the equation (41) becomes 

= a* + u®, 

whence 12 = =t (a* 4 - Hence the principal radii of cumiture q/" Me Aelieoid 

are numerically equal and opposite in sign. 

250. Joachimsthal’s theorem. The lines of curvature on certain 
surfaces may be found by geometrical considerations. For ezamplei 
it is quite evident that the lines of curvature on a surface of revolu* 
tion are the meridians and the parallels of the surface, for each of 
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these curves is tangent at every point to one of the axes of the 
indicatrix at that point. This is again confirmed by the remark 
that the normals along a meridian form a plane, and the normals 
along a parallel form a circular cone, — in each case the normals 

form a developable surface. 

On a developable surface the first system of lines of curvature 
consists of the generators. The second system consists of the 
orthogonal trajectories of the generators, that is, of the involutes of 
the edge of regression (§ 231). These can be found by a single quad¬ 
rature. If we know one of them, all the rest can be found without 
even one quadrature. All of these results are easily verified directly. 

The study of the theory of evolutes of a skew curve led Joa- 
chimsthal to a very important theorem, which is often used in that 
theory. Let 5 and S’ be two surfaces whose line of intersection C 
is a line of curvature on each surface. The normal MN to S along 
C describes a developable surface, and the normal MN' to S' along 
C describes another developable surface. But each of these normals 
is normal to C. It follows from § 231 that if two surfaces have a 
common line of curvature^ they intersect at a constant angle along 

that line. 

Conversely, if two surfaces intersect at a constant angle^ and if 
their line of intersection is a line of curvature on one of them, it is 
also a line of curvature on the other. For we have seen that if one 
family of normals to a skew curve C form a developable surface, 
the family of normals obtained by turning each of the first family 
through the same angle in its normal plane also form a developable 

surface. 

Any curve whatever on a plane or on a sphere is a line of curva¬ 
ture on that surface. It follows as a corollary to JoachimsthaFs 
theorem that the necessary and sufficient condition that a plane curve 
or a spherical curve on any surface should be a line of curvature is 
that the plane or the sphere on which the curve lies should cut the 
surface at a constant angle. 

251. Dupin’s theorem. We have already considered [§§ 43, 146] 
triply orthogonal systems of surfaces. The origin of the theory of 
such systems lay in a noted theorem due to Lupin, which we shall 
• proceed to prove : 

Given any three families of surfaces which form a triply orthogonal 
system : the intersection of any two surfaces of different families is a 
line of curvature on each of them. 
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We shall base the proof on the following remark. Let F(x^ y^z) = 0 
be the equation of a surface tangent to the xy plane at the origin. Then 
we shall have, for x = y = « = 0, dF/dx = 0, dF/dy = 0, but dF/dz does 
not vanish, in general, except when the origin is a singular point. 
It follows that the necessary and sufficient condition that the x and 
y axes should be the axes of the indicatrix is that 3 = 0. But the 
value of this second derivative s = d^z/dx dy is given by the equation 

, d^F , d^F d^F dF 

Zx dy ^ dx dy dz^dz^ ^ ^ ^ ^' 

Since p and q both vanish at the origin, the necessary and sufficient 
condition that s should vanish there is that we should have 

^2 p 

a^ = o. 

Now let the three families of the triply orthogonal system be given 
by the equations 


Vi — pi j 1^2 (^> F^{Xy y, z) — pj, 

where Fj, Fg, Fg satisfy the relation 



gF, gFg gF, aFg dF^dF^ 
dx dx dy dy dz dz 


and two other similar relations obtained by cyclic permutation of 
the subscripts 1, 2, 3. Through any point M in space there passes, 
in general, one surface of each of the three families. The tangents to 
the three curves of intersection of these three surfaces form a trirec- 
tangular trihedron. In order to prove Dupin’s theorem, it will be 
sufficient to show that each of these tangents coincides with one of 
the axes of the indicatrix on each of the surfaces to which it is 
tangent. 

In order to show this, let us take the point M as origin and the 
edges of the trirectangular trihedron as the axes of coordinates; 
then the three surfaces pass through the origin tangent, respec¬ 
tively, to the three coordinate planes. At the origin we shall have, 
for example, 


II 

o 

o 

II 

mr«‘’ 

AV 

o 

II 

O 


II 

O 


• 

o 

II 

fCI ^ 
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The axes of * and y will be the axes of the indicatrix of the surface 
y, s) = 0 at the origin if a</)„ = 0. To show that this 

is the case, let us differentiate (43) with respect to y, omitting the 
terms which vanish at the origin; we find 



From the two relations analogous to (43) we could deduce two 
equations analogous to (44), which may be written down by cyclic 

permutation: 



From (44) and (45) it is evident that we shall have also 



which proves the theorem. 

A remarkable example of a triply orthogonal system is furnished 
by the coufocal quadrics discussed in § 147. It was doubtless the 
investigation of this particular system which led Dupin to the gen¬ 
eral theorem. It follows that the lines of curvature on an ellipsoid 
or an hyperboloid (which had been determined previously by Monge) 
are the lines of intersection of that surface with its confocal quadrics. 

The paraboloids represented by the equation 



where X is a variable parameter, form another triply orthogonal 
system, which determines the lines of curvature on the paraboloid. 
Finally, the system discussed in § 246, 

, Va:-' + + s* = y, 

z 


is triply orthogonal. 
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The study of triply orthogonal systems is one of the most interest¬ 
ing and one of the most difficult problems of differential geometry. 
A very large number of memoirs have been published on the subject, 
the results of which have been collected by Darboux in a recent 
work.* Any surface S belongs to an infinite number of triply 
orthogonal systems. One of these consists of the family of surfaces 
parallel to S and the two families of developables formed by the 
normals along the lines of curvature on S. For, let O be any point 
on the normal MN to the surface S at the point M, and let MT 
and MT' be the tangents to the two lines of curvature C and C' 
which pass through M; then the tangent plane to the parallel sur¬ 
face through O is parallel to the tangent plane to S At M, and the 
tangent planes to the two developables described by the normals to 
S along C and C are the planes MNT and MNT*, respectively. These 
three planes are perpendicular by pairs, which shows that the system 
is triply orthogonal. 

An infinite number of triply orthogonal systems can be derived 
from any one known triply orthogonal system by means of succes¬ 
sive inversions, since any inversion leaves all angles unchanged. 
Since any surface whatever is a member of some triply orthogonal 
system, as we have just seen, it follows that an inversion carries the 
lines of curvature on any surface over into the lines of curvature on 
the transformed surface. It is easy to verify this fact directly. 

252. AppUcationB to certain classes of sorfaess, A large number of problems 
have been discussed in which it is required to find all the surfaces whose lines 
of curvature have a preassigned geometrical property. We shall proceed to 
indicate some of the simpler results. 

First let us determine all those surfaces for which one system of lines of 
curvature are circles. By JoachimsthaVs theorem, the plane of each of the 
circles must cut the surface at a constant angle. Hence all the normals to the 
surface along any circle C of the system must meet the ft-glg of the circle, i.e. 
the perpendicular to its plane at its center, at the same point O. The sphere 
through C about O as center is tangent to the surface all along C; hence the 
required surface must be the envelope of a one-parameter family of spheres. 
Conversely, any surface which is the envelope of a one-parameter family of 
spheres is a solution of the problem, for the characteristic curves, which are 
circles, evidently form one system of lines of curvature. 

Surfaces of revolution evidently belong to the preceding class. Another 
interesting piarticular case is the so-called Cubuiar sui^oce, which is the envelope 
of a sphere of constant radius whose center describes an arbitrary carve T. The 
characteristic curves are the circles of radius R whose centers lie on r and 
whose planes are normal to r. The normals to the sorfece are also normal to I*; 

• Legons sur les systhnes orthogonaux et les coordonnSes cwvUignes, 1898 . 


XU, § 252] 


LINES OF CURVATURE 


525 


hence the second system of lines of curvature are the lines in which the surface 
is cut by the developable surfaces which may be formed from the normals ^ r. 

If both systems of lines of curvature on a surface are circles, it is clear from 
the preceding argument that the surface may be thought of as the envelope of 
either of two one-parameter famUies of spheres. Let Si, Sa, Ss be any three 
spheres of the hrst family, Ci, Ca, C* the corresponding characteristic curves, 
and 3 fi, 3 fai -^8 the three points in which Ci, Ca, Cs are cut by a line of curva^ 
ture C' of the other system. The sphere S' which is tangent to the surface along 
C' is also tangent to the spheres Si, Sa, Ss at 3fi, ^a, Afa, respectively. Hence 
the required surface is the envelope of a family of spheres each of which touches 
three fixed spheres. This surface is the well-known Ihipin cyclide. Mannheim 
gave an elegant proof that any Dupin cyclide is the surface into which a cerUin 
anchor ring is transformed by a certain inversion. Let 7 be the circle which 
is orthogonal to each of the three fixed spheres Si, S 2 , Sa • An inversion whose 
pole is a point on the circumference of 7 carries that circle into a straight line 
OO', and carries the three spheres Si, S 3 , Sg into three spheres Xi, 2,8 
orthogonal to OCK. that is, the centers of the transformed spheres lie on OCX 
Let Cl, C 2 , C's be the intersections of these spheres with any plane throug 
OCX C' a circle tangent to each of the circles CJ, Cg, C 3 , and X' the sphere 
on which C' is a great circle. It is clear that X' remains tangent to each of the 
spheres Xi. Xa, Sg as the whole figure is revolved about O^, and that the 
envelope of X' is an anchor ring whose meridian is the circle C. 

Let us now determine the surface for which all of the lines of curvature of 
one system are plane curves whose planes are all parallel. Let us take the xy 
plane parallel to the planes in which these lines of curvature lie, and let 

X cos a 4- 2/ sin a — F(n', 2 ) 

be the tangential equation of the section of the surface by a parallel to the xy 
plane, where F{a, z) is a function of a and 2 which depends upon the surface 
under consideration. The coordinates x and y of a point of the surface are 
given by the preceding equation together with the equation 

dF 

— X sin a -h y cos a = -— 

da 

The formul® for x, y, 2 are 

(46) X = Fcosa — — sinor, y = Fsin a + — cos a, 2 = 2 . 

Any surface may be represented by equations of this form by choosing the 
function F(a, 2 ) properly. The only exceptions are the ruled surfaces whose 
directing plane is the xy plane. It is easy to show that the coefficients A, B, C 
of the tangent plane may be taken to be 

d r ^ 

A = cos a, B = sin a, ^ ^ * 

hence the cosine of the angle between the normal and the 2 axis is 

_ — Fg (or, 2 ) 

Vl4-F2(a,2“) 

In order that all the sections by planes parallel to the xy plane be lines of curva¬ 
ture, it is necessary and sufficient, by Joachimsthars theorem, that each of 
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these planes cut the surface at a constant angle, Le. that v be independent of a. 
This is equivalent to saying that F* (or, z) is independent of a, i.e. that F(a z\ 
is of the form ’ * 

F{a, z) = <p{z) + ^(or), 


where the functions and ^ are arbitrary. Substituting this value in (46), we 
see that the most general solution of the problem is given by the equations 


(47) 



X = f (a) cos a ^(a) sin a -1- 0(z) cos a, 
y = ^(o-) sin o: -H ^'{oc) cos or + fp{z) sin or, 
2 = 2 . 


These surfaces may be generated as follows. The first two of equations (47), 
for 2 constant and a variable, represent a family of parallel curves which are 
the projections on the xy plane of the sections of the surface by planes parallel 
to the xy plane. But these curves are all parallel to the curve obtained by set¬ 
ting 0 ( 2 ) = 0 . Hence the surfaces may be generated as follows : Taking in the 
xy plane any curoe wkateoer and Us parallel curves, lift each of the curves verti¬ 
cally a distance given by some arbUrary law ; the curves in their new posUions form 
a surface which is the most general solution of the problem. 

It is easy to see that the preceding construction may be replaced by the 
following: The required surfaces are those described by any plane curve whose 
plane rolls without slipping on a cylinder of any base. By analogy with plane 
curves, these surfaces may be called rolled surfaces or roulettes. This fact may 
be verified by examining the plane curves a = const. The two families of lines 
of curvature are the plane curves z = const, and a = const. 


IV. FAMILIES OF STRAIGHT LINES 

The equations of a straight line in space contain four variable 
parameters. Hence we may consider one-, two-, or three-parameter 
families of straight lines, according to the number of given relations 
between the four parameters. A one-parameter family of straight 
lines form a ruled surface. A two-parameter family of straight 
lines is called a line congruence^ and, finally, a three-parameter 
family of straight lines is called a line complex. 


253. Ruled surfaces. Let the equations of a one-parameter family 
of straight lines (G) be given in the form 


(48) 


a: = ax 2/ = hz-hq, 


where a, 5, jo, g are functions of a single variable parameter u. Let 
us consider the variation in the position of the tangent plane to the 
surface 5 formed by these lines as the point of tangency moves along 
any one of the generators G. The equations (48), together with the 
equation « = x, give the coordinates x, y, x of a point Af on 5 in terms 
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of the two parameters and «; hence, by § 39, the equation of the 

tsiDgcDt plane at 3/ is 

X - X Y-y Z — z 

a h 1 I = 0, 

a'z-\-p^ b'z-\-q' 0 

where a', b\ p', q' denote the derivatives of a, h, p, y with respect 
to u. Replacing x and y by as + p and bz + y, respectively, and 

simplifying, this equation becomes 

(49) (b'z + y'XA - aZ - p) - {a'z + p'){Y - bZ - y) = 0. 

In the first place, we see that this plane always passes through the 
generator G, which was evident a priori, and moreover, that the plane 
turns around G as the point of tangency M moves along 6', at least 
unless the ratio {a<z + p')/(b<z + q‘) is independent of 2 , i.e. unless 

_ b'p’ = 0,_we shall discard this special case in what follows. 

Since the preceding ratio is linear in i;, every plane through a gen¬ 
erator is tangent to the surface at one and only one point. As the 
point of tangency recedes indefinitely along the generator in either 
direction the tangent plane P approaches a limiting position P , 
which we shall call th e tangent plane at the point at infinity on that 
generator. The equation of this limiting plane P' is 

(60) b'{X - aZ - p)-a'{Y-bZ - q) =0. 

Let o> be the angle between this plane P' and the tangent plane P at 
a point M (x, y, z) of the generator. The direction cosines («', P', y') 
and (or, /3, y) of the normals to P' and P are proportional to 

b', — a', a'b — ab' 

3rll(l 

b’z + q', -ia'z+p‘), b{a>z + p') - a(b'z + q") , 

resi)ectively; hence ^ 

cos «. = -b PP' + yy' = Va + 2Bz + c' 

where 

^(ah^-bay, 

B — a'p\ 4- h'q' + {ab* — ba^aq* — bp ^, 

c=p'^ + 7 '’ +(“?'-*?')*• 

After an easy reduction, we find, by Lagrange’s identity (§ 131), 


(61) 


VA C — R* _ (ffi' g' — 6V) Vl + + 6* 

Az + B ” Az + B 
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It follows that the limiting plane P' is perpendicular to the tangent 
plane Pi at a point Oi of the generator whose ordinate is given by 
the formula 

/eo\ ^ + (ab'— ba^(aq*— hp*') 

^ ^ A a*^^b*^-i-{ab^-bay 


The point Oi is called the central point of the generator, and the tan¬ 
gent plane Pi at Oj is called the central plane. The angle B between 
the tangent plane P at any point M of the generator and this central 
plane Pi is 7r/2 — <o, and the formula (61) may be replaced by the 
formula 


tan 0 = 


A(z 


C — 


(a*q* — b^p^ Vr+ a* + b^ 


Let p be the distance between the central point Oi and the point Af, 
taken with the sign + or the sign — according as the angle which 
OiM makes with the positive z axis is acute or obtuse. Then we 
shall have p = (« — z^) Vl + a* -f b^, and the preceding formula may 
be written in the form 


(53) 


tan $ = kp, 


where k, which is called the parameter of distribution, 
the equation 


(64) 


a»^^l,**-\-(ab* - bay 

~ + a" + 


The formula (53) expresses in very simple form the manner in which 
the tangent plane turns about the generator. It contains no quantity 
which does not have a geometrical meaning: we shall see presently 
that k may be defined geometrically. However, there remains a cer¬ 
tain ambiguity in the formula (53), for it is not immediately evident 
in which sense the angle 0 should be counted. In other words, it is 
not clear, a priori, in which direction the tangent plane turns around 
the generator as the point moves along the generator. The sense of 
this rotation may be determined by the sign of k. 

In order to see the matter clearly, imagine an observer lying on a 
generator G, As the point of tangency Af moves from his feet toward 
his head he will see the tangent plane P turn either from his left 
to his right or vice versa, A little reflection will show that the 
sense of rotation defined in this way remains unchanged if the 
observer turns around so that his head and feet change places. 
Two hyperbolic paraboloids having a generator in common and 
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lying symmetrically -with respect to a plane through that generator 
give a clear idea of the two possible situations. Let us now move 
the axes in such a way that the new origin is at the central point 
the new z axis is the generator G itself, and the xz plane is the cen¬ 
tral plane Pi. It is evident that the value of the parameter of dis¬ 
tribution (54) remains unchanged during this movement of the axes, 
and that the formula (63) takes the form 



tan $ = kz, 


where $ denotes the angle between the xz plane Pi and the tangent 
plane P, counted in a convenient sense. For the value of Uq which 
corresponds to the z axis we must have a = b= p = q = Of and the 
equation of the tangent plane at any point M of that axis becomes 


(b’z + q')X — (a'z +^')y = 0. 


In order that the origin be the central point and the xz plane the 
central plane, we must have also a* = 0, = 0; hence the equation 

of the tangent plane reduces to F = {b'z/p')Xf and the formula (64) 
gives A = — b 

counted positive in the sense from Oy toward Ox. If the orienta¬ 
tion of the axes is that adopted in § 228, an observer lying in the 
z axis will see the tangent plane turn from his left toward his right 
if k is positive, or from his right toward his left if /c is negative. 

The locus of the central points of the generators of a ruled surface 
is called the line ef striction. The equations of this curve in terms 
of the parameter u are precisely the equations (48) and (52). 


/p\ It follows that the angle 6 in (63') should be 


Note. If a^q' = h^p' for a generator G, the tangent plane is the 
same at any point of that generator. If this relation is satisfied 
for every generator, i.e. for all values of u, the ruled surface is a 
developable surface (§ 223), and the results previously obtained can 
be easily verified. For if a* and do not vanish simultaneously, 
the tangent plane is the same at all points of any generator 
and becomes indeterminate for the point z = —p'/a* = —q*/b', i.e. 
for the point where the generator touches its envelope. It is easy 
to show that this value for « is the same as that given by (52) when 
a'q^ = Vp\ It follows that the line of striction becomes the edge 
of regression on a developable surface. The parameter of distribution 
is infinite'for a developable. 

If a' = 5' = 0 for every generator, the si\rface is a cylinder and 
the central point is indeterminate. 
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254. Direct definition of the parameter of distribution. The central 
point and the parameter of distribution may be defined in an entirely 
different manner. Let G and Gi be two neighboring generators cor¬ 
responding to the values u and u h of the parameter, respectively 
and let Gi be given by the equations * 

(55) x = (a-\- -\-p Ap, y = (6 + A6)» y + 

Let S be the shortest distance between the two lines G and a the 

angle between G and and (.Y, K, Z) the point where G meets the 

common perpendicular. Then, by well-known formula of Analytic 
Geometry, we shall have 


sin a = 


Aa Aq + Ab Ap-}-(a Ab — b Aa)[(aAa) Aq — 

(Att)® -f- (A6)^ -b (a Ab — b Aa)^ 

_ Aa Aq — Ab Ap 

V (Aa.y + {Aby + (a A6 - 6 Aa)“’ 

V(Affl)^ + (Ab)^ +(a^b-b Aay 

Va* + 6® +1 V(a + Aay + (* + A*)® + l’ 


H“ A6)A?> 


As h approaches zero, Z approaches the quantity defined by (62), 
and (sin a)/5 approaches k. Hence the central point is the limiting 
position of the foot of the common perpendicular to G and while 
the parameter of distribution is the limit of the ratio (sina)/8. 

In the expression for 8 let us replace Aa, Ab, Ap, Aq by their 
expansions in powers of k: 



and the similar expansions for Ab, Ap, Aq, Then the numerator of 
the expression for 8 becomes 

Aa Aq—AbAp = h^(a'q*~b'p^'h^(a*fq*-\~a*q*^~b"p'^b*p**)^ _, 


while the denominator is always of the first order with respect 
to h. It is evident that 8 is in general an infinitesimal of the first 
order with respect to h, except for developable surfaces, for which 
a'y' == b'p\ But the coefficient of h^/2 is the derivative of a'y' — 
hence this coefficient also vanishes for a developable, and the shortest 
distance between two neighboring generators is of the third order 
(§ 230). This remark is due to Bouquet, who also showed that if 
this distance is constantly of the fourth order, it must be precisely 
zero; that is, that in that case the given straight lines are the 
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tangents to a plane curve or to a conical surface. In order to prove 
this it Is sufficient to carry the development of Aa A? — A* Ap to 
terms of the fourth order. 


255. Congruences. Focal surface of a congruence. Every t-wo-parameter 

family of straight lines 

(Se) x = aa+i», y = *» + !?, 

where a, h, p, q depend on two parameters a and /3, is called a line 
congruence. Through any point in space there pass, in general, a 
certain number of lines of the congruence, for the two equations (66) 
determine a certain number of definite sets of values of a and /S when 
X y, and * are given definite values. If any relation between a and ^ 
be assumed, the equations (56) will represent a ruled surface, which 
is not usually developable. In order that the surface be developable, 

we must have 

da dq -- dbdp = U, 

or, replacing da by {da/da) da + (da/dfi) dp, etc., 


(67) 


da . . da dq , dq 


da dp 






da + 




da + ^^ d^ = 0 . 


This is a quadratic equation in dfi/da. Solving it, we should usu¬ 
ally obtain two distinct solutions, 


(58) 


dp _ 


da 


= '/'i(“. 


If = P), 


either of which defines a developable surface. Under very gen¬ 
eral limitations, which we shall state precisely a little later and 
which we shall just now suppose fulfilled, each of these equations 
is satisfied by an infinite number of functions of a, and each of them 
has one and only one solution which assumes a given value Po when 
a = ffo- It follows that every straight line G of the congruence 
belongs to two developable surfaces, all of whose generators are 
members of the congruence. Let T and T' be the edges of regression 
of these two developables, and A and A' the points where G touches 
r and r', respectively. The two points A and A' are called the focal 
points of the generator G. They may be found as follows without 
integrating the equation (67). The ordinate * of one of these points 
must satisfy both of the equations 

zda + dp = Q, zdb + dq = (i, 



532 


SURFACES 


[XII, $ 206 


or. replacing da^ db, dp, dq by their developments, 

15 If 

Eliminating between these two equations, we find again the equa¬ 
tion (57). But if we eliminate dp/dex we obtain an equation of the 
second degree 









db 

dct 




whose two solutions are the values of z for the focal points. 

The locus of the focal points A and A' consists of two nappes 
2 and 5' of a surface whose equations are given in parameter form 
by the formulae (56) and (59). These two nappes are not in general 
two distinct surfaces;, but constitute two portions of the same ana¬ 
lytic surface. The whole surface is called the focal surface. It is 
evident that the focal surface is also the locus of the edges of regres¬ 
sion of the developable surfaces which can be formed from the lines 
of the congruence. For by the very definition of the curve V the 
tangent at any point a is a line of the congruence; hence a is a 
focal point for that line of the congruence. Every straight line 
of the congruence is tangent to each of the nappes S and 5', for it 
is tangent to each of two curves which lie on these two nappes 
respectively. 


By an argument precisely similar to that of § 247 it is easy to 
determine the tangent planes at A and A' to S and 2' (Fig. 51). 
As the line G moves, remaining tangent to V, for example, it also 
remains tangent to the surface 2'. Its point of tangency A* will 
describe a curve y’ which is necessarily distinct from T\ Hence 
the developable described by G during this motion is tangent to 2' 
at A , since the tangent planes to the two surfaces both contain the 
line G and the tangent line to y\ It follows that the tangent plane 
to 2' at A' is precisely the osculating plane of T at A, Likewise 
the tangent plane to 2 at A is the osculating plane of r' at A\ 
These two planes are called the focal planes of the generator G. 

It may happen that one of the nappes of the focal surface degen¬ 
erates into a curve C. In that case the straight lines of the con¬ 
gruence are all tangent to 2, and merely meet C, One of the 
families of developables consists of the cones circumscribed about 2 
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whose vertices are on C. If both of the nappes of the focal surface 
degenerate into curves C and C', the two families of developables 
consist of the cones through one of the curves whose vertices lie 
on the other. If both the curves C and C are straight lines, the 
congruence is called a linear congruence. 


256. Congruence of normals. The normals to any surface evidently 
form a congruence, but the converse is not true; there exists no 
surface, in general, which is normal to every line of a given con¬ 
gruence. For, if we consider the congruence formed by the normals 
to a given surface N, the two nappes of the focal surface are evidently 
the two nappes 2 and 2' of the evolute of N (§ 247), and we have seen 
that the two tangent planes at the points A and A' where the same 
normal touches 2 and 2' stand at right angles. This is a character¬ 
istic property of a congruence of normals, as we shall see by trying 
to find the condition that the straight line (56) should always remain 
normal to the surface. The necessary and sufficient condition that it 
should is that there exist a function/(a, P) such that the surface N 
represented by the equations 


(60) x^azA-Vy y = bz-\'qy «=/(a,/3) 


is normal to each of the lines (C?). It follows that we must have 




dz 

da 





or, replacing x and y hy az A-p and bz -|- y, respectively, and divid¬ 
ing by Va^ H- +1, 



da 


{z Va® -f H-1) + 


dp _ dn 

Va“ + + 1 


dp 




Va“ + 6“ +1 




The necessary and sufficient condition that these equations be com¬ 
patible is 


( 62 ) 





-h 4-1 


da 



Va* + 6=“ + 1 

t 
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If this condition is satisfied, « can be found from (61) by a single 
quadrature. The surfaces obtained in this way depend upon a con¬ 
stant of integration and form a one-parameter family of parallel 
surfaces. 

In order to find the geometrical meaning of the condition (62), it 
should be noticed that that condition, by its very nature, is inde¬ 
pendent of the choice of axes and of the choice of the independent 
variables. We may therefore choose the s: axis as a line of the con¬ 
gruence, and the parameters a and /3 as the coordinates of the point 
where a line of the congruence pierces the xy plane. Then we shall 
have p ~ a, q — p, and a and b given functions of a and p which van¬ 
ish ior a = p=0. It follows that the condition of integrability, for 
the set of values a = ^ = 0, reduces to the equation da/dp = dh/da. 
On the other hand, the equation (57) takes the form 

dp = 0 . 

which is the equation for determining the lines of intersection of 
the xy plane with the developables of the congruence after a and 
P have been replaced by a; and y, respectively. The condition 
da/dp = db/dac, for a = p = 0, means that the two curves of this 
kind which pass through the origin intersect at right angles; that 
is, the tangent planes to the two developable surfaces of the congru¬ 
ence which pass through the a axis stand at right angles. Since the 
line taken as the a axis was any line of the congruence, we may state 
the following important theorem: 

The necessary and sufficient condition that the straight lines of a 

given congruence he the normals of some surface is that the focal planes 

through every line of the congruence should be perpendicular to each 
other. 


Note. If the pwameters a and ^ be chosen as the cosines of the angles which 
the line makes with the x and y axes, respectively, we shall have 





1 - a* - 


and the equations (61) become 
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Then the condition of integrability (62) reduces to the form bq/da =: dp/a/3, which 
means thatp and q must be the partial derivatives of the same function F(a, /3): 



here F(a, /3) can be found by a single quadrature. It follows that z is the 
^luUon of the total differential equation 




d^F 


bab^J 


\da — 


( 


a 


b^F 
ba a/3 



whence 


= Vl - a’’ - ^ 


C+ F- a~ 

ba 



where C U an arbitrary consUnt. 


267. Theorem of Malus. If rays of light from a point source are reflected (or 
refracted) by any surface, the reflected (or refracted) rays are the normals to 
each of a family of parallel surfaces. This theorem, which is due to Malus, has 
been extended by Cauchy, Dupin, Gergonne, and Quetelet to the case of any 
number of successive reflections or refractions, and we may state the following 

more general theorem : 

If 0 , family of rays of light are normal to some surface at any time, they retain 
t/iat property after any number of r^ections and refractions. 

Since a reflection may be regarded as a refraction of index — 1, it is evidently 
sufficient to prove the theorem for a single refraction. Let S be a surface nor¬ 
mal to the unrefracted rays, mM an incident ray which meets the surface of 
separation 2 at a point 3f, and MR the refracted ray. By Descartes* law, the 
incident ray, the refracted ray, and the normal MN lie in a plane, and the 
angles i and r (Fig. 62) satisfy the relation 
nsini = sin r. For definiteness we shall sup¬ 
pose, as in the figure, that n is less than 
unity. Let I denote the distance Mm, and 
let us lay off on the refracted ray extended 
a length I' = Mm' equal to k times f, where 
A: is a constant factor which we shall deter¬ 
mine presently. The point m' describes a 
surface S'. We shall proceed to show that 
k may be chosen in* such a way that Mm' is 
normal to -S'. Let C be any curve on S. 

As the point m describes C the point M 
describes a curve T on the surface 2, and 
the corresponding point m' describes another 
curve C' on -S'. Let s, o-, s' be the lengths of the arcs of the three curves C, r, 
C' measured from corresponding fixed points on those curves, respectively, 
« the angle which the tangent MTi to V makes with the tangent MT to the 
normal section by the normal plane through the incident ray, and ^ and ^'the 
angles which MTi makes with Mm and Mm', respectively. In order to find 
cos^, for example, let us lay off on Mm a unit length and project it upon Ti, 
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first directly, then by projecting it upon MT and from MT upon ThJ- 

and the similar projection from MmT upon JfTi, give the equations ^ 

COB <f> = sin i cos w , cos <f>* = sin r cos ta • 


Applying the formula (lOO of § 82 for the differential of 
ments Mm and Mm\ we find 


a segment to the seg- 


dl = — cUr. cos ta sin i , 

dl' = — d<r cos u) sin r ^ ds^ cos 


where 6 denotes the angle between w'Jf and the tangent to C\ Hence renlaoin* 
dl' by k dl, we find * «»P«cing 

cos w da-{k sin i — sin r) = ds' cos 


or, assuming k — n. 


ds' cos ^ = 0, 


It follows that Mm' is normal to C', and, since O' is any curve whatever on 
S', Mm' is also normal to the surface S'. This surface 8 ' is called the antU 
caustic surface, or the secondary caustic. It is clear that 8 ' is the envelope of 
the spheres described about M as center with a radius equal to n times Mm ■ 
hence we may state the following theorem: * 

Let us consider the surface S which is normal to the incident rays as the envelope 
of a family of spheres whose centers lie on the surface of separation S. Then the 
anticaustic for the refracted rays is the envelope of a family of spheres with the 

same centers, whose radii are to the radii of the corresponding spheres of the first 
family as unity is to the index of refraction. 


This envelope is composed of two nappes which correspond, respectively 
to indices of refraction which are numerically equal and opposite in sign, ita 
general these two nappes are portions of the same inseparable analytic surface. 


258. Complexes. A line complex consists of all the lines of a three-parameter 
family. Let the equations of a liue be given in the form 

x = az+p, y = bz-hq. 

Any line complex may be defined by means of a relation between a 6 o a of 
the form » j'* ^ v*. 


( 65 ) F{a,b,p,q) = 0, 

and conversely. If jn is a polynomial in a. 6, p, q, the complex is called an 
algebraic complex. The lines of the complex through any point (xq, yo, xo) form 
a cone whose vertex is at that point; its equation may be found by eUminating 
«» 5 , P, q between the equations (64), (66), and 

(66) Xo = azo*+P, Vo = bzo + Qf- 
Hence the equation of this cone of the complex is 

( 67 ) jp/ x — Xq y — yo ^ Xqz — xzp ypg — ygp X 

\*-go*g-go’ g-gp ’ g-gp 

Similarly, there are in any plane in space an infinite number of lines of the 
complex; these lines envelop a curve which ia called a cum qf the complex. 
If the complex is algebraic, the order qf the cone qf the complex ie Me same oe the 
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ciasa of the curve of the complex. For. if we wish to find the number of lines of 
the complex which pass through any given point A and which he in a plane P 
through that point, we may either count the number of generators in which P 
cuts the cone of the complex whose vertex is at A, or we may count the number 
of tangents which can be drawn from A to the curve of the complex which lies 
in the plane P. As the number must be the same in either case, the theorem is 


proved. 

If the cone of the complex is always a plane, the complex is said to be linear^ 
and the equation (66) is of the form 


Aa + Bb + Cp + Dq + £{aq — bp) 4 * P — 0. 

Then the locus of all the lines of the complex through any given point (a:©, Vo, Zo) 
is the plane whose equation is 


( Aiz - xo) + B{y - yo) + C(Xo 2 - zox) 

W [ + pIvoz - zoy) + P(yox - xoy) + P(z - 20) = o. 


The curve of the complex, since it must be of class unity, degenerates into a 
point, that is, all the lines of the complex which lie in a plane pass through a 
single point of that plane, which is called the pole or the focus. A linear com¬ 
plex therefore establishes a correspondence between the points and the planes 
of space, such that any point in space corresponds to a plane through that point, 
and any plane to a point in that plane. A correspondence is also established 
among the straight lines in space. Let D be a straight line which does not 
belong to the complex. F and F' the foci of any two planes through D, and A 
the line FF\ Every plane through A has its focus at its point of intersection <f> 
with the line D, since each of the lines <f>F and ipF' evidently belongs to the 
complex. It follows that every line which meets both D and A belongs to the 
complex, and, finally, that the focus of any plane through 7) is the point where 
that plane meets A. The lines D and A are called conjugate lines; each of them 
is the locus of the foci of all planes through the other. 

If the line D recedes to infinity, the planes through it become parallel, and 
it is clear that the foci of a set of parallel planes lie on a straight line. There 
always exists a plane such that the locus of the foci of the planes parallel to it 
is perpendicular to that plane. If this particular line be taken as the z axLs. 
the plane whose focus is any point on the z axis is parallel to the xy plane. By 
(69) the necessary and sufficient condition that this should be the case is that 

— B=C = D = 0 i and the equation of the complex takes the simple form 

(70) aq — bp + K ~0. 

The plane whose focus is at the point (x, y, z) is given by the equation 

(71) Xy - Fx + K{Z - z) = 0, 

where X, F, Z are the running coordinates. 

As an example let us determine the curves whose tangents belong to the 
preceding complex. Given such a curve, whose coordinates x, y, z are known 
functions of a variable parameter, the equations of the tangent at any point are 






z 
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The nece^ry and sufficient condition that this line should belong to the given 
complex is that it should lie in the plane (71) whose focus is the point (x 1 / z\ 
that is, that we should have * 

(72) xdy ~ ydx = Kdz. 

We saw in § 218 how to find all possible sets of functions *, y, z of a single 

parameter which satisfy such a relation; hence we are in a position to find 
the required curves. 

The results of § 218 may be stated in the language of line complexes. For 
example, differentiating the equation (72) we find 

( 73 ) xd^y -yd^x = Kd^z, 

and the equations (72) and (73) show that the osculating plane at the point 

(z, 2 /, z) is precisely the tangent plane (71); hence we may state the following 
theorem: ® 

If all the. tangents to a skew cxirve bHong to a linear line complex, the oseulating 
plane at any point of that curve is the plane whose focxis is at that point. 

(Appell.) 

Suppose that we wished to draw the osculating planes from any point O in 

space to a skew curve r whose tangents all belong to a linear line complex. Let 

jlf be the point of contact of one of these planes. By Appell’s theorem the 

straight line MO belongs to the complex ; hence M lies in the plane whose focus 

IS the point O. Conversely, if the point M of r lies in that plane, the straight 

line MO, which belongs to the complex, lies in the osculating plane at 3f; hence 

that osculating plane passes through O. It follows that the required points are 

the intersections of the curve with the plane whose focus is the point O fsee 
§ 218). ' 

Linear line complexes occur in many geometrical and mechanical applica. 
tions. The reader is referred, for example, to the theses of Appell and Picard.* 


EXERCISES 

1. Find the lines of curvature of the developable surface which U the 

envelope of the family of planes defined in rectangular coordinates bv the 
equation 

2 = az + y4>{a) + RVW <»- 0-{a), 

where a is a variable parameter, <p{ac) an arbitrary function of that parameter 
and R a given constant. ’ 

[Licence, Paris, August, 18710 

2. Find the conditions that the lines x = <u + < 1 , y = 6z + jS, where a, 6. tx.fi 

are functions of a variable parameter, should form a developable surface for 

which all of the system of lines of curvature perx>endicular to the generators lie 
on a system of concentric spheres. 

[Licence, Paris, July, 18720 


•*fnna^es scientifques df VEcole Normals superieure, 1876 and 1877. 
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3 Determine the lines of curvature of the surface whose equation in rec- 
t^gular coordinates is 


c* = cos X cos y . 


[Licence, Paris, July, 1875.] 


4. Consider the ellipsoid of three unequal axes defined by the equation 



and the elliptical section E in the xz plane. Find, at each point M oi E: 1) the 
values of the principal radii of curvature Hi and i ?2 of the ellipsoid, 2) the rela¬ 
tion between Ri and 3) the loci of the centers of curvature of the principal 
sections as the point 3/ describes the ellipse E. 

[Licence, Paris, November, 1877.] 


6. Derive the equation of the second degree for the principal radii of curva¬ 
ture at any point of the paraboloid defined by the equation 



Also express, in terms of the variable 2 , each of the principal radii of curva¬ 
ture at any point on the line of intersection of the preceding paraboloid and the 
paraboloid defined by the equation 



[Licence, Paris, November, 1880.] 


6. Find the loci of the centers of curvature of the principal sections of the 
paraboloid defined by the equation xy = az the point of the surface describes 

the X axis. 

[Licence, Paris, July, 1883.] 


7. Find the equation of the surface which is the locus of the centers of cur¬ 
vature of all the plane sections of a given surface S by planes which all pass 
through the same point M of the surface. 

8. Let MT be any tangent line at a point 3f of a given quadric surface, O the 
center of curvature of the section of the surface by any plane tlirough ^fT, 
and O' the center of curvature of the evolute of that plane section. Find the 
locus of O' as the secant plane revolves about MT. 

[Licence, Clermont, July, 1883.] 


9. Find the asymptotic lines on 
about one of its tangents. 


the anchor ring formed by revolving a circle 
[Licence, Paris, November, 1882.] 


10. Let C be a given curve in the xz plane in a system of rectangular coordi¬ 
nates. A surface is described by a circle whose plane remains parallel to flie 
xy plane and whose center describes the curve C, while the radius varies in sucli 
away that the circle always meets the 2 axis. Derive the differential equation 
of the asymptotic lines on this siirface, taking as the variable parameters the 
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coordinate « of any point, and the angle 9 which the radius of the circle through 
the point makes with the trace of the plane of the circle on the xz plane. 

the result to the particular case where the curve G is a parabola 
whose vertex is at the origin and whose axis is the x axis. 

[XiccTice, Paris, July, 1880.] 

11. Determine the asymptotic lines on a ruled surface which is tangent to 

another ruled surface at every point of a generator A of the second surface 
every generator of the first surface meeting A at some point. ’ 

12. Determine the curves on a rectilinear helicoid whose osculating plane 
always contains the normal to the surface. 

[iicencc, Paris, July, 1876.] 

13. Find the asymptotic lines on the ruled surface defined by the equations 

® = (l+u)co8v, y = (l —w)8inv, x = u. 

[iicencc, Nancy, November, 1900.] 

14*. The sections of a surface S by planes through a straight line A and the 
curves of contact of the cones circumscribed about 5 with their vertices on A 
form a conjugate network on the surface. 

[KOBIflQS.] 

16*. As a rigid straight line moves in such a way that three fixed points 
upon it always remain in three mutually perpendicular planes, the straight line 
always remains normal to a family of parallel surfaces. One of the family of 
surfaces is the locus of the middle point of the segment of the given line bounded 
by the point where the line meets one of the coordinate planes and by the foot 
of the perpendicular let fall upon the line from the origin of cobrdinates. 

[Darboux, Comptea rendus, Vol. XCII, p. 446, 1881.] 

16*. On any surface one imaginary line of curvature is the locus of the points 
for which the equation 1 + p* + == q ig satisfied. 

[In order to prove this, put the differential equation of the lines of curvature 
in the form 

{dp dy - dx)(l + -f (pdy - q dx){pdp + qdq) = 0.] 

[Darboux, AnjicUea de V£cole normcUe, 1864,] 
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Density : 296, 148. 

Derivatives, definition of: 5, 6; 12, H; 
17, 13; extensions of definition of: 
17, 13; 265, 127; of implicit func¬ 
tions : 38, 21; 40 , 23; 42, 24 ; rules 
for: 15, 11. 

Descartes’ folium; 246 , ex. 2. 

Determinants, functional: see Func¬ 
tional determinants. 

Developable surfaces: see Surfaces. 

Development in series: 40S, 189; see 
also Infinite aeries, Taylor’s aeries, 
Fourier’s aeries, etc. 

t 
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Dextrorsal (skew curve) : 476, 228. 
Differential equations : see Equations, 
invariants : see Invariants; notation : 

19 14ff*; parameters: 81^ <y/, 

ex! 21: 244. 

differentials, binomial: see Binomial 
differentials; definition of: 14 ; 

higher orders: 20, 14; total: 

16 - SIS. 161 ff-; see also Integrals, 

line, and Integral P dx + Q dy. 
Differentiation, order immaterial. 

11 * of integrals: 154. 76; 1^2, 9i; 
19 A 97: Ses, 176 ; S70, 175; of line 
inte^ls: 194. 97; of series: 564, 
174; S80, 179 ; 405. 189. 

Direction cosines: i64,'Si- 

Direct path (for periodic functions): 
S19. 163. 

JHricfdet: 250, 124; SOS, 148; 547, 
166; 474, 196. 

Dirichlet’s integrals: 308, 148; condi¬ 
tions: 474 , 196* 

Discontinuity: 4, 4 ; 6, ftn. 
Discontinuous functions: see Func¬ 


tions. 

Division of series: 392, 183. 

Dominant functions : sec Functions. 
Double integrals: see Integrals, double. 
Double points, of a curve: 112, u3; 
221. 108; of involutions: 232, 112; 
of unicursal curves: 103* 

Double power series: see Power series, 

double. 

Double series: 555, 169; 567. 174; 
S88, 182; see also Infinite series 
and Substitution of series. 

DuAamei: 135, ftn.; 151, ftn. ; 340, 
163. 

Duhamel’s test (series of constant 
terms): S 40 . 163. 

Dupm: 521, 261; 524. 252 ; 535, 257. 
Dupin’s cycUde: 5^4, 262 ; theorem : 
521, 251. 


Eccentric anomaly : see Anomaly. 
Edge, cuspidal: see Striction, line of; 

of regression : 465, 221. 

Element of area: 267, 128 ; 275, 132. 
Element of volume : 304. 146. 


Ellipse, area of: 189, 94; 220, 106; 
248 , ex. 19; length of: .^54, 112; 
566, 174. 

Ellipsoid, area of z 294. 0; volume 

of: 285, 137. 

Elliptic coordinates: see Coordinates ; 
functions : see Functions ; integrals : 
see Integrals ; points : 500, 239. 
Envelopes (of plane curves): 456, 201; 
(of skew curves): 465, 223 ; (of sur¬ 
faces) : 459 , 219. 

Epicycloid : 452, ex. 7. 

Equations, differential (developable 
surfaces, asymptotic lines, etc.); see 
Surfaces, developable ; Asymptotic 
lines, etc. 

Equations, total differential: see Dif¬ 
ferentials, total. 

Equations, partial differential (classi¬ 
fication) : 75, 38 ; (Laplace’s) : 80, 
43 ; (reduction of): 72, 38. 

Equations, intrinsi% (of a curve): 447, 
210; reciprocal: 554, 113; solutions 
of: see Roots and D'Alembert’s 
theorem; tangential (of a curve) : 
207, ex. 21. 

Error, limit of: see Remainder and 
Evaluation. 

Euleri 184. 92; 556, 113 ; 546, ex. 4 ; 

280, 134 ; 477, 195; 501, 240. 
Euler’s constant: 103, 49 ; integrals : 
184, 92 ; 280, 134 ; see also Function 
r ; theorem (surfaces): 501, 240. 
Evaluation, approximate (of definite 
integrals): 197, 99 ; 199, 100 ; 201, 
101; 207, ex. 24; see also Pla- 
nimeter; (factorials): 291, 141; 

(logT): 291, 141. 

Evaluation of integrals: 287, 140; 
554 , 123; 297, 143; 311, 160; 575, 
176. 

Evolute: 432, 204; 456, 206; 480, 
231; 516, 247. 

Existence of roots: see Roots and 
Functions, implicit. 

Exponential, series for: 100, 48. 
Extrema: 116, 65; 118, 50; 125, 50; 
128, 61; 251, 120; sec a(so Maxima 
and Minima. 
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Families (of straight lines): 696^ 
253 fE. 

Fermat ; 1S7, 66. 

Finite functions: see Functions. 

Focal planes: 6S2, 266; points: 6S1^ 
255; surface: 6S1^ 255. 

Forms, binary cubic: 60^ 30; in¬ 
determinate : see Indeterminate 
forms. 

FormulsB of reduction : see Reduction 
formulae. 

Fourier : 418, 197,. 

Fourier’s series: 4 IS, 197 £E.; see also 
Trigonometric series. 

Franklini S67, 123. 

Frenet: 477, 229. 

Frenet’s formulae : 477, 229. 

Fresnel: 86, ex. 17. 

Fresnel’s wave surface : 86, ex. 17. 
Functional determinants: 46 , 26; 58, 
28; S8, 29; S65, 127; 304, 146. 
Functions, analytifc; 407, 191 ff.; 

^ (Pt Q)‘ ^75, 134; continuous: 143 , 
70; £00, ftn.; £50, 120; 36£, 173; 
378, 178 ; 4££, 199; see also Con¬ 
tinuity ; discontinuous : 4 , 4 ; 161, 
79; 196, 98; £06, exs. 6 and 7; 
defined by integrals; 19£, 97; 196, 
98; ££1, 108; dominant; 386, 181; 
396, 186; eUiptic: £33, 112; expo¬ 
nential : see Exponential; r(o): 183, 
92 ; £79, 134 ; £90, 141; 308, 148 ; 
SIS, 160; homogeneous: £9, 18; 
hyperbolic: £19, 106 ; implicit: 36, 
20; 46 , 26 ; 399, 187; integrable: 
147 , 72 ; £05, ex. 8; inverse: 41 , 
23; 60, 26; 4 O 6 , 190 ; logarithmic: 
see Logarithm; monotonic: 148 , 
72; periodic: 318, 163; primitive: 
see Primitive functions and Inte¬ 
grals; rational: 3, 3; 168, 77; £06, 
ex. 12; £08, 103; real variables: 9, 
2; 11 , 10; (etc., see special titles); 
transcendental: ££l, 108; £36, 114; 
499, 199; trigonometric: 100, 48; 
9£0, 106; £36, 114; trigonometric 
(inverse): 104 , 60; 389, 179. 
Fundamental theorem of Algebra : see 
D’Alembert's theorem. 


Galileo : 439, 207. 

Gamma function: see Function r(a) 

Gauss: 199, 101; £91, 142; S 44 , leg] 

Geometry of higher dimensions: see 
Higher dimensions. 

Gergonnez 636, 267. 

Goursat : 35, ftn.; 46 , ftn.; 88 , ex. 28. 

Graves : 166, 83. 

Graves’ theorem: 166, 83. 

Greatest limit; S£ 8 , 156; 336, 160- 
361, 167 ; 377, 177. 

Green: £ 6 £, 126 ; £ 88 , 140; 309, 149 • 
316, 162 ; 318, 163. ' 

Green’s theorem: £ 88 , 140 ; 309, 149 ■ 
316, 162; 318, 168. ' 

Sadamard : 378, ftn. 

Halphen : S3, ex. 11; 86 , ex. 18. 

Harmonic series: 103, 49; S 47 , 166. 

Haro’s series: 183, ex. 11. 

Helicoid : 609, 243 ; 619, 249. 

Helix: 48£, 231; 483, 282. 

Hermite: 97, 46 ; 171, 87; £06, ex. 12 • 
£36, ftn. ' 

Hessians: 68, 30. 

Higher dimensions: 310, 160. 

Highest common divisor: £ 11 , 104. 

Hilbert ; 171, 87. 

Hospital, deV i see L‘*Hospital, de. 

Houelz £19, 106. 

Hyperbola, area of: £18, 106. 

Hyperbolic functions: see FuncUmis. 

Hyperbolic point: 600, 280. 

Hypocycloid: £ 4 £, 117; 4S£, ex. 7. 

Implicit functions: see Functions oad 
D’Alembert’s theorem. 

Improper integrals: see Integrals. 

Incommensurable numbers: 14 £, ftn. * 
171, 87; £ 49 , ex. 21. 

Indefinite integrals: see Integrals. 

Independence of Path: Si6, 162; see 
also Integral Pdx-H Qdp; of sur¬ 
face; 393 , 165; see also Integrals, 
surface. 

Indeterminate forma: iO, 8; 97, 47, 

Index (of a function): 1S7, 77; MOS^ 
exs. 11 and 12; 399 , 164. 

Indicatrix: SOI, 240 ft 
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infinite, definition oi. 

Infinite limits: see Integrals, improper. 
Infinite series: 1; 59, ftn.; 18S, 

91 - $27, 16«; alternating: 182, 
91 * complex terms: 350, 167 ff.; 
co^t terms: 329, 167 ff.; devel- 

opmentin: 99,46; 99,48; 101; 

376, 177; 404 , 189; 41i, 186; 418 , 
197 *. 422, 199; see aUo Taylor’s 
series, etc.; differentiation of: 364. 
174; 380, 179; 405, 189; division of: 
99f*l83; dominant: see Functions, 
dominant; Fourier’s: 418, 197 ff.; 
harmonic : 103, 49; 947, 165; of m- 
finite series: sec Substitution of series 
and Double series; integration of: 
201, 101; 364, 174; 368, 174; Mc- 
Laurin’s: sec McL-aurin’s series; 
multiplication of: 331, 168; 579, 
178; positive terms: 2, 1; 329, 
157 ff.; reversion of: 407, 190; 
substitution of: see Substitution of 
series; sum of: 99, ftn.; 5^9, 167; 
see also Convergence; Taylor’s: see 
Taylor’s series; trigonometric i 411, 
196 ff.; variable terms: 360, 173; 
see also Double series, etc. 
Infinitely small quantity: 19, 14 ; «ec 
also Infinitesimal. 

Infinitesimal: 19, 14; 150, 72; 252, 


120 . 

Integrable functions: see Functions. 
Integrals, Abelian: 215, 106; 221, 108; 
226,110; differentiation of: see Dif¬ 
ferentiation of integrals; definite: 
149 , 68 ff.; see also Evaluation of 
integrals; double: 250, 120 ff.; ellip¬ 
tic: 226, 110; 231, 112; 233, 112; 
246 , ex. 6; functions defined by: 
see Functions; hyperelliptic: 226, 
110; improper: 175, 89; i79, 90; 
J55, 91; 236, 140; 277, 133 ; 289, 
161; 559,173; 569,176; indefinite: 
164, 76; 208, 103 ff.; see also Func¬ 
tions, primitive, and Evaluation of 
integrals; integration of: sec Inte¬ 
gration of integrals; line: I 84 , 93; 
201, 102; 263, 126; 316, 162; 322, 
156; see also Differentials, total, and 


Integral Pdx + Qdy, and Green’s 
theorem; logarithm : 245, 118 ; mul¬ 
tiple : 320, 150 ff. ; 3o8, 171 ; 367, 
174; Pdx + Qdj/: 316, 152 ff.; 

pseudo-elliptic: 234. 113 ; 246, ex. 5 ; 
247, ex. 7; surface : 280, 135 ff .; 322, 
155; triple: 296, 143; zdy — ydx: 
189, 94; 191, 96; 206, ex. 14. 
Integraphs: 201, 102. 

Integration, of binomial differentials : 
224 , 109; of integrals: 256, 123; 
mechanical: 201 , 102; of series: 
201, 101; 364, 174; 368, 174; see 
also Integrals. 

Interpolation: 198, 100. 

Interval: function defined in : 2,2 \ 7, 

5; of convergence : see Convergence. 
Intrinsic equations: see Equations. 
Invariants : 59, 30 ; 70, 37. 

Inverse functions: see Functions. 
Inversion, of functions: see Func¬ 
tions ; transformation of: 66, 35; 
69, 36. 

Involutes: 432,204; 436,206; 480, 231. 
Involutions: 231, 112; 234, 113; 247, 
ex. 7. 

Involutory transformations: 69, 36; 
78, 41 ; 79, 42. 

Jacobi i 22, ftn.; 32, ex. 5; 40 , ftn.; 
68, ftn. 

Jacobians: see Functional determi¬ 
nants. 

Jamei : 509, 243. 

JoachirasliKd : 520, 250. 

Joachimsthal’s theorem : 520, 250 
Jordxvnx 360, ftn. 

JCeZuin, Lard : 85, ex. 10. 

Kepler X 4 O 6 , 189. 

Kepler’s equation : 249, ex. 19; 4 O 6 , 
189. 

Koenigs : 540, ex. 14. 

Lagrange X 5,6; 7,6; ^9,18; 99,44; 
198, 100 ; 274, 131; 404, 189; 448, 
212. 

Lagrange’s formula (implicit func¬ 
tions): 34 , ex. 8 ; 404 , 189; formula 
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(interpolation): 198, 100; identity : 
274, 131. 

Lami ; 80, ftn.; 82, 43; 325, ex. 10. 
Laplace : 73, 38; 84, ex. 8; 404, 189. 
Laplace's equation : 73, 38. 

Laugelt 140, ftn. 

Law of the mean, for deriyatiyeB: 8, 

8; 25,11; 26, ftn.; 98,48; 155,76; 
265, 127; for integrals (1st law): 251, 
74 ; 253, 121 ; for integrals (2d law): 
252,74; ^65,ex. 13; generalizations: 
10, 8 : 98, 48 ; 265, 127. 

Lebesguei 422, 199. 

Legendre : 33, ex. 9; 68, 36 ; 173, 88; 

366, 174; 394, 184. 

Legendre's polynomials: S3, ex. 9; 
173, 88; 201, 101; formula: 4SI, 
203; integrals: 233, 112; 366, 174; 
394, 184 ; transformation : 68, .36; 
77, 41. 

Leibniz i 7,6; 19, -; 27, 17 ; 29, 18. 

Leibniz' formula : 27, 17. 

Lemniscate: 223, 108; 234, 112. 
Length : 161, 80 ; 164, 80 ; etc. 

Lie : 68, ftn. 

L'Hospital, de : 10, 8. 

L'Hospital, de, theorem: 10, 8. 

Limit: 2, 1; a lower; 140, 68; an 
upper: 91, ftn.; 2^^?, 62; greatest: 
see Greatest limit; of error: see 
Evaluation ; of integration : see In> 
tegrals; the lower: 142, 68; the 
upper: 141, 62. 

Line complexes: see Complexes; con¬ 
gruences : see Congruences; inte¬ 
grals : see Integrals. 

Line of curvature: see Curvature. 

Line of striction: see Striction. 

Linear transformations: see Trans¬ 
formations. 

Liou-oillei 231, 111, 

Logarithm : 57, 28 ; 100, 49; 102, 49; 
382, 179. 

Loop-circuit: 319, 163. 
hyonx 484, ftn. 

Malus : 635, 267. 

Malus* theorem ; 535, 267. 

Mannheim : 495, exs. 7 and 11; 524, 262. 


Mansion : 207, ex. 24. 

Mass: 296, 143. 

Maximum: 5, 3; 226, 66 ff.; 251, 120 ; 
see also Extremum. 

McLaurin's series: 99, 48 ; 382, 1 79 r 
see also Taylor’s series. 

Mean, law of the : see Law. 

Mechanical quadrature : 201, 102. 

Mertensi 362, 168. 

Meusnieri 497, 239. 

Meusnier’s theorem : 497, 239. 

Minimum: 3, 3; 226. 56; see also 
Extremum. 

Mobius’ strip; 280, ftn. 

Monget 29, 18 ; 44. 24 ; 523, 261. 

Monotonically increasing functions: 
see Functions, monotonic. 

Multiple series: 310, 150ff., 358, 171* 
367, 174. 

Multiplication of series: see Series. 

Murphy % 373, ex. 1. 

Newtoni 19, ftn. 

Normal sections: 497, 2-39 ; 601, 240. 

Normals, congruence of: 533, 256; 
length of: SO, 19 ; plane curves : So, 
19; principal (skew curves): 471 
226. 

Numbers, incommensurable: I42, ftn.; 
171, 87; 249, ex. 21; transcenden¬ 
tal: 171, 87. 

Order of contact: see Contact. 

Ordinary points: sec Points. 

Orthogonal systems, of curves: 275 
132; triple: 80, 43; 521, 261. 

Osculation: 24 ^, 69; 251, 120 ; 443 , 213 . 

Osculating plane: 453, 215 ; 455 , 216; 
sphere: 492, 237. 

Osculation: 93, 46; 443 , 213; 453, 
216 ; 455 , 216 ; 433, 236 ; 492, 287. 

Osgood : 53, ftn.; 252, ftn.; 369, ftn. 

Ostrogradsky : 309, ftn. 

Ostrogradsky's theorem : 309, 149. 

Painleoi x 88, ex. 23. 

Parabola: 135, 64 ; 137, 66 ; 220, 107. 

Parabolic point: 500, 239; 520, 249. 

Paraboloid: 5X5, 246 ; 523, 261. 
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Parallel curves: ex. 20; surfaces: 

gx 1^* 

paramewr of distribution : 528, 253 ; 
5S0, 264. 

Parameters, differential; see Differ- 

ential. 

Partial differential equations: ace 
Equations, partial differential. 

peaiioi 

Pedal curves: 69^ 36; 207 ^ exs. 21 
and 22. 

PcWet: 4^5y ex. 11. 

periodic functions: see Functions. 

Periods: 318^ 163. 
picatdi 322^ 164 ; 538^ 258. 

planimeter: 201^ 102. 

Poincar€i 386^ 181. 

Point transformations: see Transfor¬ 
mations 

Points, ordinary: 110^ 53 ; 408^ 102. 
Points, singular: 110^ 63; 114', 64; 

319. 153 ; 408. 192 ; 409. ftn. 

Poisson : 204^ 

Polar coordinates : see Coordinates. 
Polar line : 473. 227. 

Polar surface : 4^3. 227. 

Polynomials, continuity of : 5. 3; rela¬ 
tively prime: 211. 104 ; 214-, 194. 
Potential equation : see Laplace's equa¬ 
tion. 

Power series : 375. 177 ff.; double: 
394, 185. 

Primitive functions: 139.67; 154, 76; 
see also Integrals. 

Principal normals, tangents, etc.: see 
Normals, Tangents, etc. 

Pringsheimi 340. 162. 

Prismoid : 285. 138; 310. 150. 
Prismoidal formula: 285, 138. 
Projective transformations: see Trans¬ 
formations. 

Pseudo-elliptic integrals : see Integrals. 
Puiseux : 484. 232. 

Quadrature : 134. 64 ; 135. 65 ; 160. 

78 ; sec also Area, Integrals, etc. 
Quadrics, confocal; 533. 251. 

Quartic curves: 223^ 108. 

Quefefet: 535. 257. 


Jiaahe: 340. 163. 

Kaabe's teat: 349. 163. 

Radius of curvature, of torsion: see 
Curvature, Torsion. 

Rational functions : see Functions. 
Reciprocal equations: see Equations; 
polars: see Transformations; radii: 
see Transformations. 

Rectification of curves : see Length. 
Reduction formulae: 208. 103; 210, 
104; 226, 110; 227, 110; 239. 115 ; 
240. 116; 244. 118; ^48, exs. 15, 
16, and 17 ; 249. ex. 21. 

Regression, edge of: 403. 221. 

Regular curves: see Curves. 

Remainder (Taylor's series): 90. 44 ; 
98. 48, 

Reversion of series: 407. 190. 

Riccati equations: 511. 244. 

Riemann: 140. ftn.; 309. fin.; 34^. 
165. 

Riemann's theorem : 309, ftn.; see also 
Green’s theorem. 

Roberts: 294. ex. 10. 

Rodrigues: S3, ex. 8 ; 517. 248. 
Rodrigues’ formula: 517, 248. 

Rolle’s theorem : 7, 7. 

Roots, existence of: 5. 3; 291. 142; 
321. 154 ; see also Functions, im¬ 
plicit, and D’Alembert’s theorem. 
Roulette : 207. ex. 23; 220. 107 ; 526, 
252. 

Rouquet: 495. ex. 4. 

Ruled surfaces : see Surfaces. 

Scheffer: 125. 56. 

Schell : 495. ex. 7. 

Schwarz : 11. 9. 

Schwarzian: 88. ex. 22. 

Sequences; 327, 156 ; sec also Infinite 

series. 

Series; see Infinite series, Taylor’s 
series, Double series, etc. 

Serret: 234. ftu.; 495. ex. 7. 

Serret’s curves: 234. ftn. 

Simpson: 199. 100. 

Singular points: 110. 53; 114. 54; 

319. 153; 40s. 192; 409. ftn. 
Sinistrorsal (skew curve): 476. 228. 
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Skew curves : see Curves. 
ateiner : J07^ ex. 23. 

Stokes i JSJ, 130. 

Stokes’ theorem: 136. 

Striction, line of: 263. 

Sturm : 174, 88. 

Sturm sequences: 174, 88* 

Subnormal; 80, 19. 

Substitution of series : 388^ 182; 397, 
186 ; see also Double series. 
Substitutions: see Transformations. 
Subtangent: 30, 19. 

Surface integrals : see Integrals. 
Surfaces : / J, 30 ; 497, 239 ff,; ana¬ 
lytic : 4^0, 194 ff,; apsidal: 86, ex. 
17 ; developable : 79, 42 ; 461, 221; 
464, 222 ; SOS, 241; focal: S31, 255 ; 
parallel: 86, ex. 16; ruled: S8S, 138; 
S09, 244; o^6, 253; translation : SIS, 
245; tubular: S£4, 252; unilateral: 
^80, 135; wave: 86, ex. 17. 

Tangential equations: ^07, ex. 21. 
Tangents, asymptotic : SOS, 240; con¬ 
jugate : Sll, 245; length of: 30, 19 ; 
principal: SOS, 240; stationary: 4S7, 
217 ; to curves (plane): 5, 5 ; 63, 32; 
93, 46 ; 97, 47; to curves (skew): 5, 
6: SI, 27; to surfaces: 16, 12; 39, 
22; 76, 39 and ftn. 

Tannery ; 3S8, ftn. 

Taylor’s series : 89, 44 £f.; 98, 48 ff.; 

171, 86; 197, 61; 384, 180 ; 396, 186. 
Tchebych^t SS7, 123. 

Term-by-term differentiation : see Dif¬ 
ferentiation of series ; integration : 
see Integration of series. 

Tests for convergence: see Conver¬ 
gence. 

Thompson, Sir Wm ,: see Kelvin, Lord. 
Tissot : 49S, ex. 6. 

Torsion and Radius of torsion: 473 
and 474, 228. 

Total differentials: see Differentials. 


Tractrix: 441, 209. 

Transcendental numbers: 171, 87, 
Transformations, contact s 67, 36; 77 
41; 78, 42; iuvolutory: 69,96; 78, 
41; 79,42; linear : S9, 30; of coOrdil 
nates: 65, 34; 76, 40; etc.; of curve*: 

66,35 ; of independent variable: 61 

31; 76, 38; 74, 39 ; of integrals: st^ 
Change of variables; point: 66, 86 • 
66,36; 77, 40; projective: 66, Sdj 
69, 37; reciprocal polars: 66, 86; 
78, 41; reciprocal radii: 66, 36; 69, 
36. 

Trigonometric functions: see Func¬ 
tions ; series: 41I, 196. 

Triple integrals; see Integrals. 

Triply orthogonal systems: see Orthog¬ 
onal systems. 


Umbilics: SOS, 241; 530, 249. 

Uniform curves, continuity, conver¬ 
gence, infinitesimal: see Curves, 
Continuity, Convergence, Infinitesi¬ 
mal, etc. 

Unilateral surfaces: see Surfaces and 
Mbbius’ strip. 

Upx>er limit: see Limit. 


Value, absolute: 6, 3; 37S. 

Variable, complex: 375. 

Variations, calculus of : 367^ 123. 
Vivianit 386, 189. 

Viviani’s formula: 386, ISO. 

Volume: SS4, 122; 384, 187; 33S,^%; 
836, ex. 13. 

WaUisi 340, 116. 

Wallis’ formula: S 40 , 116. 

Wave surface : 86 , ex. 17. 

TVciersirass; 6, 6; 153, 76; 300, fta.; 

403, 87; 423, 199, 

Weierstrass’ theorem: 433, 109. 

Zitoei; 4 O 6 , ftn. 


DOVER BOOKS ON SCIENCE 

BOOKS THAT EXPLAIN SCIENCE 

CONCERNING THE NATURE OF THINGS, Sir Will iam Brogg. Christmas lectures delivered at the 
Royal Society by Nobel laureate. \A/hy a spinning ball travels in a curved track; how uranium 
is transmuted to lead, etc. Partial contents: atoms, gases, liquids, crystals, metals etc. No 
scientific background needed; wonderful for intelligent high school student. 32pp. of photos, 
57 figures, xii 232pp. S’/a x 8. T31 Paperbound $1.35 

THE NATURE OF LIGHT AND COLOUR IN THE OPEN AIR, M. Minnoert. Why is falling snow 
sometimes black? Whot causes mirages, the fota morgana, multiple suns and moons in the sky; 
how are shadows formed? Prof. Minnoert of the University of Utrecht onswers these and similar 
questions in optics, light, colour, for non-specialists. Particularly valuable to nature, science 
students, painters, photogrophers. Translated by H. M. Kremer-Priest, K. Joy. 202 illustrations, 
including 42 photos, xvi + 362pp. SVa x 8. T196 Poperbound $1.95 

THE RESTLESS UNIVERSE, Max Born. New enlarged version of this remarkably readable account by 
a Noble laureate. Moving from subatomic porticles to universe, the oufhor explains in very simple 
terms the latest theories of wave mechanics. Partial contents: air and its relatives, electrons & ions, 
waves & particles, electronic structure of the atom, nuclear physics. Nearly 600 illustrotions, 
including 7 animated sequences. 325pp. 6x9. T412 Paperbound $2.00 

MATTER & LIGHT, THE NEW PHYSICS, L. de Broglie. Non-technical papers by a Nobel laureate 
explain electromagnetic theory, relotivity, motter, light and radiation, wave mechanics, quonfum 
physics, philosophy of science, Einstein, Planck, Bohr, others explained so easily that no 
mathemotical training is needed for all but 2 of the 21 chapters. Unabridged. Index. 300pp. 
53 /, X 3. T35 Paperbound $1.75 

THE COMMON SENSE OF THE EXACT SCIENCES, W. K. Clifford. Introduction by James Newman, 
edited by Karl Pearson. For 70 years this has been a guide to classical scientific and mathemotical 
thought. Explains with unusual clarity basic concepts, such os extension of meaning of symbols, 
characteristics of surface boundaries, properties of plane figures, vectors, Cartesian method of 
determining position, etc. Long preface by Bertrand Russell. Bibliography of Clifford. Corrected, 
130 diagioms redrawn. 249pp. SVa x 8. T61 Paperbound $1.60 

THE EVOLUTION OF SCIENTIFIC THOUGHT FROM NEWTON TO EINSTEIN, A. d’Abro. Einstein s 
special and general theories of relativity, with their historical implications, are analyzed in non¬ 
technical terms. Excellent accounts ot the contributions of Newton, Riemann, Weyl, Planck, 
Eddington, Maxwell, Lorentz and others are treated in terms of space and time, equotions of 
electromagnetics, fmiteness of the universe, methodology of science. 21 diograms. 482pp. 
5J/j X 8. T2 Paperbound $2.00 

WHAT IS SCIENCE, Norman Compbell. This excellent introduction explains scientific method, role 
of mathematics, types of scientific lows. Contents: 2 aspects of science, science & nature, laws 
of science, discovery of laws, explanotion of laws, measurement & numericol laws, applications 

of science. 192pp. 5Ve x 8. S43 Paperbound $1.25 

THE RISE OF THE NEW PHYSICS, A. d’Abro. A holf-million word exposition, formerly titled 
THE DECLINE OF MECHANISM, for readers not versed in higher mathematics. The only thorough 
explanation, in everyday longuage, of the central core of modern mathematical physical theory, 
treating both classical and modern theoretical physics, end presenting in terms almost onyone 
can understand the equivalent of 5 years of'study of mathematical physics. Scientifically im¬ 
peccable coverage of mathematical-physical thought from the Newtonian system up through the 
electronic theories of Dirac and Heisenberg and Fermi’s statistics. Combines both history and 
exposition; provides a broad yet unified and detailed view, with constant comparison of clas¬ 
sical and modern views on phenomena and theories. ”A must for anyone doing serious study 

in the physical sciences, ” JOURNAL OF THE FRANKLIN INSTITUTE. ‘ E xtraordinary faculty . . . 

to explain ideas and theories of theoretical physics in the language of daily life," ISIS. Indexed. 
97 illustrations, ix + 982pp. 5V. x 8. .,3 , p,,p^*ound $2.00 

T4 Volume 2, Paperbound $2.00 

A HISTORY OF ASTRONOMY FROM THALES TO KEPLER, J. L. E. Dreyer. (Formerly A HISTORY 
OF PLANETARY SYSTEMS FROM THALES TO KEPLER.) This is the only work in English to give 
the complete history of man’s cosmological views from prehistoric times to Kepler and Newton. 
Partial contents: Near Eastern astronomical systems. Early Greeks. Homocentric spheres of Eu¬ 
doxus, Epicycles. Ptolemaic system, medieval cosmology. Copernicus. Kepler, etc. Revised. 

foreword by W. H. Stahl. New bibliography, xvii -f* 430pp. SVa x 8. Paperbound $1 98 

THE PSYCHOLOGY OF INVENTION IN THE MATHEMATICAL FIELD, J. Hadamard. Where do 
ideas come from? Whot role does the unconscious play? Are ideas best developed by mathe¬ 
matical reasoning, word reasoning, visualization? What are the methods used by Einstein, 
Poincare, Galton, Riemann. How can these techniques be applied by others? Hodamard, one 
of the world’s leading mathematicians, discusses these ond other questions, xiii + 145pp. 
S’/e X 8. T107 Paperbound $1.25 

SPINNING TOPS AND GYROSCOPIC MOTION, John Perry. Well-known classic of science still 
unsurpassed for lucid, accurate, delightful exposition. How quasi-rigidity is induced in flexible 
and fluid bodies by rapid motion; why gyrostat falls, top rises; nature and effect on climatic 
conditions of earth’s precessional movement; effect of internal fluidity on rotating bodies, etc. 
Appendixes describe practical uses to which gyroscopes have been put in ships, compasses, 
monorail transportation. 62 figures. 128pp. SVa x 8. T416 Paperbound $1.00 



A CONCISE HISTORY OF MATHEMATICS, 0. Sfruik. Lucid study of development of mathematicol 
Ideas, techniques, from Ancient Near East. Greece, Islamic science. Middle Ages Renaisionr* 
modern times. Important mathematicians ore described in detail. Treatment is not anecdotal 

development of ideas. "Rich in content, thoughtful in interpretation" U s' 
booklist. Non-technicol; no mathematical training needed. Index. 60 Illustrations 
including Egyptian popyri. Greek mss., portraits of 31 eminent mathematicians. Blblioaraohu' 
2nd edition, xix + 299pp. 5% x8. S255 Paperbou^ 

FOUNDATIONS OF GEOMETRY, Bertrand Russell. Analyzing basic problems in the overlao area 
between mathematics and philosophy, Nobel laureate Russell examines the nature of aeo^et?i?nT 

geometry, and the application of geometry to space. It covew thi 
history of no^n-Euclideon geometry, philosophic interpretations of geometry^speciallv Kant 
projective and metricol geometry. This is most interesting as the solution offered in 1897-hu « 
gre^ mind to a problem still current. New introduction by Prof. Morris Kline of N. Y Unlversitv 
XII -I- 201 pp. 5 /e X 8. §232 Clothbound $3.25 

S233 Paperbound $1.60 

THE NATURE OF PHYSICAL THEORY, P. W. Bridgmon. Here is how modern physics looks to a 
highly unorthodox physicist—a Nobel laureate. Pointing out mony absurdities of science nnd 
demonstrating the inadequacies of various physical theories, Dr. Bridgman weighs and analyzes 
the contributions of Einstein, Bohr, Newton. Heisenberg, and many others. This is a non 
technical consideration of the correlation of science and reollly. Index, xi + 138pp. 5*/, x 8 

S33 Paperbound $1.25 


EXPERIMENT AND THEORY IN PHYSICS, Mox Born. A Nobel laureate examines the nature and 
value of the counterclaims of experiment and theory in physics. Synthetic versus anaivtical sci 
entific advances ore onoly^d in the work of Einstein, Bohr, Heisenberg, Planck, Eddinqton 
Milne, and others by a fellow participant. 44pp. 5% x 8. S308 Paperbound 60e 


THE STUDY OF THE HISTORY OF MATHEMATICS & THE STUDY OP THE HISTORY OF SCIENCE 

George Sarfon. Scientific method & philosophy in 2 scholarly fields. Defines duty of historian 
of math provides especially useful bibliogrophy with best available biographies of modern 
mathematicians, editions of their collected works, correspondence. Shows that combination of 
history & science will old scholar in understanding science today. Bibliography includes best 
known treatises on historical methods. 200-item critically evaluated bibliography. Index 10 
illustrations. 2 volumes bound as one. 113pp. + 75pp. 5V» x 8. T240 Papeiijound $1.25 

SCIENCE AND METHOD, Henri Poincare. Procedure of scientific discovery, methodology experi¬ 
ment idea-germination—the intellectual processes by which discoveries come into being Most 
significoot and most interesting aspects of development, application of ideas. Chapters cover 
selection of facts, chance, mothemotical reosoning, mathematics and logic; Whitehead Russell 
Cantor; the new mechonics. etc. 288pp. 5Vi x 8. S222 Poperbound $1.25 

SCIENCE AND HYPOTHESIS, Henri Poincor6. Creative psychology in science. How such concepts 
as number, mognitude. space, force, classical mechanics were developed, and how the rnode/n 
scientist uses them in his thought. Hypothesis in physics, theories of modern physics. Introduction 
by Sir Jomes Larmor. "Few mathematicians have hod the breodth of vision of Poincar6 and 
none is his superior in the gift of clear exposition," E. T. Bell. Index. 272pp. 5*/, x 8.’ 

S221 Paperbound $1.25 

FOUNDAilONS OF PHYSICS, R. B. Lindsay B H. Margenou. Excellent bridge oetween semi- 
popular works & technicol treatises. A discussion of methods of physical description, construction 
of theory; valuoble for physicist with elementory calculus who is interested in ideas that give 
meaning to data, tools of modern physics. Contents Include symbolism, mathematical equations,- 
space & time; foundations of mechanics; probobility; physics & continuo; electron theory; specia'i 
& general relativity.- qoontum mechanics; causality. "Thorough and yet not overdetailed. Unre¬ 
servedly recommended," NATURE (London). Unabridged, corrected edition. List of recommended 
readings. 35 Illustrations, xi + 537pp. 5V«x8. S377 Paperbound $2.45 


CLASSICS OF SCIENCE 


THE THIRTEEN BOOKS OF EUCLID’S ELEMENTS, edited by Sir Thomas Heath. Definitive edition 
of one of the very greotest classics of Western world. Complete English translotion of Heiberg 
^xt, together with spurious Book XIV. Detailed 150-poge Introduction discussing aspects oi 
Greek ond medieval mathematics. Euclid, texts, commentators, etc. Paralleling the text is an 
elaborate critical apparatus analyzing each definition, proposition, postulate, covering textual 
matters, rnathematical analysis, commentators of all times, refutations, supports, extropolatiorts 
etc. This is the full EUCLID. Unabridged reproduction of Cambridge U. 2nd edition 3 volumes* 
Total of 995 figures, 1426pp. 5V$ x 8. 688,89,90 3 volume set, paperbound $6.00 


OPTICKS, Sir Isaac Newton. In its discussions of light, reflection, color, refraction, theories of 
wave and corpuscular theories of light, this work is packed with scores of insights and dis¬ 
coveries. In its precise and practical discussion of construction of optical apparatus, contemporary 
understandings of phenomena it is truly fascinating to modern physicists, astronomers, mothe- 
maticmns. Foreword by Albert Einstein. Preface by I. B. Cohen of Harvard University. 7 pages 
of portraits, facsimile pages, letters, qtc. cxvl-f 414pp. 5% x 8. S205 Paperbound $2700 


THE PRINCIPLE OF RE^TIVITY, A. Einstein, H. Lorentz, M. Minkowski, H. Weyl. These are the 
11 basic papers tbot founded the general ond special theories of relativity, all translated Into 
, .1'^® on the Michelson experiment, electromagnetic phenomena, 

Minkowski s SPACE & TIME, and Weyl’s GRAVITATION B ELEaRICITY. 7 epoch-making papers 
by Einstein: ELECTROMAGNETICS OF MOVING BODIES, INFLUENCE OF GRAVITATION IN PiSp. 
AGATION OF LIGHT, COSMOLOGICAL CONSIDERATIONS, GENERAL THEORY,, and 3 othereT 7 
diograms. Special notes by A. Sommerfeld.j 224pp. 5% x 8. S81 Paperbound $1,75 


in either heat or in the °PPl'=°''°V,l«erJ sonces^ thgonometric series in the theory of 

of heat, radiant heating, heating j Freeman 20 figures, xxii + 466pp. 

heat. Fourier integral, etc. Translated by Alexander i-reeman. Paperbound $2.00 

5%x8. 

THE WORKS OF ARCHIMEDES, edited by ,^j;'''^He"?eTen;r;'dis”^^ 

mathematician are contained in ^ Measurement^of a Circle, Spirals, Concids, Spher* 

Archimedes. Contains: On Sphere nr^test mathematical intellect of the ancient 

oids, etc. This is the deflnd.ve edition of rlh^history of Greek mothemotics. 

world. 1 86 -page study by Heath discusses Archimides and the history o bound $2.00 

Bibliography. 563pp. 5Vi x 8 . 

A PHILOSOPHICAL ESSAY ON '"OBABILITIES, Morquis^de Lopjoce. Jhis^^f^^^^^^^ 

without recourse to mothemotics the ^ manv other fields Translated from the 

,o gomes ot chonce, -'P-' P^'.his edition by 
6 th French edition by F. W. Truscott. F. L. fcmory. wiin new Poperbound $1.25 

E. T. Bell. 204pp. 5V» x 8 . 

investigations on the theory of the B^OWN'AN 

from rare European journals. 5 basic provide a simple explanation. Translated by 

by R. Furth 33pp. of notes elucidate, give history of pre¬ 
vious investigations. Author, subject indexes. 62 footnotes. 12 pp. 5^,^25 

TUC rFAMETRY OF REN 6 DESCARTES. With this book Descartes founded analytical geometry. 

258pp. 5 Vs X 8 . 

DIALOGUES CONCERNING TWO NEW SCIENCES, Golilee Galilei jhis classic of experirnental 

enlifc'L^Sd" T°ransla Jd by H. Grew and A. de Solvio, 126 diagrams. p-' +„/|«Pp 5 

5 Vs X 8. 

TREATISE ON ELECTRICITY AND MAGNETISM, James Clerk Maxwell For more than 80 years a 
■ The greatest rnathemoticol physicist since Newton, Sir James Jeons. 3d^^d 9^4 95 

21 plates. 1082pp. 5Vs x 8 . 

PRINCIPLES OF PHYSICAL OPTICS, Ernst Mach. This clossical examination of the propagation of 
light color, polarization etc. offers a historical and philosophical treatment that 
surpassed for^ breadth and easy readability. Contents: Rectilinear propagation 

and' ditpertion ■ Perfo'dicrty!^'nfeo^ or^iXrferenfJ''" Polar'iz'^hon^ representation 

XrtS^of PrVgotio^ of waves, etc. 279 illustrations, 

Indexes. 324pp. 5V* x 8 . 

THEORY OF ELECTRONS AND ITS APPLICATION TO THE PHENOMENA OF LIGHT AND RADIANT 
HEAT H Lorentz Lectures delivered at Columbia University by Nobel laureate Lorentz. Un- 

ri^Jr%"%;yrer'si2pr'^8. 

MATTER & MOTION, James Clerk Moxwell. This excellent exposition begins with simple particjes 
and proceeds gradually to physical systems beyond complete analysis: motion, force, 
of centre of mass of material system, work, energy, gravitation, etc. Maxwell s 

original insights and clarity! Notes by E. Larmor. 17 diagrams. ^'^^^“bound $1.2S 


AN INTRODUCTION TO THE STUDY OF EXPERIMENTAL MEDICINE, 

classic of medical science, only major work of Bernard available 
to transform physiology into exact science. Principles of scientific 
case histories from his work; roles of chance, error, preliminary 
eventually to scientific truth; use of hypothesis. Much of modern 
biology rests on the foundation set down here. New foreword by 
Univ. XXV + 266pp. 5V« x 8 . 


Claude Bernard. 90-year-old 
in English, records his efforts 
research illustrated by specific 
false conclusions, in leading 
application of mathematics to 
Professor 1. B. Cohen, Harvard 
1400 Paperbound $1.50 



MECHANICS, Heinrich Herfz. This last work by the great 19th century physicist 
IS not only a clossrc, but of great interest in the logic of science. Creating a new system «I 

axiomatic anolysPs, to under^tan^ina 
of the formal or structural aspects of science, taking into account logic, observation and a nr n?i 

elements. Of great historical importance to Poincare, Carnap, Eimtein, Milne. A 20%aqe ?n 

the'^Vnnv’ University, analyzes the implications of Hertz's thought and 

the logic of science. Bibliography. 13-page introduction of Helmholtz, xiii 274pp. 5 »/, x8 

5316 Clothbound $3.50 

5317 Paperbound $1.75 

MOTION, Eadweard Muybridge. Largest, most comprehensive selection of Muv 
photos of animals, from his ANIMAL LOCOMOTION. 3919 high-spee'd 

oio! oLnu ^ horses, muUl oxen 

elephants, dogs, cots, guonocos, sloths, lions, tigers, jaguars, raccoons' 
baboons, deer. elk. gnus, kangaroos, many others, in different actions—walking runnina' 
flying, leaping. Horse alone shown in more than 40 different woys. Photos token against ruled 
bockgrounds; most octions token from 3 angles ot once: 90«, 60^ rear. Most piX original 
size. Of consideroble interest to scientists os o classic of biology, os a record of actual %cls 
of natural history and physiology. A really marvellous series of plates/’ NATURE (LonHnni 
A monumentol work. Woldemor Koempffert. Photographed by E. Muybridge. Edited by L s" 
Brown, Amencon Museum of Natural History. 74-poge introduction on mechanics of motion 
340 poges of plates, 3919 photographs. 416pp. Deluxe binding, paper. (Weight 4'/, lbs i 

^ ^ T 203 Clothbound $10.00 

human figure in motion, Eadweard Muybridge. This new edition of a great classic in 
the history of science and photography is the lorgest selection ever mode from the oriainaT 
Muybridge photos of humon action: 4789 photographs, illustrating 163 types of motion- v^olklng 
running, lifting, etc. in time-exposure sequence photos at speeds up to l/6000th of a second 
Men, wornen, chi dren mostly undroped, showing bone ond muscle positions against mied 
backgrounds, mostly token at 3 angles at once. Not only was this a great work of photoaraXv 
acclaimed by contemporary critics os o work of genius, it wos olso a great 19th cento^ land¬ 
mark in biological research Historical introduction by Prof. Robert Toft, U. of Kansas PlatL 
original size, full detail. Over 500 action strips. 407pp. 7 V 4 x 10»/«. »''ates 

T204 Clothbound $10.00 

ON THE SENSATIONS OF TONE, Hermann Helmholtz. This is an unmatched coordination of such 
fields os acoustical physics, physiology experiment, history of music. It covers the entire aamut 
of musical tone. Portiol contents: relotion of vibration, resonance, analysis of tones bv svm 
pathetic resonance, beats, chords, tonality, consonant chords, discords, progression of parts et^' 
33 appendices discuss various ospects of sound physics, ocousfics, music, etc. Translated 
by A. J. Eil IS. New introduction by Prof. Henry Morgenau of Yale. 68 figures 43 musirol 
passages analyzed. Over 100 tables. Index, xix + 576pp. 6V« x9y4. 

SI 14 Clothbound $4.95 

COLLECTED WORKS OF BERNHARD RIEMANN. This importont source book is the first to contain 
the complete text of both 1892 Werke and the 1902 supplement, unabridged It contains 31 
monogrophs. 3 complete lecture courses, 15 miscellaneous papers, which have been of enor 
mous importance in relativity, topology, theory of complex variables, and other areas of moth^ 
matics. Edited by R. Dedekind, H. Weber, M. Noether, W. Wirtinger. German text Enolifh 
introduction by Hons Lewy. 690pp. 5% x8. S226 Paperbound $2.85 

CONTRIBUTIONS TO THE FOUNDING OF THE THEORY OF TRANSFINITE NUMBERS, Georg Cantor 
These papers founded a new branch of mothematics. The famous articles of 1895-7 are trans’ 
loted with on 82-page introduction by P. E. B. Jourdain dealing with Cantor, the background 
of his discoveries, their results, future possibilities. Bibliography. Index. Notes, ix + 211pp 

^ S45 Paperbound $1.25 

PRINCIPLES OF PSYCHOLOGY, William James. This is the complete “Long Course,” which is not 
to be confused with abridged editions. It contains all the wonderful descriptions, deep insights 
that hove caused it to be a permanent work in all psychological libraries. Partial contents- 
functions of the brain, automation theories, mind-stuff theories, relation of mind to other things 
consciousness, times, space, thing perception, will, emotions, hypnotism, ond dozens of other 
areas in descriptive psychology. “A permanent classic like Locke's ESSAYS, Hume’s TREATISE '* 
John Dewey. "The preeminence of James in American psychology is unquestioned,” PERSONALIST 
"The American classic In psychology—unequaled in breodth and scope in the entire Dsvcholoairni 
literature. PSYCHOANALYTICAL QUARTERLY. Index. 94 figures. 2 volumes bound as one 
Total of 1408pp. T381 Vol. 1. Paperbound $2.00 

T382 Vol. 2. Paperbound $2.00 

RECREATIONS 


SEVEN SCIENCE FICTION NOVELS OF H. G. WIELIS. This is the complete text, unabridged, ol 
seven of Wells s greatest novels: War of the Worlds, The Invisible Man, The Island of Dr 
Moreau The Food of the Gods. The First Men In the Moon, In the Days of the Comet, The 
Time Machine. Still considered by many experts to be the best science-fiction ever written 
they will offer amusement and instruction to the scientific-minded reader. 1015pp. x s! 

T264 Clothbound $3.95 



« SC.EN« HCT.O,^^OR^S^<^^H. —- -jb- — 

ventionr"biologr'’etc. The Crystal Egg, ^lle^ayT^lo Come^ ond'^^ o^he?s! 

Who Could Work Miracles. Aepyornis Island, A Story ot the u y Clothbound $3.95 


915pp. 5% X 8. 

moral overtones. Relativity, the by Banesh Hoffmann, 

explained more clearly than in most texts. 7th edition. New introduction ^y 00 

128pp. SVsxS. 

CRYPTANALYSIS, Hel.n F. Gaines, ffo-merly ELEMENTARY CRYPTAN^^^^^^^ A ele- 

mentary and intermediate text for . exoerts Concealment, Transposition, 

C^^htrsX;;e?r K^:". h-^nrhe 

with sequence charts, letter^ frequences English 5 o her '^-guoge . fcng ^ 


^ seauence charts, letter trequencies m cngiisn, j r c3/. ^ 8Vt, 

iography. 167 codes. New to this edition: solutions to codes. vi + ^^OPPp^p^/bound^ $1.95 

Aisin cAMAriPC IN THE NAME OF SCIENCE, Martin Gardner. Examines various cults, 

titled IN THE NAME OF SCIENCE. Preface. Index, x + 384pp. 5/. x^8^.^ p^p^^b^und $1.50 

REINFELD ON THE END GAME IN CHESS, Fred Reinfeld. Analyzes 62 end games by Alekhine 
?P«^^Tarfasch Morphy Bogolyubov. Copablanco. Vidmot. Rubinstein. Lasker Reshevsky. othe 
Flohr, Tar^sch, Morpny, oogo^ extensive coveroge of error; of immense aid in pointing ou 

5Vex8. 

Srts. rr iss 

of FUN-TO-DO. Over 100 illustrations. 238 puzzles, stunts, tricks. 256p^p.^^ Poperbound $1.00 

Z w^°rS^d.?ver?“:Tar‘iif ".o.^ed^ortrj or:::e^%pe=a°,r.t, 

. . 

lAi P 1 I 771 PS IN THOUGHT AND LOGIC by C. R. Wylie. Jr. Designed for readers who enjoy 
duc.ion to the logic ot puzzle solving and general sc.ent.f.c method. 

MATHEMAGIC MAGIC PUZZLES, AND GAMES WITH NUMBERS, Royal V. Heath. Over 60 new 
pollres and stunts based on properties of nombers. Demonstrates eosy techniques for multjply^ 
dig large numbers mentally, identifying unknown numbers, determining dote °^y ^ 

ony year, dozens of similar useful, entertoining opphcotions of rnolhemot cs. circles ^ther 

like The Lost Digit, 3 Acrobats, Psychic Bridge, magic squares tr ongles, a 

moteriol not eosily found elsewhere. Edited by J. S. Meyer. 76 '"vstrotions. J28pp^^5^A x Eh 

LEARN CHESS FROM THE MASTERS, Fred Reinfeld. Improve your chess, rote your 
by* playing against Marshall, Znosko-Borovsky, Bronstein Na|dorf, 

CHESS BY YOURSELF this book contains 10 gomes m which you move against masters, and 
arode vLr mover by an easy system. Games selected for interest, clarity, easy principles; 
fllSstratrcommon ope'Jiings, both clossicol ond -nodern. R°'ings for 114 extro ploying situot.ons 
thot might hove orisen. Full onnototions. 91 diogroms. vii, + bound $1.00 



price. Old favorites such as The Dong With a Luminou^ NoTe hundfpdf"'^ 
of nonsense for children & adults 214 different JimerirU* -n ®* . j ^®l'Shtfurblt* 

sets of Nonsense Botany; 5 Nonsense Alphabets; many others. 546 IllLsTrStlns'! 320;>p^. SV^S’ 

T167 Paperbound V-OO 

w?iT"°°%%^rins“\rl:rp"ositllr''sl"bstllra^"^Tp,;^:;“^ «cr,, 

route transcription, columnar transposition other methods Miv^rJ Geometrical patterns, 

polyalphobetical substitution; mecKanicar'devi«srVigenere^^^^^^^^^^ 

explanatton of Baconian Biliteral cipher frequency tables MoJ^' than i Japanese; 

proctical application. Bibliography, ^ndex. ^64p^. 5% x 8 ® p'^pel^nJ’ 

MATHEMATICAL EXCURSIONS, Helen A. Merrill. Fun, recreation insights into elempnt/^nf l 

lem-solving. A mathematical expert guides you along by-paths not qenerallv 

mentary math courses—how to divide by inspection, Russian peasant sys im of mu filiv" rr*®* 

memory systems for pi; building odd and even mogic squares,- dyadic sWtems- faTt< iPhif / 

square roots by geometry; Tchebichev's machine,- drawing five-sided Ks- 

Solutions to more difficult ones. 50 illustrations. 145pp. 5% x 8 . T350 Papelbotnd $l.Si 

MATHEMATICAL RECREATIONS, M. Kraitchik. Some 250 puzzles oroblem* * a- 

recreanonol fo/;. beginners & advanced mother^aticionV Unusual' htstor^car^Jl^^^^ 

from Greek. Medieval. Arabic, Hindu sources,- modern problems based on •'mathematic * 

numbers. geometry, topology, arithmetic, etc. Pastimes derived from figuratlJe ^urlihir^ 
senne nurnbers. Fermat numbers; fairy chess, latruncies. reversi, many other toolcs Fi^l V 
Excellent for insights into special fields of math. J8I illustrations.'^ 330pp. *°*“**ons. 

T163 Paperbound $1.75 

MATHEMATICAL PUZZLES FOR BEGINNERS AND ENTHUSIASTS, G. Motf-Smilh IRft . 

puzzles to test mental agility. Inference, interpretation, algebra dissection of^oT^i^ 
geometry, properties of numbers, decimation, permutations, probability all enter 
problems. Puzzles like the Odic Force, How to Draw an Ellipse Lider-rCnnlir® 

135 so'vbons. Appendix with square roots, triangular numbers 'prTr^el ^e?c" 

135 illustrations. 2nd revised edition. 248pp. 5% x 8. TI98 Paperb^ound $l!(X) 

NEW WORD PUZZLES, Gerald L. Kaufman. Contains 100 brand new challenging puzzles hn<o 4 
on words and their combinations, never published before in ony form. Most^a?e new tvn« 
invented by the author—for beginners or experts. Chess word puzzles, addle letter an^aramt 

squores, double horizontals, alphogram puzzles, dual acrostigrams link^Mram 

•'5^^ Poperboond $1.00 

MATHEMATICS, MAGIC AND MYSTERY, Martin Gardner. Cord tricks, feats of mental mntK.. 
motics. stage mind-reading, other mogic " explained as opplications of probability sets thlo^ 

various branches of mathematics. Creotive examination of laws and the?^ 
application, with sources of new tricks and insights. 115 sections discuss tricks wiST cardi 
dice, coins; geometricol vanishing tricks, dozens of others. No sleight of hand needed-" mnth«' 
manes guarantees success. 115 illustrations. xii+ 174pp. 5% x 8^ T335 Paperbound $^^^^ 


MATHEMATICS ELEMENTARY TO INTERMEDIATE 

HOW TO CALCULATE QUICKLY, Henry Sticker. This handy volume offers a tried and true 

for helping you in the basic mathematics of daily life—odditlon. subtraction muTtlplkoti^ ^d^ 

k awaken your "number sense" or the'ability^to see^rel!l' 

tionsh ps between numbers as whole quantities. It is nor a collection of tricks wo^kina nnlw ^ 

specio nurnbers, but o serious course of over 9.000 problems and their soluti^is^teor'hS^ 

o'r!’r:rnUr yot-’ii.Tciirc.ionTpe'ed' 

"'Towl.'lt.hU^tks'P 256pT his sp«d end 

'* Paperbound $1.00 

T298 Paperbound $1.00 

HIGHER MATHEMATICS FOR STUDENTS OF CHEMISTRY AND PHYSICS J w m.ii.. w * u 

but pmcficnl building its problems out of fomilior loborofo,; 

calculus, coordinate, analytical geometry, functions, integral calculus infinite differential 

equations, differential equotions, Fourier's theorem, proLbility of -rro^ 

rSSs iss-hsi. 'is 

6193 Paperbound $2.00 


trigonometry refresher for technical men a. a,, 

answers cover the most important aspects P'^, of this book covers 

you to brush up or ^P p^adranfs trigonometrical functions, graphical representa- 

plane trigonometry, including ' j? trianale use of the slide rule and similar 

tion, interpolation, equations, logarithms ® special problems in naviga- 

topics-188 pages then P ° f f,elds of engineering. Small angles, periodic 

tion, surveying, elasticity, VVj^^^.heorem exomined-The third section 

functions, vectors, polar coordinates. . .^e solution of spherical triangles, with 

of the book then discusses spherical nmblems Methods of saving time with nu- 

*4^ “If ;>o^g“ef f^ncicn. Index, x 

CALCULUS REFRESHER FOR TECHNICAL f wi.f f bLh “f rh^i," coZ'lJs “or 

a refresher for engineers. P^^rdinary ^ext but an examination of most important 

to clear up uncertainties. It '* tLms of the 756 questions most likely to occur 

ospects of integral ond hook covers simple differential calculus, with con- 

to the technical reader. The fKSt port of this book covejs^s^^^^ logarithms, curvature of 

stants, variables /';"^^'°^VhrVe^con^^ covers fundamental ideas of integration, inspection 

substitution, transformation. ®/®®p ° f„i a<oects are stressed rather than theoretical, 

integration, double and ^^‘P*®..• , rnlculus^to specific problems of civil and nouticol 

A SO.page section illustrotes the and similar fields.- 

engineering, ' mtt v answered 36 constants, for- 

:l1c:“?orfadr^feTete.=1n^;x.‘’'T^+T3l^ x 8. T370 Poperbound $R.OO 

monographs on topics Of «°“«^„rryrd^'o?'hf schoC? algMrr1 

mathematics for persons ^ 9®^® 5®^® o" ^etrv non-Euclidean geometry, fun- 

monographs on foundation of Seornetry eauations ^functions, calculus, theory of numbers, 

damental propositions of algebra. ,9^ ^ ? .g,y|l 5 ' Q^d descriptions of leading methods, to 

etc. Each monograph gives proofs ^line N Y. University. 100 diagrams, 

provide wide coverage. New introduction by Prof. M. Mine. in. $289 Paperbound $2.00 

xvi -f- 416pp. 6’/* x9y4. 


MATHEMATICS: INTERMEDIATE TO ADVANCED 

'^"'°d'’eS!iion^ \his™xU”nMnUo°duc,ion il^on o^gJow.b^ o? ,hf as'coursei o.-^ridg^ 
nTslorfcal numbers, infinite sequences ond series functrons 

of a single vo“ia^ definite integrol. Fourier series, Fourier rntegrols, ond srmrior toprcs. 
Appendixes discuss proctkol hormonic onolysis periodogrom onolysrs, Lebesgues^Jheo^ry^Jndexes. 
84 examples, bibliography, xiii + 368 pp. 5 /e x B. h 

INTRODUCTION TO THE THEORY OF NUMBERS, L. E. Dickson. Thorough, '=®/^P.'®^®""‘^® 1 ?®^^ 

W^th adeau^e coverage of classical literature, an introductory volume beginners cori follow. 
Chapters on divisibility, congruences, quadratic residues & reciprocity, Diophantine equations, etc. 
FuU^matment of binaVy quadratic forms without usuol restriction to integral coefficients. Covert 
nfrnilude of pies, l7cs? residues, Fermofs theorem, Eulers phi '“"^''“'’•.ysj'^I'^yVn-bol, 
Gauss's lemma, outomorphs, reduced forms, recerit theorems °< 

Much moterial not readily ovailable elsewhere. 239 problems. Index, l^^g^ Poperbomid $K65 
5%x8. 

MECHANICS VIA THE CALCULUS, P. W. Norris, W. S. Legge. Covers almost everything frorn 
linear motion to vector analysis: equations determining motion, linear rnethods, 

simple TarmSnic motions. Newton's laws of motion, Hooke’s low. the simple pendulurn. rno .on 
of a particle in 1 plane, centers of gravity, virtual work, friction kinetic |®®^ 9 y of rotating 

bodies equilibrium of strings, hydrostatics, sheering stresses, elasticity, ®^|207^^c|o?hbound $3 9^ 
revised edition, xii -p 367pp. 

NON-EUCLIDEAN GEOMETRY, Roberto Bonola. The standard coverage of non-Euclidean 9 .®omet.y. 
It examines from both a historical and mathematical pomt o view the geometries which have 

arisen from a study of Euclid's 5th postulate ‘-'Pog^P^r^*'®'J'®®*- u^!^®TiIiF‘nPY HE PARAL^^^ 
texts tronslofed, of Bolyoi's THEORY OF ABSOLUTE SPACE, Lobachevsky s THEORY OF PARALLELS. 

180 diagrams. 431pp. Svexo. ^ ^ 

ELEMENTS OF THE THEORY OF REAL FUNCTIONS, J. E. Littlewood. Based on lectures given at 
Trinity College, Cambridge, this book hos proved to be extremely successful in introducing 
graduate students to the modern theory of functions. It offers a full and concise ‘^°''®^°9® 
dasses and cardinal numbers, well-ordered series, other types of series and elernents of the 
theory of sets of points. 3rcf revised edition, vii + 71pp. 5=/. x 8. S17, Clo,hbo-d |2.8S 



THE CONTINUUM AND OTHER TYPES OF SERIAL Arred b w u 

gives a systemafic elementory account of^the modern book 

Contor-Dedekind ordinal theory whkh requkernl terlTn-°*l L 
of higher mathematics, it offers on easily followed onalvsi* rtf ^)J!^®* oo technical knowledge 

danse «rles, continuous series, Con.or s jIlrTs^ 

Si 29 Clothboond S 2.75 
SI 30 Paperbound $1 >00 

motion; hyperpyramids, hypercones, hyperspheres; figures^with'parallel 

volume in space; regular polyhedroids. Glossary. 78 figures. ^Ix 4 - 348dd 5V * 

SI8 1 Clothbound $ 3.95 
SI 82 Paperbound $1,95 

^m^po\?a^/'^ubiI^''^°Sto^wit^ increasingly 

fundamental formulae listed & demonstrated. 195 problems, 66 figures^ viii + °93pp°^5V 

SI 09 Paperbound Vr.ls 

INTRODUCTION TO THE DIFFERENTIAL EQUATIONS OF PHYSICS L H»»f p... • i. 

to the engineer with no math beyond elementary calculus ErnohasizTnn' valuable 

formal aspects of concepts, the author covers an^ex^Jnsive terrTor? Pc^rtial 

causa ity, energy theorem, damped oscillations, coupling by friction cvlindricn? nni 

coordinates, heat source, etc. Index. 48 figures, ifopp^- 5^. x 8 

INTRODUCTION TO THE THEORY OF GROUPS OF FINITE ORDER R Carmieha«l F ■ x . 
mentol theorems and their application. Beginning with sets ^systerlTs ^Derm..tn?i!r'”®® 
progresses in easy stages through important types of groups- Abelian orlmp etc., If 

etc. Except 1 chapter where matrices are desirable? no^ higher math 
problems. Index, xvi + 447pp. S^/. x 8. " S?9lf 

S300 Paperbound $ 2.00 

graphical representation, etc. 45pp. of note?. Indexes «iv + 5® Ipp 5% x 8 

S38 Paperbound $ 2.45 

of elementary functions. Numerical evaluation of series. Bibliography. v + r86pp. S^y L'fl" 

1)1? Clothbound $3.50 
SI 53 Paperbound $1.75 

THEORY OF SETS, E. Kamke. Clearest, amplest introduction in English well suited fnr j . 

study. Subdivisions of mom theory, such as theory of sets of points 'are discussed 
■ s on general theory. Partial contents: rudiments of set theory, arbitral sets 

.Heo.1 23r'p";:L',e™';'7S4 1^’^' 

FIVE VOLUME “THEORY OF FUNCTIONS" SET BY KONBAh kKinoD tu-. r i 
by Konrad Knopp, provides a complete and readily followed account of 'theoTJ 

-HE ToVnTe 

r^pi^r b-,r'orfu'n7.":;s"^T.r 


rtDY OF functions, part I., Konrad Knopp. With volume II, this book provides coverage 
theory ^ theorems. Partial contents; numbers and points, functions of a complex 

^ntearal of a continuous function, Cauchy’s integral theorem, Cauchy s integral formulae, 
vafioble, voriable terms, expansion of analytic functions in power series, analytic continuation 
series , Hpfmition of analytic functions, entire transcendental functions, Laurent expar^sion. 
and ^cornp^e^^^laritjes. Bibliography. Index, vii-f- 146pp. 5 Vbx 8. SI 56 Popetbound $1.35 

criPY OF FUNCTIONS, PART II., Konrad Knopp. Application and further development of general 
THtORT I x.Qj-5 Single valued functions: entire, Weierstrass. Meromorphic functions; 

theory. ‘ .. ’ '' ' .. . / 

Mittog-Leffler. 
tions. Analyt 


rnewiy. -r-- functions. Multiple-valued functions. Riemann surfaces. Algebraic func- 

Mittag- e configuration, Riemann surface. Bibliography, index. 


X + 150pp. 5% X 8. 

SI 57 Paperbound $1.35 


noOK IN THE THEORY OF FUNCTIONS, VOLUME 1., Konrad Knopp. Problems in 
problem D^eor Knopp s THEORY OF FUNCTIONS, or any other text, arronged 

elementa y^^ increasing difficulty. Fundamental concepts, sequences of numbers and infinite 
accordin^g^ variable, integral theorems, development in series, conformal mapping. Answers. 


Sinaularities, entire & meromorpnic runcnons, penuuic. unuiyin.. ...... 

I ■ A functions Riemann surfaces, conformol mapping. Includes a section of oddifionol 
valuea problems "The difficult tosk of selecting from the immense material of the modern 
eiemenroiy k problems just within the reach of the beginner is here masterfully 

MATK Answers. 138pp. 5V. x 8. SI59 Poperbound $1.35 


SYMBOLIC LOGIC 


AM introduction to symbolic logic, Susonne K. Longer. Probably the cleorest book ever 
^Htten on syrDbolic logic for the philosopher, general scientist ond laymon. It will be particularly 
p eciated by those who have been rebuffed by other introductory works because of insufficient 


mothematical training. No 


special knowledge of mathematics is required. Storting with the 

L'imnUst'symbols and'conventions, you are led to a remarkable grasp of the Boole-Schroeder and 

Rmsefl-WKitehead systems clearly and quickly. PARTIAL CONTEN^: Study of forrns, Essentials of 

<:tructure Generalization. Classes. The deductive system of classes. The algebra of logic. 

Abstraction of interpretation. Calculus of propositions. Assumptions of PRINCIPIA MATHEMATICA, 
Abstraciiu r .. - . , . "One of the clearest and simplest intro- 


r,I;^ XrLoaic of the syllogism. Proofs of theorems. "One of the clearest and simplest infro- 
d^tions'to a subject which is very much alive. The style is easy, symbolism is introduced 


XmHuflHv ’and the' intelligent non-mathematican should hove no difficulty in following argument.^’ 
mathematics GAZETTE. Revised, expanded second edition. Truth-value tobies. 368pp. 5V$ x 8. 

S164 Paperbound $1.75 


THE ELEMENTS OF MATHEMATICAL LOGIC, Poul Rosenbloom. FIRST PUBLICATION IN ANY 
aNGUAGE This book is intended for readers who are mature mafhemotically, but have no 
pVevious training in symbolic logic. It does not limit itself to o single system but covers the 
field as a whole. It is a development of lectures given ot Lund University. Sweden in 1948. 
Partiol contents- Logic of classes, fundamental theorems, Boolean algebra, logic of propositions, 
loaic of propositional functions, expressive languages, combinotory logics, development of mathe¬ 
matics within an object languoge. paradoxes, theorems of Post and Goedel, Church s theorem, and 

! « S277 Paperbound $1.45 


similar topics, iv 214pp. 5V« x 8. 


THE LAWS OF THOUGHT, George Boole. This book founded symbolic logic some hundred years 
aao It is the 1st significant attempt to apply logic to all ospects of humon endeavour. Partial 
contents: derivation of lows, signs & laws, interpretations, eliminotions, conditions of a Perfect 
method, analysis, Aristotelian logic, probability, and similar topics. ''''"32^Paperbound $2 00 

ELEMENTARY MATHEMATICS FROM AN 
ADVANCED STANDPOINT, Felix Klein. 


This classic text is on outgrowth of Klein’s famous integration ond survey course at Gottingen. 
Using one field of mathematics to interpret, adjust, illuminate another, it covers basic topics in 
each area, illustrafing its discussion with extensive onolysis. It is especiolly valuable in consrd- 
erinq areos of modern mathematics. ‘Mokes the reader feel the inspiration of . . • a great 
mathematician, inspiring teacher . . . with deep insight into the foundations and interrelations, 
BULLETIN, AMERICAN MATHEMATICAL SOCIETY. 

Vol. 1. ARITHMETIC, ALGEBRA, ANALYSIS. Introducing the concept of function Imrriediately, it 
enlivens abstract discussion with graphical and geometrically perceptual methods. Partial contents: 
natural numbers, extension of the notion of number, special properties, complex numbers. Real 
equotions with real unknowns, complex quantities. Logarithmic, exponential functions, goniometnc 
functions, infinitesimal calculus. Transcendence of e and pi, theory of ossernMages. '25 

figures, lx + 247pp. 5% x 8. S150 Paperbound $1.75 


Vol. 2. GEOMETRY. A comprehensive view which accompanies the space perception inherent in 
geometry with analytic formulas which focilitote precise formulation. Partiol contents: Simplest 
geometric manifolds: line segment. Grossmonn determinant principles, classification of configura¬ 
tions of space, derivative manifolds. Geometric transformations: affine transforrnations, proiective, 
higher point transformations, theory of the imaginary. Systematic discussion of geometry and its 
foundations. Indexes. 141 illustrations, ix + 2l4pp. 5’/® x 8. S151 Paperbound $1.75 



MATHEMATICS: ADVANCED 


ALMOST PERIODIC FUNCTIONS, A. S. Beticovltch. This unique and important summary bv a 
well-known mathemotician covers in detail the two stoges of development In Bohr's theory^ of 
almost periodic functions: (l| os a generalization of pure periodicity, with results and prooS- 
12} the work done by Steponoff. Wiener, Weyl, and Bohr in generalizing the theory. Biblioaraohv 
XI -f- 180pp. 5V. X 8. SI7 Clothbounrf $ 3 .«i 

SI 8 Paperbound $ 1.75 

LECTURES ON THE ICOSAHEDRON AND THE SOLUTION OF EQUATIONS OF THE FIFTH DEGREE 
Felix Klein. The solution of quintics in terms of rotations of a regular icosahedron around its 
axes of symmetry. A classic & indispensable source for those interested in higher algebra 
geometry, crystallography. Considerable explanatory material included. 230 footnotes mostiv 
bibliographic. 2nd edition, xvi -j- 289pp. 5% x 8. S3I4 Paperbound $1 85 


LINEAR INTEGRAL EQUATIONS, V/. V. Lovitt. Systematic survey of general theory, with some 
application to differential equations, calculus of variations problems of math, physics Partial 
contents: integral equations of 2nd kind by successive substitutions,- Fredholm’s equatiori as ratio 
of 2 integral series in lambda, applications of the Fredholm theory, Hilbert-Schmidt theory of 
symmetric kernels, application, etc. Neumann, Dirichlet, vibratory problems. Index ix + 253dd 

SI75 Clothbound 

SI 76 Paperbound $1.60 


MATHEMATICAL FOUNDATIONS OF STATISTICAL MECHANICS, A. I. Khinchin. Offering a precise 
and rigorous formulation of problems, this book supplies a thorough and up-to-date exposition 
It provides analytical tools needed to replace cumbersome concepts, and furnishes for the first 
time a logical step-by-step introduction to the subject. Partial contents: geometry & kinematics 
of the phase space, ergodic problem, reduction to theory of probability, opplication of centrol 
limit problem, idea! monatomic gas, foundation of thermodynamics, dispersion and distributions 
of sum functions. Key to nototions. Index, xiii + 179pp. 5Vs x 8. S146 Clothbound $2.95 

6147 Paperbound $1.35 


ORDINARY DIFFERENTIAL EQUATIONS, E. L. Ince. A most compendious analysis In real and 
complex domoins. Existence ond noture of solutions, continuous transformation groups, solutions 
in on infinite form, definite integrals, algebroic theory, Sturmian theory, boundary problems 
existence theorems, 1st order, higher order, etc. "Deserves the highest praise, a notable addition 
to mathematical literature." BULLETIN. AM. MATH. SOC. Historical oppendix. Biblioaraohy 
18 figures, viii -f- 558pp. 5% x 8. S349 Paperbou^ $2 55 


TRIGONOMETRICAL SERIES, Antoni Zygmund. Unique in any language on modern advanced level 
Contairis carefully orgonized anolyses of trigonometric, orthogonal, Fourier systems of functions* 
with cleor adequote descriptions of summobilify of Fourier series, proximatlon theory, conjugate 
series, convergence, divergence of Fourier series. Especially valuable for Russion, Eastern European 
coverage. Bibliography. 329pp. 5% x8. S290 Paperbound $1.50 

FOUNDATIONS OF POTENTIAL THEORY. O. D. Kellogg. Based on courses given at Horvard this 
is suitable for both advanced ond beginning mathematicians. Proofs are rigorous, and much 
material not generolly ovoilable elsewhere is included. Partial contents: forces of gravity, fields 
of force, divergence theorem, properties of Newtonion potentiols at points of free space, potentials 
as solutions of Laplace's equotions, harmonic functions, electrostatics, electric images, loaarithmie 
potential, etc. ix + 384pp. 5%x8. S144 Paperbound 


LECTURES ON CAUCHY'S PROBLEMS. J. Hadamard. Bosed on lectures given of Columbia and 
Rome, this discusses work of Riemono, Kirchhoff, Volterra, and the author's own research on the 
hyperbolic case in linear partial differential equations. It extends spherical and cylindrical waves 
to opply to all (normal) hyperbolic equations. Portia! contents: Cauchy’s problem, fundamental 
formula, equations with odd number, with even number of independent variobles- method of 
descent. 32 figures. Index, iii + 361pp. 5Vi x 8. S105 Paperbound $1.75 


MATHEMATICAL PHYSICS, STATISTICS 


THE MATHEMATICAL THEORY OF ELASTICITY, A. E. H. Love. A wealth of practical illustration 
combined with thorough discussion of fundomentols—theory, application, special problems and 
so utions. Partial contents.- Analysis of Strain & Stress. Elasticity of Solid Bodies. Isotropic Elastic 
Solids Equilibrium of Aeolotropic Elastic Solids, Elosticity of Crystals, Vibration of Spheres 
Cylinders, Propagation of Waves in Elastic Solid Media, Torsion, Theory of Continuous Beams' 
Plates. Rigorous treatment of Volterra's theory of dislocations, 2-dlmensional elastic systems other 
topics of modern interest. "For years the standard treatise on elasticity." AMERICAN MATHF. 
MATICAL MONTHLY. 4th revised edition. Index. 76 figures, xviii + 643pp 67, x 9% 

6174 Paperbound $2.95 


TABLES OF FUNCTIONS WITH FORMULAE AND CURVES, E. Johnke & F, Emde. The world s most 
comprehensive 1-volume English-text collection of tables, formulae, curves of transcendent functions, 

4th corrected edition, new 76-page section giving tables, formulae for elementary functions_not 

in other English editions. Partiol contents: sine, cosine, logarithmic Integral; factorial function- 
error integral; theta functions.- elliptic Integrals, functions.- Legendre, Bessel, Riemann, Mathieu, 
hypergeornetnc functions, etc. Supplemerttory books. Bibliography, Indexed. "Out of the wav 
functions for vvhich we know no other source. ' SCIENTIFIC COMPUTING SERVICE, Ltd. 212 figures 
400pp. 5% x8. S133 Paperbound $2.00 


PRACTtCAL ANALYSIS, GRAPHICAL AND NUMERICAL METHODS, F. A. Willers. Translated by 
R. T. Beyer. Immensely practical handbook for engineers, showing how to interpolate, use various 
methods of numericol differentiation and integration, determine the roofs of o single algebraic 
equation, system of linear equations, use empirical formulos, integrate differential equations, etc. 
Hundreds of shortcuts for arriving at numerical solutions. Special section on American calculating 
machines, by T. W, Simpson. 132 illustrations. 422pp. SV# x 8. S273 Paperbound $2.00 

DICTIONARY OF CONFORMAL REPRESENTATIONS, H. Kober. Loplace s equation in 2 dimensions 
solved in this unique book developed by the British Admiralty. Scores of geometrical forms & 
their transformations for electrical engineers, Joukowski aerofoil for oerodynamists, Schwortz- 
Christoffel tronsformations for hydrodynomics, transcendental functions. Contents classified“occord- 
ing to onalyticol functions describing tronsformation. Twin diogroms show curves of most trons¬ 
formations with corresponding regions. Glossary. Topologicol index. 447 diogroms. 244pp. 
6'/i x9%. S160 Poperbound $2.00 

FREQUENCY CURVES AND CORRELATION, W. P. Elderton. 4th revised edition of a standard work 
covering classical statistics. It is practicol in opproach, and one of the books most frequently 
referred to for clear presentation of basic moterial. Partial contents. Frequency distributions. 
Method of moment. Peorson's frequency curves. Correlotion. Theoretical distributions, spurious 
correlation. Correlation of chorocters not quantitatively measurable. Standard errors. Test of 
goodness of fit. The correlation ratio—contingency. Partiol correlation. Corrections for moments, 
beta and gamma functions, etc. Key to terms, symbols. Bibliography. 25 examples in text. 
40 useful tables. 16 figures, xi -|- 272pp. S'/j xS'/j. Clothbound $1.49 

HYDRODYNAMICS, H. Dryden, F. Murnaghan, Harry Bateman. Published by the National Research 
Council in 1932 this enormous volume offers a complete coveroge of classical hydrodynomics. 
Encyclopedic in quality. Partial contents: physics of fluids, motion, turbulent flow, compressible 
fluids, motion in 1, 2, 3 dimensions,- viscous fluids rototing, laminar motion, resistonce of motion 
through viscous fluid, eddy viscosity, hydraulic flow in channels of various shapes, discharge of 
gases, flow past obstocles, etc. Bibliography of over 2,900 items. Indexes. 23 figures. 634pp. 
SVj X 8. S303 Poperbound $2.75 

HYDRODYNAMICS, A STUDY OF LOGIC, FACT, AND SIMILITUDE, Garrett Birkhoff. A stimulating 
application of pure mathematics to an applied problem. Emphasis is ploced upon correlation of 
theory and deduction with experiment. It examines carefully recently discovered porodoxes, 
theory of modelling and dimensional analysis, paradox & error in flows and free boundary theory. 
The author derives the classical theory of virtual mass from homogeneous spaces, and applies 
group theory to fluid mechonics. Index. Bibliography. 20 figures, 3 plates, xiii 186pp. 5V# x 8. 

521 Clothbound $3.50 

522 Paperbound $1.85 

HYDRODYNAMICS, Horace Lamb. Internationolly fomous complete coverage of standard reference 
work on dynamics of liquids & gases. Fundamental theorems, equations, methods, solutions, 
bockground, for classical hydrodynamics. Chapters include Equations of Motion, Integration of 
Equotions in Special Gases, Irrotational Motion, Motion of Liquid in 2 Dimensions, Motion of 
Solids through Liquid—Dynamical Theory. Vortex Motion, Tidal Waves, Surface Waves, Waves of 
Expansion, Viscosity, Rotating Masses of Liquids. Excellently planned, arranged; clear, lucid 
presentation. 6th enlarged, revised edition. Index. Over 900 footnotes, mostly bibliographical. 
119 figures, xv -f" 738pp. 6’/* x9V4. S256 Paperbound $2.95 

INTRODUCTION TO RELAXATION METHODS, F. S. Shaw. Fluid mechanics, design of electrical 
networks, forces in structural frameworks, stress distribution, buckling, etc. Solve linear simul¬ 
taneous equations, linear ordinary differential equations, partiol differential equations. Eigenvalue 
problems by relaxation methods. Detailed examples throughout. Special tables for dealing with 
awkwardly-shaped boundories. Indexes. 253 diogroms. 72 tables. 400pp. 5V# x 8. 

S244 Paperbound $2.45 

PARTIAL DIFFERENTIAL EQUATIONS OF MATHEMATICAL PHYSICS, A. G. Webster. A keystone 
work in the library of every mature physicist, engineer, researcher. Valuoble sections on elasticity, 
compression theory, potential theory, theory of sound, heat conduction, wave propagation, 
vibration theory. Contents include: deduction of differential equations, vibrations, normal func¬ 
tions, Fourier’s series, Cauchy's method, boundary problems, method of Riemann-Volterra. 
Spherical, cylindricol, ellipsoidal hormonics, applications, etc. 97 figures, vii -f- 440pp. 5V« x 8. 

S263 Paperbound $1.98 

THE THEORY OF GROUPS AND QUANTUM MECHANICS, H. Weyl. Discussions of Schroedinger’s 
wave equation, de Broglie's waves of a particle, Jordon-Hoelder theorem. Lie’s continuous groups 
of transformations, Pauli exclusion principle, quantizotion of Moxwell-Dirac field equotions. etc. 
symmetry permutation group, algebra of symmetric tronsformotion, etc. 2nd revised edition. 
Unitary geometry, quantum theory, groups, application of groups to quantum mechonics, symmetry 
permutation group, algebro of symmetric transformation, etc. 2nd revised edition. Bibliogrophy. 
Index, xxii + 422pp. 5% x 8. S268 Clothbound $4.50 

S269 Paperbound $1.95 

PARTIAL DIFFERENTIAL EQUATIONS OF MATHEMATICAL PHYSICS, Harry Bateman. Solution of 
boundory value problems by means of definite analyticoi expressions, with wide ronge of repre- 
sentative problems, full reference to contemporary literature, and new material by the author. 
Partiol contents: clossical equations, integral theorems of Green. Stokes; 2-dimenstonal problems; 
conformal representation; equations in 3 variables,- polar coordinates; cylindrical, ellipsoidal, 
paraboloid, toroidal coordinates; non-linear equations, etc. "Must be in the honds of everyone 
interested in boundary value problems, ” BULLETIN, AM. MATH. SOC. Indexes. 450 bibliographic 
footnotes. 175 examples. 29 illustrations, xxil -|- 552pp. 6x9. S15 Clothbound $4.95 



«• ^ a. Baego«. Comprehensive 

cr;en,s°“g?o;rj,'Tn?et-orro°n'Vi°Snnofe'’^^^^^^^^^ 

Lr5^ 

Viii H- 238pp. 5%x8. ,n appited mathematics, teoching,” NATURE. 21 figures 

SI68 Paperboond Si 75 

ASYMPTOTIC EXPANSIONS, A. Erdeivi Tt,» ««i 

unabridged reproduction of o monoaraoh nr*.r.°" ^ modern work available in English, this is an 
various procedures for asymptotic of fnien°*^ Office of Naval Research. It discusses 

.ions of ord.ncy linear differential equations. Bibh^oX^v^orrit^nlr^liTmSpp 

S3 1 8 Paperbound V.ls 

length study of the Fourier integral as link between oure^nnH 

lectures given at Cambridge. Partial contents- Plonrhi^ro!^ applied math. An expansion of 
special Tauberion theorms. generalized hormonic analysis. Bib!^4^aphy"''^^:°i +^2o5pp 

S272 Clothbound $3.95 

practice can be tackled s'ucces^fully^by^I'he met^hods^let'^forth^ 'ul in 

Rayleigh. Complete coverage of experimental, mathematical asoects 

Harmonic motions, vibrating systems in general, lateral vibm?rons of contents: 

IZa'ZTli "‘soIid'^b'Xs. etc'^^Th's ?s thV'^'fKsrlne^xpt^^^^^^ ^^ictian/^lone''vortexS^^ 

studv worh. B,b„oqrophv. Historic, b ^ 

6293. Two volume set. paperbound $4.00 

of^ vadan^e* a^n^'^a^rio^nce^ desl^'/TlI^Jh;^ shoTt^time ^"paTlial Ton^et 'h® 

and analysis of varionce distribution, motrices, quadratic forms likelihood 

-r -ipp. j X / /*. 5130 Paperbound $t.45 

MATHEMATICAL ANALYSIS OF ELECTRICAL AND OPTICAL WAVE-MOTION, Horry Bateman .. 

by one of tft'S century s most distinguished mathematical physicists, this is a poetical introduction 
o those developments of MoxweM's electromagnetic theory which ore directly connected 
solution of the partial differential equation of wave motion AApthorl* ^ 

polar-cylindtical coordinates, diffroction. transformation of coordinates, homogel^io'^Ts 
electromagnetic fields with moving singularities, etc. Index. 168pp. 5% x 8^ solutions, 

SM Paperbound $1.60 

PHYSICAL PRINCIPLES OF THE QUANTUM THEORY, Werner Heisenberg. A Nobel laureate discusses 
quantum theory; Heisenbergs own work. Compton. Schroedinger. Wilson. Einstein, many others 
Written for physicists, chemists who are not speciolists in quontum theory.' only elemental 

IS a mathemotical appendix for specialists Profound 
without sacrifice of clarity. Translated by C. Eckart, F. Hoyt. 18 figures. 192pp. 53/; xT 

$113 Poperbound $1.25 

FOUNDATIONS OF NUCLEAR PHYSICS, edited by R T Bever 13 r*f th« .v./^ ♦ • 

on nuclear physics reproduced in facsimile in thl origimMoriguages^ oMh^rL'tF^^^^ 
most often cited in footnotes, bibliographies Anderson riiri« ^i^i?«** ru f"® Pap®fS 

Cockcroft, Hahn, Yukawa. Unparalleled BibliograDhv-' 122 Ho.?h 1 ^' Lawrence, 

obicles, books, clossifled. 57 f^gures^''"28E;>p:'irx% 

teristics. Chandrasekhar, Uhlenbeck & Ornstein, UhlenUck\ Mil^g Rice° Doob °'inri Th 

lisu 200 art?ct; iw” 

S262 Paperbound $2.25 

THERMODYNAMICS, Enrico Fermi. Unabridged reproduction of 1937 i»Hit!/-.rk ci 
LeChoteNer; Thermodynomics of dilute iofu™ osmre & vSpor 

pomfs; Entropy constant. Index. 25 problems, 24 Illustrations, x ■?■ 160pp. 8 

^61 Paperbound $1.75 

AN INTRODUCTION TO THE STUDY OF STELLAR STBUrriiDB e k u 

standpoint; adiabatic,'^ polytropic lows work of^ Ritter 

envelopes as starter for theory of gaseous s «« rskk V Stroemgren 

^egf^erate stellar configurations /theory®of white d^Vfs^e^tc ''Hioh^? I Mantum); 

bulletin. AMER. math. SOC. BibliogTaphy“:'’'k%prndt;s*'"l„dex^^^ SoC'sK 

$413 Paperoound $2,75 



APPLIED OPTICS AND OPTICAL DESIGN, A. E. Conrady. Thorough, systematic presentation of 
physical & mathemoticol aspects, limited mostly to “real optics." Stresses practical problem o 
maximum aberration permissible without affecting performance. All ordinary ray tracing rriethods: 
complete theory primary aberrations, enough higher oberrotion to design telescopes, low-powe ed 
microscopes, photographic equipment. Covers fundamental equations, extra-oxial image points, 
transverse chromatic aberration, angular magnification, aplonatic optical systems, bending ot 
lenses, oblique pencils, toleronces, secondary spectrum, sphericol aberration (angular, longi¬ 
tudinal, transverse, zonal), thm lenses, dozens of similar topics. ® oc 

N. Over 150 diagrams, x + 518pp. 6% x9'A. S366 Paperbound $2.95 

SPACE-TIME-MATTER, Hermann Weyl. "The standard treatise on the general theory of relativity, 
(Nature), written by a world-renowned scientists, provides a deep clear discussion of the logical 
coherence of the general theory, with introduction to all the mathematical tools needed: Maxwell, 
analytical geometry, non-Euclideon geometry, tensor calculus, etc. Basis is classical space time, 
before absorption of relativity. Partial contents: Euclidean space, mathematical 'Orm, metrical 
continuum, relativity of time and space, general theory. 15 diagrams. Bibliography. 
for this edition, xviii + 330pp. 5% x 8. S267 Paperbound $1.75 


RAYLEIGH'S PRINCIPLE AND ITS APPLICATION TO ENGINEERING, G. Temple & W. Bickley. 

Rayleigh's principle developed to provide upper and lower estimates of true value of fundamental 
period of a vibrating system, or condition of stobility of elastic systems. Illustrative examples,- 
rigorous proofs in special chapters. Portlal contents: Energy method of discussing vibrations, 
stability. Perturbation theory, whirling of uniform shafts. Criteria of elastic stability. Application 
of energy method. Vibrating system. Proof, occuracy. successive approximations, application of 
Royleigh s principle. Synthetic theorems. Numerical, graphical methods. Equilibrium configura¬ 
tions, Ritz s method. Bibliography. Index. 22 figures, ix + 156pp. 5^/t x8. 

S307 Paperbound $1.50 


PHYSICS, ENGINEERING 

THEORY OF VIBRATIONS, N. W. McLachlan. Based on an exceptionally successful graduate 
course given at Brown University, this discusses linear systems hoving 1 degree of freedom, forced 
vibrations of simple lineor systems, vibrotion of flexible strings, tronsverse vibrotions of bars and 
tubes, transverse vibration of circular plate, sound waves of finite amplitude, etc. Index. 
99 diagrams. 160pp. SV# x 8. S190 Paperbound $1.35 

WAVE PROPAGATION IN PERIODIC STRUCTURES, L. Brillouin. A general method and application 
to different problems: pure physics, such as scattering of X-rays of crystals, thermal vibration in 
crystal lattices, electronic motion in metals,- and also problems of electrical engineering. Partial 
contents: elastic waves in 1-dimensional lattices of point masses. Propagation of woves along 
1 -dimensional lattices. Energy flow. 2 dimensionol, 3 dimensional lattices. Mothieu's equation. 
Matrices and propagation of waves along on electric line. Continuous electric lines. 131 illus¬ 
trations. Bibliography. Index, xii + 253pp. SVe x 8. S34 Paperbound $1.85 

THE ELECTROMAGNETIC FIELD, Max Mason & Warren Weaver. Used constantly by graduote 
engineers. Vector methods exclusively: detailed treatment of electrostatics, expansion methods, 
with tables converting any quontity into absolute electromognetic, absolute electrostatic, practical 
units. Discrete charges, ponderable bodies, Moxwell field equations, etc. Introduction. Indexes. 
416pp. 5% X 8. S185 Paperbound $2.00 

applied HYDRO- AND .AEROMECHANICS by L. Prandtl and O. G. Tietjens. Presents, for the 
most port, methods which will be valuable to engineers. Covers flow in pipes, boundary layers, 
oirfoil theory, entry conditions, turbulent flow in pipes ond the boundary layer, determining 
drag from measurements of pressure ond velocity, etc. "Will be welcomed by oil students of 
aerodynamics," NATURE. Unabridged, unaltered. Index. 226 figures. 28 photographic plates 
illustrating flow patterns, xvi -(- 311pp. SVe x 8. S375 Paperbound $1.85 

FUNDAMENTALS OF HYDRO- AND AEROMECHANICS by L. Prandtl and O. G. Tietjens. The well- 
known standard work based upon PrandtCs unique insights and including original contributions 
of Tietjens. Wherever possible, hydrodynamic theory is referred to practical considerations in 
hydraulics with the view of unifying theory and experience through fundamental laws. Presenta¬ 
tion is exceedingly clear and, though primarily physical, proofs ore rigorous and use vector 
analysis to a considerable extent. Tronsloted by L. Rosenhead. 186 figures. Index, xvi + 
270pp. SVe X 8. S374 Paperbound $1.85 

DYNAMICS OF A SYSTEM OF RIGID BODIES (Advanced Section), E. J. Routh. Revised 6th edition 
of a classic reference aid. Much of its moteriol remains unique. Partial contents: moving oxes, 
relative motion, oscillations about equilibrium, motion. Motion of a body under no forces, 
any forces. Nature of motion given by linear equotions and conditions of stability. Free, forced 
vibrations, constants of integrotion, calculus of finite differences, variations, procession ond 
nutation, motion of the moon, motion of string, chain, membranes. 64 figures. 498pp. SVe x 8. 

5229 Paperbound $2.35 

MECHANICS OF THE GYROSCOPE, THE DYNAMICS OF ROTATION, R. F. Deimel, Professor of 
Mechanical Engineering at Stevens Institute of Technology. Elementary general treatment of 
dynamics of rotation, with speciol opplicotion of gyroscopic phenomena. No knowledge of vectors 
needed. Velocity of a moving curve, acceleration to a point, general equations of motion, 
gyroscopic horizon, free gyro, motion of discs, the dammed gyro, 103 similar topics. Exercises. 
75 figures. 208pp. 5’/* x 8. S66 Paperbound $1.65 



THE DESIGN OF FACTORIAL EXPERIMENTS T^mi^ i^ia 

An pnv-Suable oid for oil applied mothematicions, physicists chemifts^nr?”t? 

com. - tables for the design of factorial experiments It covelf Ibiolog.sts, this book 

fo^ndir , foc|S;iord;srg'’ns TonfounJeJ" w^^h^pirNplorcom 

S437 Clothbound $ 8.00 

NUMERICAL INTEGRATION OF DIFFERENTIAL EOUATinuc n 

republication of original monograph pIepared°fI,^^N°^ionar^^^^^ * Balemon. Unabridged 

integrotion of differential equations develooed hv T Research Council. New methods of 

TIONAL polynomial and^ successive Tpproximat^??mc^ INTERPOLA- 

METHODS OF INTEGRATION by W W Miln^ M??Hn^'?r^l A Bennett; STEP-BY-STEP 

by H. Batemon. Methods for oorti^' PARTIAL DIFFERENTIAL EQUATIONS 
to differential equotions, solution of differAntinl transition from difference equotions 

wifi interest rnathematicionr and physlcfsu^ 28 ^ « pararneter 

classified bibliogrophy. 108pp. footnotes, mostly bibli^ographic; 235-Item 

S305 Paperbound $1 35 

“!Snf'?esignl°:n^rn«?Tcw MECHANISM, T. N. Whll.h.ad, For '.ho 

pendent observofion of actual facts Partial cont^nt?”°T "'^^beniatical abstractions with inde- 
sysremcic error., probobility sW pe^r^d Jrro^^ ^rro*k ^ 
kinematic design, stiffness, plonning of an instrument huS^^n 

diagrams, xii + 288pp. 5% x 8 instrument, human factor, etc. Index. 85 photos, 

S 2/0 Paperbound $ 1.95 

CHEMISTRY AND PHYSICAL CHEMISTRY 

and extenskTn o?ih?^the''orv^'^"'‘soh^ of liquids as a generol- 

of solids thermal displacements of atoms, interstitial ator^f a^d ° orrongements 

rnot.on of moJecules. and transition between states o^mo^ter ^M«thd.°'^®^^^ rotational 

dose to the physkol sebiecr moker. 216 bibliographical footnotes irfigures°'^xi'+''!& 

594 Clothbound $3.95 

595 Paperbound $ 2.45 

I ^ 1*1 f V A j e * I ^ revised ond brought up^to'^date'bv^'*^A°"N « *d 

Srnith. Brand new moteriol has been added on ^ u-^ and N. O. 

?°angu?a'l''coo^d'nat^^^^^^^ t'ernmy' sys^iem^ Sfi^d °graph* Comple^y ?evised"?o 

236ffglrel SObTo^tnL^lr 

S92 Paperbound $2,45 

.o^r'fo'^,te!!?e^°c^oP^host*nl^ ^pe'k ^r.o.heSc" 'lisTolumTd^'” 

theory of gas in a steady state, thermodynamics, Boltzmann Vnd Maxwe1l**^ki*netir* th 

theory, exponentials, etc. 4fh enlarged edition with new mater^^ ^n o. ^ ^ It quantum 

dynore.cs, ek. Indexes. 28 figures" 444pp. "“sTsTpopeTounriJ.'S 

.?'Sn^aTenkPek;,rosV„Ti .J!);? 'oureote Debye offers 


to fundamental electrostatic field * relations, 
electric intensity, displacement and force 
molar refraction, halogen-hydrides, polar 
opeciol chapter considers quantum theory. 


polarizability molecular^rnSj;;: 

'^fauidf^'®'' orientation, molar polarization |aJid 

soturation, dielectric constant, etc, 
ndexed. 172pp. 5Ve x 8. ^3 Clothbound $3.50 

S64 Paperbound $1.50 

Infftlm'poPn'J ™irw°?o\The'e“ ke'"fi^d on^ hos® ' '’'’P®'* of®-" ° 

3rd Engn^h edirio" o1Th'irs°anda'’rd' .exf by°o Nobel "xvi rs!”' 

S219 Paperbound $1.75 

atomic theory, multiple structure of line s^eiftf onTeleTrS^spin bSiWI^^^^ uo nrfir'Iil"’* “1 
periodic system o elements, finer details of atomic spectra f^^plrtne stmch?rt ol fn^ 1 °"'^ 

fn 7 e"x."\"i?rTT 57 pr svrx"8°""''“’‘°''" Hems!™^Vure’s^^M',cJS:!: 

T HP. ^/i xo. 5,^5 Paperbound $1.95 


EARTH SCIENCES 


™hnfq'L«“of°oVks™nd'chS*ry^o"x;lo^;';gnV^^;«^^^ 

fa 4 'i':g°? CidT^’jr"of' d%Tc^nri;riono"rre£i'irS 

prime importance to geologists & m n^nt^ LnniT^rC o' "''"•ra's, P«trog«n.sis. etc. OI 

high temperatures onl prMsures^ ' Mos? imp^orton?'" TIMES° LoJIdon**'.>'^*1?'*** '"nii'*?. 
graphic notes. 82 figures, xviii -p SsiprS-r* 8. S3n'‘rpi*2SSd^|l'.« 


/>pnr,RAPHICAL ESSAYS, Willlom Morris Davis. Modern geography & geomorphology rests on 
fhl fundamental work of this scientist. 26 famous essays presenting most important theories, 
r«eo7ches Partial contents: Geographical Cycle. Plains of Marine and Subaer.al Denuda- 

internal constitution OF THE EARTH, edited by Beno Gutenberg. Completely revised, 
brouaht up-to-date, reset. Prepared for the National Research Council this is a complete & 
thorouah coverage of such topics as earth origins, continent formation, nature & behavior of 
the earth's core, petrology of the crust, cooling forces in the core, seismic & earthquake material, 
aravity elostic constants, strain characteristics and similar topics. One is filled with admira- 
' Q high standard . . . there is no reader who will not learn something 
book "London. Edinburgh. Dublin. Philosophic Magazine. Largest bibliography in print: 1127 
classified items. Indexes. Tables of constants. 43 diagrams. 439pp. <2 45 


THE BIRTH AND DEVELOPMENT OF THE GEOLOGICAL SCIENCES, F. D. Adonis. Most thorough 
history of the earth sciences ever written. Geological thought from earliest times to the end 
of the 19th century, covering over 300 early thinkers & systems: fossils & their explanation, 
vulconists vs. neptunists, figured stones & poleontology, generation of stones, dozens of similar 
toDics 91 illustrations, including medieval, renaissance woodcuts, etc. Index. 632 footnotes, 
mostly bibliogrophical. 511pp. 5% x 8. T5 Paperbound $2.00 

HYDROLOGY, edited by Oscar E. Meinzer. Prepared for the Notionol Research Council. Detailed 
complete reference library on precipitation, evaporation, snow, snow surveying, glaciers, lakes, 
infiltration, soil moisture, ground water, runoff, drought, physical changes produced by woter, 
hydrology of limestone terrones, etc. Practical in applicotion, especially valuable for engineers. 
24 experts have created "the most up-to-date, most complete treatment of the subject," AM. 
ASSOC OF PETROLEUM GEOLOGISTS. Bibliography. Index. 165 illustrations, xi + 712pp. 
6’/$ x9y4 Paperbound $2,95 

DE RE METALLICA, Georgius Agricola. 400-year old classic translated, annotated by former 
President Herbert Hoover. The first scientific study of mineralogy and mining, for over 200 
years ofter its appeoronce in 1556, it was the standord treatise. 12 books, exhaustively 
toted, discuss the history of mining, selection of sites, types of deposits, moking pits, shafts, 
ventilating, pumps, crushing machinery; assaying, smelting, refining metals; also salt, alurn, 
nitre, glass making. Definitive edition, with all 289 16th century woodcuts of the original. 
Bibliographical, historical introductions, bibliography, survey of ancient authors. Indexes. A 
fascinating book for anyone interested in art, history of science, geology, etc. DELUXE EDITION. 
289 illustrations. 672pp. 6*/, x IOV 4 . Library cloth. S6 Clothbound $10.00 

URANIUM PROSPECTING, H. L. Barnet. For immediate proctical use, professional geologists 
considers uranium ores, geological occurrences, field conditions, all aspects of highly profitable 
occupation. Index. Bibliography, x -|-117pp. 5V* x 8. T309 Paperbound $1.00 


BIOLOGICAL SCIENCES 

THE BIOLOGY OF THE AMPHIBIA, G. K. Noble, Late Curator of Herpetology at the Am. Mus. 
of Nat. Hist. Probably the most used text on omphibia, unmotched in comprehensiveness, 
clority, detail. 19 chapters plus 85-page supplement cover development; heredity; life history; 
adaptation; sex, integument, respirotory, circulatory, digestive, muscular, nervous systems; 
instinct, intelligence habits environment economic value, relationships, classificotion, etc. "Nothing 
comparable to it," C. H. Pope, Curator of Amphibia, Chicago Mus. of Not. Hist. 1047 biblio¬ 
graphic references. 174 Illustrations. 600pp. 5V» x 8. S206 Poperbound $2.96 

THE BIOLOGY OF THE LABORATORY MOUSE, edited by G. D. Snell. 1st prepared in 1941 by 
the staff of the Roscoe B. Jackson Memorial laboratory, this is still the standord treatise on the 
mouse, assembling an enormous amount of material for which otherwise you would spend hours 
of research. Embryology, reproduction, histology, spontoneous neoplosms, gene & chromosomes 
mutations, genetics of spontaneous tumor forrnation, genetics of tumor formation, inbred, hybrid 
animals, parosites, infectious diseases, care & recording. Clossified bibliogrophy of 1122 items. 
172 figures, including 128 photos, ix -|- 497pp. 6V* x9'/4. S248 Clothbound $6.00 

BEHAVIOR AND SOCIAL LIFE OF THE HONEYBEE, Ronold Ribbands. Oustanding scientific study; 
a compendium of practically everything known about social life of the honeybee. Stresses be¬ 
havior of individual bees in field, hive. Extends von Frisch’s experiments on communication 
among bees. Covers perception of temperature, gravity, distance, vibration; sound production; 
glands; structural differences; wax production, temperature regulation; recognition communication,- 
drifting, mating behavior, other highly interesting topics. Bibliography of 690 references. Indexes. 
127 diagrams, graphs, sections of bee anatomy, fine photographs. 352pp. 

S410 Clothbound $4.50 

ELEMENTS OF MATHEMATICAL BIOLOGY, A. J. Lotka. A pioneer classic, the first major attempt 
to apply modern mathematical techniques on a large scale to phenomena of biology, biochem¬ 
istry, psychology, ecology, similor life sciences. Partial Contents: Statistical meaning of irre¬ 
versibility; Evolution as redistribution; Equations of kinetics of evolving systems,- Chemical, inter¬ 
species equilibrium; parometers of state; Energy transformers of nature, etc. Can be read with 
profit even by those having no advanced math; unsurpassed as study-reference. Formerly titled 
ELEMENTS OF PHYSICAL BIOLOGY. 72 figures, xxx + 460pp. 5V® x 8. 

S346 Paperbound $2.45 
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on travels through the wilderness of FloriWn * 1 . ^ i- Bartram m the I 

beautiful descriptions of Indians, settlels, laOn?. flora' hs ont 'oTVhe accorotd 

cono^ever wn„en. Introduction by Motk Von Doren.' ;V;,^grno^^lt!t,a?AnV'’'","Jex^^^ 

T13 Poperbound $j, 
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sance, oriental origin, xii '+ 209pp 5% 'lustrations of ancient, medieval, renaisl 

loov raperbound $ 1,75 

NEW BOOKS 

portent topics. -Started o new era so Vv»rl^^? ^ problem, and many other Im* 

mastered his weapons, " E. T. Bell. Three volornes, TjMpX ®6% x 9%*''®" '' ' 

Vol. 1 . S401 Poperbound 
Vol. 2. S402 Poperbound 
Vol, 3. S403 Poperbound 

A^Om^lV^DIFF^R^ENm^^^ ^An ^exci'lle^f^®e""t*'fo APPLICATIONS Ol 

tensor methods to familiar subjects such os- dvni^v t the applicali$ 

It exploins the fundamen a ^^05 and notation of ,'A"''' = hyd^^odyno, 

tensor algebra, the theory of differemiohon of tensof. geometricol treatmei 

terial. Bibliography. lnd"ex°^Trirs;;At;oA.°^«'AroblaAl‘"xiH 

S373 Poperbound $liaSi 
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of all history is both authoritative and easily fo loAS?' Greek an3°iroAo°^ rl^^r 9'*°' 

bridges, oriental bridges, modern works such os thp Rr«^u!« n Cj bridges, medi 

Bridge (and many others) are described in terr^^ Golden <31 

and function. All in all this book is the most comprehensive and aeJu^e artistry, 

of bridges in print in English. New greatly revised enlaraeVf edmaS o? 

drawings. Index, xvli + 401pp. 5%x8 enlarged edition. 23 pHotogrophs, 24 lipe 

T431 Poperbound 51 e 95 

advanc^mSthe'motkr'e^he^study of th^ uniV?rse'’\'he'^eu^^^^^ °k “PP'^'^ation 

;f in ballistics, theory of Voepitrng racHnesr^oV^^^^^ mathe^tids 

of fluid flow, meterological problems statistics fliahf4fc^n/«j i phenomena, miMry 

of advanced mathematics is necessary'to •follow'the^aUhor s preLntafion^^Trff^^ No knowJeOge 

Fourier senes, aroup conceots einpn di ft* ^ osentation. Differential eouoiions 

are explained so clearfy ^ theory and similar 

in^k this book. 2nd edition. Indexl^ from 

T450 Clothbound $ 3 . 5 Q 

MATHEMATICAL FOUNDATIONS OF INFORMATION tubadv i. *•»#... 

time, mathematicians, stotisticians, physicists cybernetic^t-T aZi Fo*’ the first 

offered a complete and exact intradCct^an VI' .h?s Xtivdy yaung“'rM“'”l°'t'AVl “"9''’*®'" 9™ 

dltalleS-'^oafr'inoth Ta'ro’A The^^eAflS? aAr^' --es, &e.f 

w.th finite memory, and much more is covered. Bibliography.'" vii + rZOpp!'" 5°r78.''’'"’ 

S434 Poperbound $l’ 
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